


ANNALS OF MATHEMATICS 
Vol. 42, No. 4, October, 1941 


A PROPERTY OF INTEGRAL FUNCTIONS OF ORDER LESS THAN 
TWO WITH REAL ROOTS 


By K. S. K. Ivenear 
(Received March 29, 1940) 


1. Introduction 
P. Erdés and T. Griinwald in their paper “On polynomials with real roots,” 
in Annals of Mathematics, Vol. 40, No. 3, July 1939, p. 537, have proved the 
following: Let f(z) be a real polynomial with real roots having consecutive single 
roots at x = a, © = , and let P be the point of intersection of the tangents 
to the curve Y = f(x) at (a, , 0), (a2, 0), and let M(a,a2) be maximum of f(x) 
in (a;a2). Then 


(1.1) 3M (aid) | a2 — ai| = 





[- sayac| > ta — a|-| ¥(P)| 


where Y(P) is the ordinate of the point P. 

It is the object of this paper to give two very comprehensive theorems, and 
give the best possible inequality (3.3) of the type (1.1), from which it will be 
obvious that the inequality (1.1) is the best possible only in cases of symmetry. 


2. Statement of the theorems 


THEOREM 1: Let a; < a2, ™m > 0 > — me, and let o(x) be an integral function 
of order less than two, satisfying the following conditions. 

(1) the roots of ¢(x) = 0 are all real 

(2) (a1) = (a2) = Oand d(x) ¥ Oina <x <@ 

(3) $'(a1) = m and ¢’(az) = —m.. 
Then all the curves Y = $(x) lie above the curve 


(2.1) Y = —A-e”*(2 — a)(x — a) = m(z). 


log m2/m, 


Where A =(mym,)"?/a, — a-e 77°" and B = Te 
—™ U1 


and you can find polynomials with real roots satisfying conditions (2) and (3) 
as near as you like to the minimum curve (2.1). 

Res. 2: Let a; < az and let (x) be an integral function of order < 2 such 
that, 

(1) all roots of ¢(z) = 0 are real. 

(2) (a1) = $(a2) = O and (x) > 0 ina, < x < a and ¢'(a:) ¥ 0, ¢'(m) ¥ 0 
(3) $'(%) = 0, a<2<m&% 

(4) (20) = Mo. 
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Then all the curves Y = $(2) lie below the curve 








(2.2) Y = A(x — a)(a — z)e®* = M (x) 
—a—% , ks Mye**° 
wher B= ayeay 4 De alles a 


and you can find polynomials with real roots satisfying (2), (3) and (4) as near 
as you like to the maximum curve (2.2). 

THEOREM 3;: The curve Y = Ae**(x — a)(a2 — 2) of theorem 1 as in 2.1 lies 
above the parabola which touches the lines Y = m(x — a) and Y = —m,(zx — a) 
at (a, , 0) and (a2, 0) and coincides with the minimum curve in case m, = m. 

THEOREM 32: The curve Y = Ae**(x — ay)(a2 — 2) of theorem 2 as in 2.2 lies 
below the parabola passing through (a; , 0), (a2 , 0) and touching the line Y = M, 
a + a 

2 





at x and tf % = 


of 2.2. 
From theorems 1 and 3; we get 


then the parabola will coincide with the maximum curve 


ig ¢(x) dx = ‘& m(x) dx 


Of «. * i 
= (a2 — a1)’ (mym,)"”. et al —. Md be = 





| where B, = =, B being defined in 2.1 | 


= area of the parabola of contact = 4 Y(P)(a2 — a)* 


where Y(P) is the Y-coordinate of the point of intersection of the tangents at 
(a1 , 0), (a2, 0) to Y = g(x). 
From Theorems 2 and 32 we get 





ag ag —2u2 /1—u3 
(3.2) [ 6@)de s [° M@)ar = agg 2M (aa — a) [ ad 
a a 
[ where Uy = Xo — (a cs pa. = - and By = 2wm/1 — us] 
2 2Mo 1 
< area of the parabola in (a; a2) of theorem 32 = —— (a — a) 





1 Note: The two elementary propositions, namely: 
(i) if Y = P(x) be a parabola touching the lines Y = m(z — ay) 
Y = —m,(xz — a2) at ai, a2 respectively 


s (a2 we a) ™m, M2 
Y d => 2 -—- 1 = 
{ _ te 4Y(P) (a2 — as) 4 (2 om 
























(3. 
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so that combining (3.1) and (3.2) we get 


7 2uo/1—us 





a (as a) = T—> | -2M (a2 — a)- ig a 
a2 
=| ¢(x)dx 
(3.3) [ 
ee aa)Xomm)"* 45 + his ee iu} 


= $Y(P)(a2 — a) 


where (x) is any integral function of order < 2 satisfying the following con- 
ditions. 

(1) ¢(z) = 0 are all real. 

(2) oa) =¢(@) =O Oo) >O0 wny<r<a 

(3) ¢'(a1) = m ¢'(a2) = —m 

(4) $'(%0.) = 0 (to) = Mo A<mM<h. 
It will be obvious in the course of the proofs of theorems 3, and 3, that equality 
in the first and last inequality signs in (3.3) can occur only in the case of sym- 
metry, namely 
a + de 

2 


so that the Erdés-Griinwald inequality is the best possible only in case of sym- 
metry. 

Note: We may generalize theorem 1 to the case where conditions (2) and (3) 
are generalized as follows: 

(2) o(a1) = Oisa zero of pthdegree (a2) = 0 of gth degree 

(3) ¢’(a1) =m, ~—- (aa) = me. 
Then the minimum curve will be of the type 

Y = A(x — a)”(a, — x)%e** where A and B will be given in terms of m; and mz . 


A similar generalization for theorem 2 is also possible. 


3. Proof of theorems 


=m and %= 





Proor or TarorEM 1. Let F(x) = oe where m(zx) is the function defined 
in (2.1); then 
(4.1) F(a) = F(a) = 





(ii) If Y = P(x) be a parobola touching the line Y = Mo at 2 in (a:a:) and passing 
through (a:, 0), (a2, 0) then 


g y dz = 3-M,(a2 — a), 


a1 
are assumed here. 
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and since ¢(z) is an integral function of order < 2 


(4.2) #(e) = ee — arian — 2){ TT (1 - 2) 
all the a,’s for n 2 3 lying outside (a:a2). Hence 

d’ _ < 1 
(4.3) am log F(x) = “2; @— a, 


so that log F(x) is concave (downwards) in the interval (a;a2) and hence the 
are of log F(x) will lie above the chord in (a;a2) or 


(4.4) log F(x) 20 or (x) = m(z) in (a;a2), 
equality occurring only when ¢(z) coincides with m(z). 
To prove the latter half of theorem 1, without any loss of generalization we 


take a; = —1, a = +1. Let m(z) be the corresponding minimum curve as 
defined in 2.1. 


Let P(x) be the polynomial P(x) = (1 — 2”) (1 _ *) a and n to be chosen 


1 


( 
presently, { | a| > 1}; being given by a = A on so that P’(—1) = m, 


oe 


P’(1) = —m. 
Let mz > m, (the argument being the same also when mz < m). Let 
> oo 
A(x) = log (a) 
th = MOY de al ows: 
en 6(41)=0 and @(zx) ps 
If-l<2z<l 
(1 — 2’) 


|a(x)| < - [Max of | 6’’(x) | in (—1, 1)]. 





2 
Now since mz > m, , (a > 1) and max. of | 6” | in (—1, 1) will be atz = 1 


"| = eae f(y =f 


. , 1 
and for large n the last term will be O (2), hence P(x) = m(z)e°*) = 
n 
m(x)(1 + e,), thus proving theorem 1 completely. 


Proor or THEOREM 2: Let F(x) = log a where M(z) is the maximum 





























fo 
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function as defined in (2.2). Then 
F(x) = F'(%) = 0, 
and since ¢ is an integral function of order < 2, 


g(x) = e* (2 — ai)(a, — {HT (1 vi 5) el 


3 
a, for n = 3 lying outside (a;a,). 
he @ 20 1 
Since ql = WES Hy 
and F"(2o) = 0 at 2% in(a; < 2 < a2) we see that F(z) S F(a) = Oin (a S x 
< a), hence (x) S M(z). 
ve The latter part of theorem 2, that we can find polynomials satisfying given 
AS condition as near as you like to M(x) can be proved in the same manner as the 
latter part of theorem 1. 
Proor OF THEOREM 3;: Without loss of generality we may take a; = —1 
& = 1; given m, # m,, the parabola of contact will be given by 


Y = Vo? + & + 2a-B8.2 — a — Br = P(z) 


<0, in (aa) 


n 

















' _ 2myma(m + me) _ _ 2mm, 
where ha eu B fn = ah 
Let F(x) = log Bo where m(z) is the minimum curve as defined in (2.1) 
for the case a, = —1, @ = 1 
Then 
F(x) = log ees 3) (Va? + 6 + 2aBr + a + ax)} 
F(+1) =0 and F’(z) = © oe 6(x), 
where 
” 72 
(x) = Vai + B+ obs + a + Br = — - 3 
since 
0? 3 — (ap)? ; ate 
6” = (a +P + Qabay™ and 6(x) > 0in (-1, 1) 
hog 0(z) < al 1, 1). 


Hence F is concave downwards and the arc in (~1, 1) lies above the chord, or 
F(x) = F(+1) = 0 
‘m(x) 2 P(2). 
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It is clear that in case mz: = m, then the parabola of contact will be given by 


Y= > (1 — 2’) and coincides with the minimum curve. 


Proor or THEOREM 32: As in theorem 3; , @1 = —1, a2 = 1 and 2% the maximum 
pt. ~ 0. Then the parabola 


Y = Vo? + # + 2obr — a — Br 





where 

225 Xo 
passes through (—1, 0), (1, 0) and touches Y = Mp at (x, M). 
Let M(x) be the maximum function defined as in 2.2 and let 


F(x) = log oe 
Then F(a) = F'(a) = 0 


and arguing as in the previous paragraph 

F"(z) 30 in (aia). 
Hence in (a;a2) F(z) Ss F(a) =0 
or M(x) Ss P(z) 


and in case %) = 0 the parabola will be Y 
maximum curve. 


M(1 — z’) and coincides with the 
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THE PARTIAL SUMS OF MULTIVALENTLY STAR-LIKE FUNCTIONS 
By M. 8S. Rosertson 
(Received September 12, 1940) ~ 


1. Introduction 


In a recent paper (1) the author has a theorem concerning the n* partial 
sum of an analytic function univalently star-like’ with respect to the unit circle. 
The theorem 7.2 stated that the n** partial sum was also univalently star-like 
with respect to the circle of radius 1 — 2n™* log n. Dr. Otto Szdsz has kindly 
pointed out to the author that in the proof of this result an incorrect estimate for 
| p.(z) |, line 11, page 406, was used. The correct estimate should read 


(1.1) | pn(z) | S r*(1 — ry. {n"(1 — 1)? + (2n — 1)(1 — 1) + 2} 
whence line 12 becomes 


(1.2) | oO] Set MOSK r) E — 1)(1—1) +2} {n(Q1 — 1) + a4] 
ae 1+r 1l-r (1 —r)? — r™(1 + r)*(1 + 2 — nr) 

which may be shown to be positive for n > mo when 

(1.3) r=1—4n"'logn 

if one proceeds by the method used in the proof of Theorem 7.2. Thus Theorem 


7.2 of the paper (1) should be corrected to read 
THEOREM 7.2: If 








fle) = 2+ Dans" 


be regular and univalently star-like with respect to the unit circle then the n™ partial 
sum is univalently star-like for |z| $1 — 4n logn,n > nm. 

Whether the constant 4 is the best possible one or not the author is unable to 
say. There are reasons for belief that the best possible constant is the number 3. 
For instance, as will be shown in the last section of this paper, the well-known 
extremal function z(1 — z)~” of the theory of univalently star-like functions has 
a star radius R,, for its n** partial sum with 


. 1 te R, at 
m SP (as log =| "A 


Since Theorems 7.3, 7.4, and 7.5 of paper (1) were made to depend upon the 
result of Theorem 7.2, the expression 1 — 2n™* log n in the statements of each of 





: ‘ Multivalently star-like functions of order p are defined in the lines immediately follow- 
Ing equation (1.4) of the present paper; univalently star-like functions are those of order 1. 
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these theorems should be replaced by 1 — 4n™ log n. Dr. Szdsz has informed 
the author that the sharp estimate 1 — 3n~* log n holds for Theorems 7.4 and 7.5. 
Instead of making Theorems 7.4 and 7.5 depend upon Theorem 7.2 Dr. Szgsz 
obtained his result by showing directly that the n** partial sum of the function 
z(1 — 2z cos @ + 2)” is typically-real for |z| < 1 — 3n*logn. The above 
function, as was shown in Theorem 7.4, sets the pace for all the functions of the 
class under consideration. It, might be pointed out that the function 
z(1 — 2z cos 6 + 2’) * has its n® partial sum star-like univalently, and & fortiori 
typically real, for |z| < 1 — 3n™ log n as may be seen by direct calculation of 
Rizr (z)/fn(z)] for the n* partial sum f,(z) of this function. I omit the details 
but the proof is quite similar to that given for the function z(1 — z)~ in the last 
section of this paper. 

It is now the purpose of this paper, besides correcting the error mentioned 
above, to generalize Theorem 7.2 to multivalently star-like functions. A defini- 
tion of multivalently star-like functions follows. 

Let 


(1.4) $e) = 2? + ape? + +++ + ane” + ++. 


be regular and multivalently star-like of order p with respect to the unit circle. 
This means that within the unit circle f(z) assumes no value more than p times, 
at least one value p times, and in addition is star-like, i.e., 


(1.5) Ref'(2)/f@]>0, lel <1. 


Geometrically, this means that as z traverses a circle |z| = r < 1 in the anti- 
clockwise direction the radius vector joining the origin to the point w = f(z) 
inthe w-plane turns also in the anti-clockwise direction, completing in this case p 
revolutions as z traverses the circle once. When p = 1 f(z) is said to be uni- 
valently star-like. In this case the radius vector cuts the image of | z| = r < 1 
in the w-plane once only for any direction from the origin. 

We have the following generalization of Theorem 7.2 mentioned above. 

THEorEM A: If 


$2) = 2 + ape? + «+» ag" +--- 


be regular and nr star-like of order p with respect to the unit circle then 
the n* partial sum 


In(2) = 2? + dpye”™ + ves + ane” 
for n > m(p) 18 also multivalently star-like of order p for 
|z| <1 — (2p + 2)n™ log n. 


I do not know if the constant 2p + 2 can be replaced by a smaller one. How- 
ever, the constant cannot be replaced by one which is smaller than 2p + 1. 


For, as will-bé' shown in the last section of the present paper, the multivalently: 


























In 


an 


(2 
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star-like function of order p 2?(1 — z)~*” has its n‘ partial sum multivalently 
star-like of order p in a circle about the origin whose radius is at most.R,, where 

R, 2 1 — (2p + 1)n™ log n 


(1.6) tim sup {25 Be} = op +1. 


no (nn logn 


In the proofs to follow A will denote a constant depending only upon p and the A 
in one inequality need not necessarily be the same A which occurs again in 
another or in the same inequality. 


2. Preliminary lemmas 


Before coming to the main theorem we prove four lemmas. 
Lemma 1. If 


(2.1) S@) = 2 + dpye?™ +--+ fae" +--- 

be regular and multivalently star-like of order p for |z| < 1, then 
(22) fe) = oP | 
where ) 

(2.3) o(2) = 2+ dee? + ---» +.dyz” + -- 


is regular and univalently star-like for |z| <1. 
Proor: Since f(z) is star-like for | z | < 1 we have 


(2.4) Rlef’(z)/f(e)] > 0, |z| <1. 


Hence 
(2.5) p +2 © log {2 -fle)} = 2'@)/f@) = pF) 
‘where F(z) is regular, FO) = 1, RF(z) > Ofor|z| <1. Thus 
(2.6) f(z) = 2?-exp p [ z{F(z) — 1} dz 

= [¢(z)]” 


where 


66) =zexp [e(F@) — 1) de, 90) =1, 


(2.7) 
Rleo"(e)/o(2)] = RF(2) > 0. 


Thus ¢(z) is univalently star-like and the proof is complete. 
Lemma 2. If f(z) satisfies the conditions of Lemma 1 then 


(2.8) | f(z). |, Sr?(1+ ry, | | zj[=r < 1,, 
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(2.9) Rlef’(z)/f(2)] = pA — r+ 7r)7, 

(2.10) la,| < a ion Men, n> p. 
Proor: We have from Lemma 1 

(2.11) S@) = lo) 

and since ¢(z) is univalent (2) for |z| <1 

(2.12) | p(z) | > (1 +1), jzfmr< il. 

Thus 

(2.13) \f(2)| =r? +r)”. 

Again, since 

(2.14) af'(2)/f(2) = p- F(z) 

where F(z) > 0, F(0) = 1, then (3) 

(2.15) Ref’ (z)/f(@)] = pRF(z) = pl — r)(1 + 1)™ 


Finally, it is well known that ¢(z) is majorized (2) by z(1 — z)” since ¢(2) 
is star-like univalently. Hence f(z) is majorized by z’(1 — z)~” »ud thus 
(n+p —1)! 
tS 
1S Gp @p— DW 
This completes the proof of Lemma 2. 
Lemma 3. The following identity holds for r < 1, p a positive integer. 





(2.16) n> D. 


n+1 


(2.17) Ze : Tape | + Dae 2 |, A? = 2’, 


where A}, = a pee in n of degree m whose leading ‘coefficient is positive 
ProorF: It is easily verified that 


ptt 


> o = yl + nl — 
n+1 
(2.18) »» ef = a : pp 2 + Qn — 1) — 7) + nX(1 — 1), 


= fae r 
Ler * at a7 6 + + (6n — 6)(1 — r) 
+ (8n? — 8n +. 1)(1 — 7)? + n°(1 - 7) 
Thus the identity (2.17) is true for p = 1, 2,3. We prove that it is true for any 
positive integer p by mathematical induction. Assuming (2.17) true for p = 9 
we shall show that in this case it must also be true for p = g +1. By assump- 
tion then (2.17) holds with p = g. Then if Ag = g! 
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> cot = roy Agr — rt 


cont 


= vO. as at+a=y 






















(2.19) xX (1 —r)"" -— (m—q-1)1-n”} 


sen | (a+ DAS + & Inds 


r 


~ Gn 
+ (q— m)(Adua — AD} —yl, 


In the last summation the coefficient of (1 — r)*** is seen to be n* and the 
coefficient of (1 — r)”** is of degree (m + 1) in n since g — m = O and the lead- 
ing coefficient of Aj, is positive for all m. Thus (2.17) holds for p = g + 1 
whenever it is true for p = g. But since we know that it holds for p = 1, 2, 3 


the proof by mathematical induction is complete. 


Letting 
fril2) = 2 + apne? +--+» + az", n2p, 
®) (2.20) Pa(Z) = Onyi2”* + Gnyoe”*? + --., 
S@) = fal) + rl), 
we proceed to prove 


Lemma 4. If |z| = r = 1 — (2p + 2)n™ log n then for n > no(p) there is a 
constant A depending upon p but not upon n for which 


| pn(z) | < An™*(log n)™, 
| p’n(2) | < An (log n)™, 





a be I" @/f@) | < An(log n)~, 
| f(2) | — | pa(z) | = A. 
PROOF: 
Ins 2g piape mi” <4 er 
< AL — 2) [2p — 1) 1+ APL = 1) + oe bP = 27 
} (2.22) r"* < {1 — (2p 4+ 2)n™ log n}” < e OP 18" = OP, 
4 (2p — 1)!+ A?" —r) + --- +n? — 1)?" < A(logn)”?, 









| pn(z) | < An? a + D log }" - (log n)*?* < An“ (log n)~*. 
















Similarly we have 


| pn(z) < A u KP? * 


G— nr 





(2p+2) log n 








for n > n(p), r = 1 — (2p + 2)n™ log n. 
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(2.23) < __Ar_ [p)! + APG = 1) + ++) + + 1) - 1) 


—2p—2 n est 2p wt 
< An «(log n)"? < A(n log n)™. 


Again, 

f'@)|_p p(itr ‘4 
(2.24) Kade |F(z)| s (; — ‘) < An(log n)™, 
and 
(2.25) |f(2) | — | pn(z) | = r?(1 + ry? — An (log n)* > A, 


3. Proof of Theorem A 








Since 
(3.1) Iulz) = f(2) — pnlz) 
we have for r = 1 — (2p + 2)n™ logn 
) " , __ , Pnl2) — pal2)-f’2)/f@)\ 
Rlzefn(z)/fa(z)] ate (2) /f(2)] — 2 a ae 


> Hlef'(e) /fle)] — r-Lon@1 + Lone) | 1 POO) | 








vanes > p(l—r)(l+r)* 


\f(2) | — | pn(z) | 


_ A(n log n)* + An“ (log n)™*-n(log n) 











2 An” log n — A(n log 


_we have for n > no(p) 


To show that 


$n(2). = 2? + apy? --: 


A 


ny’ >0, n> no(p). 


Thus since an harmonic function assumes its minimum value on the boundary, 


(3.3) Rzefn(z)/f(z)]>O for r<1— (2p + 2)nlogn. 


n 


+ Anz 


is | 


du 


the 


— 
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is multivalent of order p in |z| < 1. — (2p + 2)n™ log n we apply a theorem’ 
due to S. Ozaki (4) which states that if f(z) is analytic in |z| < r and has p 
zeros there, none on the circumference, and if for some real a 


Rle*ef"(z)/f(@)]>O on jz|=r, 


then f(z) is multivalent of order p in the circle |z| = r. Applying the theorem 
to f,(z) we observe that f,(z) has no zeros on the boundary of the circle | z| = 
1 — (2p + 2)n™ log n since for n > mo(p) 


| fn(z) | = | F@) | — | pn(e) | > A. 


Further f,(z) has exactly p zeros inside the given circle. This follows by the 
theorem of Rouché. On the circle 


| fr(z) | > A, | pr(z) | < An (log n)™. 


Therefore on the circle for n > mo(p) | fn(z) | > | pn(z) |, f(z) # 0. Hence 
by the theorem of Rouché f,(z) and f,(z) + pn(z) = f(z) have the same number 
of zeros inside the circle. But since f(z) has p zeros at the origin and is multi- 
valent of order p in the unit circle it follows that f(z) has exactly p zeros for | z | < 
1. We have thus shown that the conditions of the theorem of 8. Ozaki hold for 
f.(2) (with a = 0). Thus f,(z) is multivalent of order p and star-like by (3.3) 
for |z| <1 — (2p + 2)n™ log n. This completes the proof of Theorem A. 


4. The partial sums of z’(1 — z)~”” 


Let us consider the following particular multivalently star-like function of 
order p 


ai fie) = 20a)" = Fae 





and its n“ partial sum 


(n+p-— 1)! 2” 
(n — p)! (2p — 1)! 


We definé R,, to be the radius of the largest circle | z| = R, within which f,(z) 
is multivalently star-like of order p. We shall show that for n > no(p) 


R, = 1 — (2p + 1)n™ logn 





(4.2) Salz) = 2? + Qp2?™* 4+... 4 


: ‘1-R : 
4.3 flow lana SP ; 
sa bd ‘a log -} a Siailhg 


We shall first establish by mathematical induction the following identity 


4, ane — »)72P cP (n 7 p)! ~ n—p _— »\2n-1 
( 4) fr(z) (1 z) ; E @= pl@p =D! 2 (1 — z) ae |: 
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The above formula is easily verified to be true for n = p. Let. us now assume 
it correct for a value n and then show that this implies that the formula is also 
correct for the value n + 1. We first note an integration by parts gives 








p |  n—pH 1—2)*"4 
n—-p+1 : ( *) : 
(1 , z)? ght Z 
-—— + | (1 — z)(1 — 2)? *2”* dz 
n—-pt+il 
(1 — z2)*?2"? <y : 27-1 gp * pia 2p—l 
=> “ae ane 1—- a 
a +f: (1 — z) [2 (1 — 2)?“ de, 





n+pt+1 grr 2p-1 , n—p(1 _ »\2p-1 9, __ 2 Pry — 2)” 
ntpts fe (1-2) tde = fo - 2a —. 


Using the last equality we obtain 








a, (n + p)! anh 
Snsalz) = fr(z) + (n—p +t 1)\(2p — Di’ 
vi oi ie (n+p+1)! 





G— pel [ n—p(y __ ,\2p—1 ree rh 
pe as 2” 7(1 — 2)? dz pene a 


— »P(1° __ »\—2P pa (n+ p+ 1)! area _ ,»)%r-1 
re [ ope hie ork Ciskuet i. 


Thus we have shown that the formula is correct for the valuen + 1. This com- 
pletes the proof of the formula. 
Next we differentiate logarithmically the formula (4.4) and obtain 


ule) /fae) = p(t +2) 











(4.5) Bie (n + ple" — 2)? 
{(2p —1)!(n— p)!— (m+ pif 2” *1— 2a} 
For value of | z | = r < 1 for which 


(2p — 1)!\(n — p)!— (n+ p)! {i r” (1 + r)” "dr >0 
we may write 


wef.) = p(} 7) 


ae (n + pyr" 41 +r) 








(2p — 1)l(n — p)! — (n + pi [era +r)?" dr 

















Sin¢ 
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: Since [ z” (1 — 2)” dz is a polynomial with real coefficients whose signs 
alternate, it is seen that for (n — p) odd equality is obtained in (4.6) when 


Se Ee 


We shall then have 
Rlzfn(z)/f(z)] > 0 
provided 


) () (2p — 1)!(n — p)!p(1 — r) — (nm + p)!p(1 — 1) [ (1 + 1)? dr 
1 


—(n+p)ir”?"(1 + vr)? > 0 
and 
Gi) @p— 1) — p)t— (nt py fC + 1)*ar > 0. 
It is readily seen that the inequality (i) implies the inequality (ii). 
Let the left-hand side of the inequality (i) be denoted by 7,,(r) and let r = 
1- ~ where a = (2p + 1) log n. 
For n > m(p) 
T.(r) > (n — p)!(2p)!4(1 — r) 
—(n + p)!p(1 — rr" 2?" — (mn + parr eh 


T. - 
Zitk > @p + 1)1@n)™ log n 


> (2p + 1)!(2n)™ log n — A(p)n”?e™* 

= (2p + 1)!(2n)~ log n — A(p)n™ 
where A(p) is a constant depending upon p. Hence for n > no(p) 
(4.7) T,{1 — (2p + 1)n™ log n} > 0. 


On the other hand if we denote by A(p, «) a constant depending only upon 
pand «0 < ¢ <1, then for n > no(p, ¢) when r = 1 — (2p +1 — 6)‘ logn 
we have 

T(r) 


Gre gyi < (2P)!@p + 1 — (Qn) log n — 


(n + p)!r” 
(n — p)! 


< (2p)!(2p + 1 — €)(2n)™ log n — n””. A(p, €)n** 
S (2p)!(2p + 1 — ¢)(2n)™ log n — A(p, e)n*”. 
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Hence for n > no(p, €) 
(4.8) T,{1 — (2p +1 — © logn} <0. 
Thus we have shown that for |z| S$ 1 — (2p + 1)n™ log n and for n > n(p) 


(4.9) Riel, (2)/fa(z)] > 0 


and that the constant (2p + 1) cannot be replaced by a smaller one for all 
(n — p) odd. 

A proof similar to that given at the end of the preceding section shows that 
the n‘* partial sum for the power series of z”(1 —-z)”? is multivalent of order p 
for |z| <1—(2p+ 1)n‘logn. Thus we have for n > m(p) 


(4.10) R, = 1 — (2p + 1)n™ log n, 
eres tee 
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Introduction 


The developments of the present paper center around the observation that 
the ring & of bounded everywhere defined operators in Hilbert space contains 
non-trivial two-sided ideals.’ This fact, which has escaped all but oblique notice 
in the development of the theory of operators, is of course fundamental from the 
point of view of algebra and at the same time differentiates & sharply from the 
ring of all linear operators over a unitary space with finite dimension number. 

As examples of two-sided ideals in & we may mention here the class of all 
operators A such that R(A), the range of A, has a finite dimension number, the 
class of all operators of Hilbert-Schmidt type,’ and the class J of all totally . 
continuous operators. Except for the ideal (0), every two-sided ideal in B 
contains the first ideal mentioned, and except for the ideal & itself, every two- 
sided ideal in & is contained in the ideal Sf. Moreover, on the basis of the special 
spectral properties of the self-adjoint members of J, it is possible to characterize 
every two-sided ideal in 8 very simply in terms of the spectra of its nonnegative 
self-adjoint elements; for both the formulation and the proof of this result, which 
together with the facts mentioned above is discussed in §1, the author is indebted 
to J. v. Neumann. 

The restriction of our attention to those ideals in & which are two-sided is 
basic for the points which we wish to develop; the two-sidedness compensates for 
the absence of commutativity in B in such a way as to permit the construction 
of quotient rings by the standard methods of abstract algebra.’ These rings, 
which are of course homomorphs of & with respect to addition and multiplica- 
tion, are also homomorphs of & with respect to the operation *, and exhibit all 
of the formal properties of matrix algebras. This is established in §2, and there 
also various properties of the associated congruences in & are discussed. 

The remainder of the paper deals solely with the quotient ring ®/J, where J 
is the ideal of totally continuous operators, and the associated congruence in 8. 
For essentially topological reasons, this is the only one of the quotient rings in 





' An additive subset J of @ is a left (right) ideal if it contains AB (BA) for all A in J 
and Bin Q. If J is both a left and right ideal, it is called two-sided. See references [1] 
and [19] at the end of the paper for the elementary properties of ideals. 

* For a discussion in abstract terms of operators of this type (operators of “finite norm”’), 
see reference [17], pp. 65-70. 

* See, for example, [1], pp. 252-258, [19], pp. 56-57. 
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question which at present appears susceptible of deep analysis. For while 
there is in general no apparent way of introducing a topology in quotient rings 
over &, the ring B/T is actually a complete metric space, the norm deriving 
very simply from the norm (i.e., bound) in & itself (§3). 

Moreover, it is even possible to interpret B/S as an algebraic ring* of operators 
in a suitably defined complex Euclidean space % whose dimension number is the 
cardinal number of the tontinuum.’ Or, to put it differently, there exists in 
the ring of bounded everywhere-defined operators over 2 a subset OM which is a 
(+, -, *)-isomorphism of 8/J. Furthermore, this correspondence is even an 
isometry, the norm of an element of ®/J being the bound of the corresponding 
element of Di. These facts are all established in §§4, 5, and in §5, various prop- 
erties of the algebraic ring DM are discussed. 

Apart from its intrinsic interest, the analysis of the ring 9 yields in a very 
simple way theorems of considerable depth concerning & (§5). Of results of 
this sort, we shall here mention only a generalization of Weyl’s classical theorem 
comparing the spectra of two self-adjoint operators with totally continuous 
difference [20].° 

Before proceeding, we should like to point out various further developments 
which are suggested by the present paper and to which we propose to return at 
another time. 

First, while the algebraic ring SM is not closed with respect to the weak 
topology for operators and so is not an operator ring in the sense of von Neumann 
[9, 11] one obtains such a ring by adjoining to 9M its weak condensation points 
in the ring of bounded everywhere-defined operators in %. This “closure” 
R(ON1) is of considerable interest from the point of view of the Murray-von Neu- 
mann theory of factors, especially since various preliminary results concerning 
R(OM) and M1 suggest that they may be factors of class III,,.’ 

Second, while the factors of class II, and III, of Murray and von Neumann 
are like those of class I,,, n < No, simple rings, those of class II,, are not. The 
construction of quotient rings over such a factor is therefore possible and gives 
rise to various questions analogous to those concerning & with which we deal 
here. 

Finally, we should like to point out that the maximal property of the ideal J 
of totally continuous operators described above does not persist if one considers 





‘ We use the term algebraic ring with reference to operators to denote a class closed with 
respect to the operations +, - , *, and scalar multiplication. This is not a ring in the sense 
of von Neumann, [11], since no topological conditions are imposed. 

5 For the theory of complex Euclidean spaces of arbitrary dimension number, see refer- 
ences [6], [7], [13], [16]. 

* All numbers in brackets refer to the bibliography at the end of the paper. 

’ For the notion of factors, and their classification, see [9]; for a construction of factors 
of class III,, see [15]. 

§ The class of members of a II, factor which are ‘“‘normed”’ in the sense of [15] is a two- 
sided ideal. 
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instead of Hilbert: space, a space § with dimension number greater than Np. 
For example, in such a. space, the class of all operators A such that (A) contains 
no closed subspace with dimension number exceeding \) is a non-trivial ideal. 
Moreover, if m is the dimension number of 5, m = Np, the class of all operators 
A which have the property that 9(A) contains no closed linear subspace of 
with dimension number m is a two-sided ideal different from & and is identical 
with Sif m = No. Furthermore, in every case, this ideal is maximal in the same 
sense in which Sis for m = Yo, andas von Neumann has pointed out to the author, 
the spectral characterization of ideals can be extended in a satisfactory way 
to describe the general case. Finally, investigations which are still incomplete 
suggest that a considerable portion of the analysis of the present paper has a 
counterpart in every case. 


1. Two-sided ideals in 8 


We proceed now to the characterization of all two-sided ideals in 8. 

TuHeorEM 1.1. If Sis a left (right) ideal, the set J* of all adjoints A* of elements 
A of Sis a right (left) ideal. 

Since J* is evidently closed with respect to addition, it is necessary only to 
show—when J is a left ideal—that J* contains BA* for all B in 8 and A in J. 
But this follows at once from the relation BA* = (A B*)* and the fact that AB* 
belongs to J along with A. When J is a right ideal, an analogous argument is 
valid. 

THEOREM 1.2. A necessary and sufficient condition that a left (right) ideal J 
be two-sided is that J = J*. 

The sufficiency of the condition is an immediate consequence of Theorem 1.1. 


Now suppose J is two-sided, A an arbitrary member of J, A = WB its canonical 


decomposition.” Then A* = BW* = W*AW* is clearly in J and J = %. 

Since we now have no further direct concern with left or right ideals we shall 
refer to two-sided ideals merely as ideals. 

THEOREM 1.3. The class J of all totally continuous operators in B is an ideal. 

That Sis an additive class is obvious from the definition of a totally continuous 
operator; 7 is totally continuous if it takes every bounded set into a compact 
set. Moreover, by a well-known theorem, J = J*."° Finally, since every mem- 
ber A of & clearly takes bounded sets into bounded sets, Sis a left ideal. Hence 
by Theorem 2 it is an ideal. 

Throughout the remainder of the paper J has the same meaning as in The- 
orem 1.3, 

TuEoreM 1.4. Let J be an arbitrary ideal in B. Then either J = Bor IS I. 

The proof of this theorem is based on a characteristic property of totally 
continuous operators which the writer has noted elsewhere.” According to 





* For the notion of canonical decomposition, see [9] and [12]. 
1° [2], p. 100, Théoréme 4. 
11 [3], Lemma 3.1. 
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this result a member 7 of & is totally continuous if and only if every closed 


linear manifold in its range has a finite dimension number. Hence, if Jis an ideal 
which is not contained in J, J contains an element A such that 9(A) contains a 
Hilbert space Yt. We denote by ¥ the manifold of zeros of A and by A, the 
transformation induced on § © MN by A.” The transformation A, evidently 
possesses an inverse and the same range as. A; moreover the fact.that A, is 
bounded assures us that the set % = Ay'M is closed. Thus Y% is also a Hilbert 
space. Hence there exist in & partially isometric operators” X, Y both with 
initial sets 6, while R(X) = A, R(Y) = Mt. Therefore the operator B = 
Y*AX has domain and range identically § and belongs to 8. But Bf = 0 
implies either Xf = 0, Xf in N, or AXf in H © M2, and all of these are impossible 
in view of the definition of X and Y. Hence B™ exists and since it is closed 
with domain §, it belongs to &. Therefore J = BB belongs to J and J = &. 

THeoreM 1.5. Let J be an arbitrary ideal in B, Jo the class of nonnegative 

definite self-adjoint transformations in J. Then J is the class of all operators B = 
(A*A)* such that A is an element of J, and if J, is an ideal containing %, then 
KA 2 J. 
If B is in %, it is obvious that B is of the form described in the theorem. 
On the other hand, if A is an arbitrary element of J, (A*A)’ = B = W*A, 
where W is partially isometric; hence (A*A)} belongs to J, and thus to %. 
Finally the relations A = WB, B = (A*A)' assure us that Jis the smallest ideal 
containing J . 

If J is an ideal in &, we call the subset 4 defined in Theorem 1.5 the positive 
part of J. In order to characterize those subsets of the positive part of $ 
which appear as the positive parts of ideals, we recall that every self-adjoint 
operator T in J can be reduced to diagonal form; that is, for each such T there 
exists a complete orthonormal set {g,} in § and a sequence {A,} such that 
Ten = Anon, Nn = 1, 2, --- . Moreover, the sequence {A,} is convergent to 
zero, and nonnegative if T is in the positive part of S. We call this sequence a 
characteristic sequence of 7’. 

We next observe that if 7 belongs to the positive part of an ideal J and {y»} 
is another complete orthonormal set in $, then the member A of J defined by 
the equations Ay, = Anvn, n = 1, 2, --- , also belongs to the positive part of J, 
since A = UTU"', where U is unitary. Hence, if 9 is an arbitrary ideal in &, 
J & & the set of all characteristic sequences {A,} belonging to members of I 
may without ambiguity be called the spectral set of J. 

We now characterize intrinsically those subsets of the class of nonnegative 
sequences with limit zero which occur as spectral sets. As is.indicated in the 
introduction, this result is.due to J. v. Neumann. 

DerFinition 1.1. Let E denote the class of all infinite sequences of nonnegative 





12 We regard A as a transformation between Hilbert spaces in the sense of [8]. 
18 For this concept, see [9], Definition 4.3.1. 
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numbers which converge to zero. A subset $ of T is called an ideal set if it has the 
following properties: : 
(i) If {An} is in 3 and w denotes an shiicars permutation of the positive integers, 
[ecw } is in 3; 
Gi) af {Xs} and {un} are in’, 80 is (da + un} 

3 if {An} ts in fo 2 in & and the inequality \» = un holds for all n, then 
{un} is in 3. 

Our object now is to prove that every spectral set is an ideal set, and con- 
versely. We require first two lemmas concerning ideal sets. 

Lemma 1.1. Let $ be an ideal set, {r,} an element of ¥ with infinitely many 
terms different from zero. Then the subsequence of positive terms of {d,} belongs 
to 3. 

We distinguish two cases according as {\,} contains a finite or an infinite 
number of zeros. In view of condition (i) of Definition 1, we can assume in 


the first case A) = Ax = --- = Ay = OandO < Aww S Kk ¢ =N+1,N+ 
2,.-.. We then have to show that {Aw+,} belongs to 3. Let {u,} be the se- 
quence defined by the equations 

lin = Ann, n=1,2,.--.,N, 

bn = 0, n=N+1,N+4+2,.--- 


Then {u,} is dominated by a permutation of {A,} and hence belongs to 3, by 
conditions (i) and (iii) of Definition 1. Moreover, by condition (ii), {An + un} 
belongs to $. But we have Avin S An + wn, M = 1, 2, --- , and hence {Ay4n} 
belongs to . 
Now suppose {A,} contains an infinite number of zeros. Again invoking (i), 
we assume sae 
oe = Aocessy > O, Anz = 0, k = 1, 2, 


We must then show that {d2,} belongs to s. We define a sequence {u,} by the 
equations 
Hor = Dex-i, ae k=1,2,.---. 
Then {u,} is a permutation of {\,} and hence belongs to $. But then {A, + 
un} belongs to &, and we have 
Non S An + Mn 


Thus, by (iii), {Aen} belongs to $ as we wished to prove. 

Lemma 1.2. Let be an ideal set, {rn} an element of $ consisting solely of 
positive terms. Then any sequence {jn} which contains {rn} as a subsequence and 
poms es Sor this subsequence, consists solely of zeros, is a member of $. 

e define 


Ve alae sy ORI fae Me ee 
Mea = Aan pee MPO, k= 1,226. 
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Then {A} and {%”} are both dominated: by {A} and therefore belong to 3. 
Letting j, denote the integer immediately preceding k/3, we now define two 
permutations 7; , 72 by the equations, 


m(k + jx) = 2k — 1, mi(4k) = 2k, k=1,2,..., 
m2(4k — 2) = 2k — 1, mo(k + jee) = 2k, k= 1,2,.... 


The effect of the first of these permutations is to take the set of all integers divisi- 

ble by 4 into the set of all even integers, preserving order; and to take the set of 

all integers not divisible by 4 into the set of all odd integers, again preserving 

order. The effect of the second is to take all even integers not divisible by 4 

into the set of all odd integers, and the complementary set of integers into the 

set of all even integers, order being preserved in both cases. Hence the sequence 
{vn} om {Sr em) + Aen} 


which clearly belongs to %, is related to the sequence {A,} by the equations 
vor = rz, V1 = 0, k=1,2,---. 


But any sequence {,} derived from {X,} in the manner described in the theorem, 
and containing an infinite number of zero terms, is a permutation of {v,} and 
therefore belongs to %. 

~ Thus, to complete the proof, we have only to dispose of the case that {y,} 
contains only a finite number of zero terms. In this case it is convenient to 
assume that {A,} is monotone. We can then complete the proof by showing 
that the sequence {u,} defined by the equations 


Mn = O, n=1,2,---,N—1, Mwin-1 = An, n=1,2,-:-, 
belongs to $. To do this we set . L 
vr =, n=1,2,.--,N, vn = Nw n=N+12 
Vg ¥ +2,--- ,2N, --- 


Then, from the validity of the lemma in the case of an infinite number of zeros 
and property (ii) of ideal sets we can conclude that {v,} isin 3. But, since we 
clearly have 


re eae 


it follows that {u,} is in S. 

THEOREM 1.6. Let J be an ideal in B, IS J, and let be its spectral set. Then 
& is an ideal set. Conversely, if & is an arbitrary ideal set in Z, there exists an 
ideal in B whose spectral set is 3. This correspondence between ideals in B and 
ideal sets in T is an isomorphism with respect to the relation C. 

If J is a two-sided ideal in ®, J & J, we consider an arbitrary member A of Sy 
in diagonal form; Agn = Angn, n = 1, 2, --- , where {gn} is a complete ortho- 
normal set in §. Then {d,} is in the spectral set $ of J, and since A can also 
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be put in diagonal form with reference to any permutation of the sequence 
{ga}, all permutations of {Aq} clearly belong to 3 too. 

Now let B be any other member of %, also in diagonal form; Byn = UnVn, 
n= 1,2, --- , and let U be the unitary operator defined on {¢,} by the equations 
Ugn = be oi = 1,2,---.- Then A + U"BU isin % and 


(A + U"BU)gn = (Xn + Mn)on, n= 1,2,--- 
Thus {An + wn} belongs to 3. 
Finally, let {un} be a sequence such that u, S A,,n = 1,2,---. We define 
an operator By on {gn} by the equations 


Bogn 634 (un/ An)Pn ’ An # 0, 
Bopn = 0 ’ An = 0. 


Then By has a closed linear extension B which belongs to &. Thus AB belongs 
to J. But ABgon = ungn, n = 1, 2, --- , and therefore AB belongs to %, 
{un} to 3. 

We turn now to the converse part of the theorem, denoting by $ an arbitrary 
ideal set in T. We designate by J the set of all totally continuous operators A 
such that a characteristic sequence of (A*A)* belongs to 3. Since, if J is an 
ideal, $ is obviously its spectral set, we have only to show that J is an ideal. 

We begin by considering an arbitrary pair of operators A and B of J, with 
the object of showing that A + B belongs to J. To this end we,consider the 
operators 4 - 

= (A*A)', D, = (B*B)', D = (A*+ B*)(A + B) 
and characteristic sequences {An}, {un}, {yn} of D:, De, D, respectively. We 


have then to show that {v,} belongs to %. 
For convenience, we assume that the positive terms of each sequence are 


‘arranged in montone order; in addition, if any one of the sequences contains 


only a finite number of positive terms, we assume that the sequence itself is 
monotone. This assumption is clearly not restrictive, in view of condition (i) 
of Definition 1. Now let {\,} be identical with the subsequence of positive 
terms of {\,,} if that subsequence i is infinite, identical with {),} itself in the altern- 
ative case, and let {u,,} and {v,} be defined in the same way with reference to 
{un} and {»,} respectively. Then, by Lemma 1.1, {A;,} and {u,} belong to 9; 
and by Lemma 1.2, {»,} belongs to $ if {v,} doe. Thus we can prove that 
A + B belongs to J by showing that {v;,} belongs to %. 
To establish the latter result, we note first the relation 


2(A*A + B*B) — (A* + B*)(A + B) = (A* — B*)(A — B), 


which implies that 2(D? + D3) — D? is nonnegative definite. Holding this 
fact in reserve, we then recall the theorem of Courant [4],"“ characterizing the 





“The paper cited deals only with integral operators with continuous kernels. How- 
ever, the more general result required here is readily obtained. 















































































846 J. W. CALKIN 
sequence {v,’} associated with the operator D* in terms of maxima and minima, 
For our purposes, we may state this result as follows: 
vy, = Min Max (D*f,f) 
(1) dim (M)sn—1 fe SOM 
\f|=1 
where dim (Jt) is the dimension number of Jt. Similarly, 


2 = Min ~ Max (Dif,f), 
(2) dim (WEn—1 f «SOR 


u, Min Max (D3f, f). 
(3) dim (B)<n—1 f “$08 


On the basis of these relations we are able to conclude that the inequality 
(4) Vn S 2d; + we 
is valid provided we havej +k S$ n+ 1. For if v, > 2(d;? + uz) holds, 


we have, in view of (2) and (8), 


v2/2> Min Max (Dif,f)+ Min Max (D%f,f) 
dim (M)Si—1 fe HON dim ($)Sk—1 f e HOP 


and this implies . 
y3/2> Min Max (Dif,f) + Max (Diff) | 
dim (N+B)<i+k-2 Lf e GSOn f ¢ SOB 
which in turn implies we / 
g dim (N+P) <i+k-2 Ls « SE(N@B) 


f being restricted in every case to satisfy | f| = 1. “But then, since Dj + D; - 
D’/2 is nonnegative definite, we have By 


~ 


v2 > Min Max (D*f,f) 
dim (M) <Sit+k-2 fe SOM 
61 lfj=1 
which contradicts (1) unless j + & — 2 is greater than n — 1, or unless j + k 


exceeds n + 1. Thus (4) holds for j + k < n + 1, as stated, and we have 


(5) vi, S 2(rj + ms) forjtksntl. 
Now let r, be n/2 if n is even, (n + 1)/2 if nisodd. Then, from (5) we have 
(6) Yn S Wr, + rg) 
Moreover, the sequences {d.,}, {ux} defined by the equations 
Noe-1 = 0, Ame =A, eS 
woe = 0, ae = me, k = 1,2,-:-, 


“belong to $ by Lemma 1.2; and sin¢e ae 


, ” ” ” a” 
Arg = An H+ Asin ; Mr, = bn + Tein) 5 n= 1,2,--- 
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where r(2k — 1) = 2k, (2k) = 2k — 1, it follows from conditions (i) and (iii) 
of Definition 1.1 that the sequences {r;,} and {u,,} both belong to ¥. But 
then, by (6) and conditions (ii) and (iii) of our definition, {v,} belongs to 3, 
and this completes the proof of our assertion that A + B belongs to J. 

Now let A be an arbitrary element of J, D, = (A*A)', X an arbitrary element 
of 8, D; = (A*X*XA)’. ‘Since A is in J, XA and Dy are also. Let {An}, 
{un}; [Xn I, {u,,} have the same meanings as above with reference to D, and D . 
Then {X/,} is in ¥ and we can show that. XA is in J by showing that {,,} is in 9; 
the arguments here are the same as above. 

To establish the latter, we again apply the theorem of Courant; 


hy» = Min Max (Dif,/f), ° 
dim (M) sn—1 | 


un = Min Max (D3f, f). 
dim (M)sn—1 Ff ‘er 


But (Dif, f) = (Af, Af), (Def, f) = (XAf, XAf) and (XAf, XAf) is bounded 
xd N’(Af, Af) for some integer N. Thus we have 


, = N,, 


and as {N);,} is clearly in S, so also is {u,}. Hence XA belongs to 9. 

Thus J is a left ideal and in view of Theorem 1.2, we can show that J is two- 
sided by showing that J is closed with respect to the operation*. But this is 
an immediate consequence of Lemmas 1.1 and 1.2 and the well-known fact 
that (A*A)! and (AA*)! have the same positive characteristic values, each 
with the same multiplicity.” 

The concluding assertion of the theorem is obvious. 

THeoreM 1.7. Let ¥ denote the class of all operators A in B such that R(A) 
has a finite dimension number. Then F is a two-sided ideal in B. If J is an 
arbitrary two-sided ideal, in B, then J = (0) or JD F. 

To establish the first assertion, we have only to note that the class § of all 
sequences in T with only a finite number of terms different from zero constitutes 
an ideal set. To establish the second we first observe that any ideal set different 
from the one containing only the sequence all of whose terms-are zero, contains 
a sequence {A,} with A, ¥ 0, A, = 0 for n ¥ 1, by yirtue of (i) and(iii). Hence, 
by (ii) and (iii) it contains all sequences of this sort and hence, by (i) and (ii), 
contains §. 

It is worthwhile to observe here that the effect of Theorem 1.6 is to establish 
an isomorphism between the lattice L; of two-sided ideals in B and a certain 
sub-lattice Ly of the lattice of ideals in the ring % of all bounded sequences of 
complex numbers. To make this clear we require two preliminary results 
concerning %; the first theorem’is the analogue for 8 of Theorem 1.5 for B the 
second is analogous to Theorems 1.3 and 1.4. 





** By [12], Satz 7, for example. 
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sequence {v;,?} associated with the operator D* in terms of maxima and minima, 
For our purposes, we may state this result as follows: 


vy; = # Min Max (D’f, f) 
(1) Ni dim (M)sn—1 1+ Som 


where dim (9) is the dimension number of J. Similarly, 


2 = Min ~~ Max (Dif, f), 
(2) dim (MSa—1 £6 GOR ? 


un = Min Max (Dif, f). 
(3) dim (B)S*-1 4 $68 


On the basis of these relations we are able to conclude that the inequality 
(4) Vn 20d; + we 
is valid provided we have j + k S$ n+ 1. For if v, > 2(;° + uy) holds, 


we have, in view of (2) and (3), 


v/2> Min Max (Dif,f)+ Min Max (Diyf,f) 
dim (%)Sij—1 fe HON dim ($)<k—1 fe HOP 


and this implies 

Yn /2 > Min Max (Dif,f) + Max (Dif, j)] 
dim (R+B)sitk-2 Lf e GOR f ¢ $08 

which in turn implies 


m2 > Min [Max (Dif + DY, 1], ; 


dim (N+B)<itk—-2 Lf e SQ(NOB) 
f being restricted in every case to satisfy | f| = 1. “But then, since Di + Di - 
D*/2 is nonnegative definite, we have Sea 


> Min Max (D’f, f) 
dim (SR) Si+k-2 J « SOM 


which contradicts (1) unless j + k — 2 is greater than n — 1, or unless j + & 
exceeds n + 1. Thus (4) holds for 7 + & < n + 1, as stated, and we have 


(5) Vn S 2(dj + me) forgj+ksntl. 
Now let r, be n/2 if n is even, (n + 1)/2 if nisodd. Then, from (5) we have 
(6) Vn S 2A, + ur.) 
Moreover, the sequences {\,,}, {u,} defined by the equations 
Nor1 = 0, Ame =A, k= 1,2,++*, 
Hoe = 0, bee = me, k= 1,2,-++; 


“belong to $ by Lemma 1.2; and since 


, ak a” “ LA “ 
Men = An + Adam, Mr, = bn + Te) » n = 1,2,:>:- 
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where #(2k — 1) =:2k, #(2k) = 2k — 1, it follows from conditions (i) and (iii) 
of Definition 1.1 that the sequences {r;,} and {u,,} both belong to $. But 
then, by (6) and conditions (ii) and (iii) of our definition, {»,} belongs to 3, 
and this completes the proof of our assertion that A + B belongs to J. 

Now let A be an arbitrary element of J, D; = (A*A)!, X an arbitrary element 
of B, Di = (A*X*XA)). ‘Since A is in J, XA and D, are also. Let {An}, 
(un, [dn \, {un} have the same meanings as above with reference to D; and Dz . 
Then {d.,} is in § and we can show that. XA is in J by showing that {u,} is in 9; 
the arguments here are the same as above. 

To establish the latter, we again apply the theorem of Courant; 


> = Min Max (Dif, f), 
_ dim (M)sn—1 thor 


un = Min Max (Dsf, f). 
dim (M)<n—1 1+ Som 


But (Dif, f) = (Af, Af), (Daf, f) = (XAf, XAf) and (XAf, XAf) is bounded 
by N*(Af, Af) for some integer N. Thus we have 


un, SNd,, 


and as {NX,,} is clearly in %, so also is {u,}. Hence XA belongs to J. 

Thus J is a left ideal and in view of Theorem 1.2, we can show that J is two- 
sided by showing that J is closed with respect to the operation *. But this is 
an immediate consequence of Lemmas 1.1 and 1.2 and the well-known fact 
that (A*A)* and (AA*)? have the same positive characteristic values, each 
with the same multiplicity.” 

The concluding assertion of the theorem is obvious. 

THEeoreM 1.7. Let ¥ denote the class of all operators A in B such that R(A) 
has a finite dimension number. Then F is a two-sided ideal in B. If J is an 
arbitrary two-sided ideal, in ®, then J = (0) or JD F. 

To establish the first assertion, we have only to note that the class § of all 
sequences in T with only a finite number of terms different from zero constitutes 
an ideal set. To establish the second we first observe that any ideal set different 
from the one containing only the sequence all of whose terms are zero, contains 
a sequence {A,} with Ay ¥ 0, A, = O for n # 1, by yirtue of (i) and(iii). Hence, 
by (ii) and (iii) it contains all sequences of this sort and hence, by (i) and (ii), 
contains §. 

It is worthwhile to observe here that the effect of Theorem 1.6 is to establish 
an isomorphism between the lattice L; of two-sided ideals in B and a certain 
sub-lattice Le of the lattice of ideals in the ring S of all bounded sequences of 
complex numbers. To make this clear we require two preliminary results 
concerning %; the first theorem is the analogue for 8 of Theorem 1. nf for B the 
second is analogous to Theorems 1.3 and 1.4. 





** By [12], Satz 7, for example. 
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THEOREM 1.8. Let & be the ring of all bounded sequences of complex numbers, 
J an ideal in B. Let Yo be the set of all sequences {| An |} such that {dn} is in 3. 
Then & contains Xo , and if 3; is an ideal in B containing Yo , then 3, D &. 

The proof is straightforward and is left to the reader. es 

THEOREM 1.9. Let Le be the lattice of all ideals 3 in B which satisfy the fol- 
lowing condition; if {an} is in 3, and x ts a permutation of the positive integers 
{ax(n)} isin 3. Then the set T of sequences convergent to zero belongs to Le , and if 
& is an arbitrary element of Le , either $ = Bor Y ¢ TF. 

The first assertion is obvious. Now if $ is a member of Le which is not con- 
tained in T, $ contains a sequence {a,} which has a subsequence {a,,} such that 
{a;,} is bounded, and which converges to a number different from zero. Fur- 
thermore, the sequence {bn} with ba, = @n,, ba = 0, nm ¥ m% can be written 
{bn} = {cn} {an}, where cn, = 1, cn = 0, ¥ mz, and hence {b,} belongs to %. 
We now write the sequence {b,} in the form {b,} = {pne”"}, pn > 0, and observe 
that {p,} also belongs to & by Theorem 1.8. But then by the same sort of 
argument that was used to prove Lemma 1.1, we can show that {p,,} belongs 
to 3, and hence {an,} does also. Hence {e,} = {an,}{an,} belongs to $ 
ande, = 1,k = 1,2,---. Thus$ = &. 

THEOREM 1.10. Let & be a member of Lz , So the subset of 3 defined in Theorem 
1.8. Then either %o = Bo , where Bo the set of all sequences of nonnegative numbers 
in B, or every sequence in Yo is convergent to zero and Xo is an ideal set in the sense 
of Definition 1.1. 

THEOREM 1.10 follows at once from Theorems 1.8 and 1.9. 

THroreM 1.11. Let Li be the lattice of all two-sided ideals in &, let the set Bo 
be called the spectral set of B, and let the class of ideal sets be extended to include 
Bo .- Then Ly is lattice-isomorphic to the extended class of ideal sets, each member 
of L; corresponding under this isomorphism to its spectral set. Similarly, the 
lattice Le is lattice-isomorphic to the extended class of all ideal sets, each member 
& of Le corresponding to its %o. Thus L; and Lz are lattice-isomorphic and under 
this isomorphism & corresponds to 8, F to the class T of all sequences convergent 
to zero, F to the class § of all sequences with only a finite number of terms different 
from zero. 

Theorem 1.11 is obvious on the basis of preceding results and we omit the 
proof. Before proceeding, however, we wish to make the following observations: 
The ring B can be imbedded in B in a very simple way.; we have merely to 
choose a complete orthonormal set {g,} in § and identify the element {a,} of 8 
with the closed linear wedi A in § which is defined on {gn} by the equations 
Agn = Gngn, n = 1,2,-+-. Moreover, if we consider % in terms of this identi- 
fication, each tio-alded ideal J in & corresponds under the isomorphism of 
Theseus 1.11 merely to its intersection with $8. This suggests an alternative 
attack on the problem solved by Theorem 1.6; however, in so far as we can 
determine, it is not possible to devise any cnacuitiaily different proof of that 
theorem on this basis. 
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, 2% Congruences in B 

We pass now to the study of congruences modulo an ideal Jin 8. Following 
the standard procedure of abstract algebra, we consider the class &/J whose 
elements a, 8, --- are the residue classes of B with respect to J; by definition, 
two members A and B of B belong to the same element a of 8/9 if and only 
if A— Bisin ¥. If a and B are arbitrary elements of 8/9, we define a + B 
as the class of all elements A + B of & such that A is in a, B in 8; similarly, we 
define a@ as the class of all AB in B such that A isin a, Bing. Then,fromthe 
general theorem’ which is controlling in such situations, we have 

TaroreM 2.1. If aand B are elements of B/J, so also area + Band a8. With 
addition and multiplication defined in this way B/JI is a ring; that is to say, B/I 
is a commutative group with respect to the operation +, and further, the following 
formal laws are satisfied: 


(oB)y = a(6y), a6 +7) = a6 + ay, (8 + y)a = Ba + ya. 


Moreover, B/I possesses a unit. 

It may be noted that except in the case J = &, the subclass of B/JI each of 
whose elements contains a scalar multiple of the identity in &%, is isomorphic to 
the class of scalar multiples of the identify in &, since no two of these elements 
of 8 can have difference in J unless they are identical. Itis convenient therefore 
to use italic letters for these elements as well as for the corresponding elements 
of 8. In addition we shall use the symbol 1 for the unit in 8/9; that is, for the 
element of 8/J whose members have the form J + 7’, where J is the identity 
in 8 and T belongs to J. 

It is worth pointing out here that the ring B/J, J ¥ &, is certainly non- 
commutative; to verify this one needs only to consider two orthogonal projec- 
tions Z and F whose ranges are Hilbert spaces and whose sum is the identity, 
a partially isometric operator W which maps E on F, and the operator W*W — 
WW* = E — F which belongs to no ideal except & itself. Later we shall show 
that the center of B/J, J ¥ &, is the set of all scalar multiples of unity (Theorem 
2.9). 

TuEorEM 2.2. If a is an arbitrary element of B/J, the class a* of all members 
A* of B such that A is in ais in B/J also. The operation * so defined in B/I 
obeys the following laws: 


at* = q (a + B)* = a* + Br, (aB)* = Bta*. 


That a* is in B/J follows at once from the fact that J* = J; and the three laws 
stated in the theorem are readily verified on the basis of their validity in &. 

Thus we seé that the rings B/J have all of the formal properties of matrix 
algebras and are homomorphs of & with respect to the operations +, -, *, a-; 





: 
6 [1], pp. 252-253. The missing details necessary for our purposes are readily supplied. 
Cf. the discussion of the commutative case in [19]. 
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moreover, they are of course the only homomorphs of & with respect to these 
operations. 

It is now desirable to consider these homomorphisms with respect to the fol- 
lowing important notions in operator theory; for an operator to be self-adjoint, 
to be idempotent, to be partially isometric, to be unitary... Hence we are led 
to define these concepts in 8/9 without explicit reference to their Rpanings in 8. 

DEFINITION 2.1. An element a of B/J is called self-adjoint if a = a*; a self- 
adjoint element ¢ of ay J is called idempotent if ¢ = ¢; an sft i of B/S i is called 
partially isometric if w*w = € 1s idempotent, unitary if w*w = = 1, 

It is easy to see that under the homomorphisms 8 — . J the image of 
every-self adjoint operator is self-adjoint and that analogous assertions hold for 
projections, partially isometric operators, and unitary operators. We shall 
now show that with reference to the first two of these concepts the converse 
statements are also true. 

THEOREM 2.3. If a is a self-adjoint element of B/I, a contains a self-adjoint 
member of B, and conversely. 

Let a be self-adjoint, A an element of a. Then A* — 
A + (A* — A)/2 = 
noted, is obvious. 

THEOREM 2.4. If ¢ is an idempotent element of B/J, there exists a projection 
E in B which belongs to ¢, and conversely. 

The theorem is obvious for J = &; we assume therefore J & J. By Theorem 
2.3, « contains a self-adjoint transformation A, and since e is idempotent, 
A’ — A = A(A — I) isin J and thus in S. Hence A? — A can be reduced to 
diagonal form, and therefore A can also; Agn = Angn, N = 1, 2, --+ , where 
{gn} is a complete orthonormal set in §. But then it follows that {\,} contains 
a subsequence {A} convergent to zero, and such that the remaining terms of 
{An} form a subsequence, say {AS}, convergent to 1, since under any other 
circumstances A(A — J) would fail to be totally continuous. Moreover, we 
can clearly assume that {A{”} contains no terms with the value zero and that 
{A} contains no terms with the value unity. 

Now let D> be the subspace of § determined by the characteristic elements 
of A corresponding to terms of {\‘}, Nt, the subspace determined by the other 
characteristic elements of A, Ey and E, the projections with ranges Mo and Ni , 
respectively. We shall show that E, belongs to «. To do this we note first 
that in Mt), A — J induces a transformation with bounded inverse. Hence if 
B is equal to this inverse in Q% and to zero in Mt, 


E,(A® — A)BE, = EAE, 
is in J, since A” — A is. Similarly, it follows that 
E,(A — DE, = BABE, — E 


is in J. But then, adding the right members of the two preceding equations 
we -find that 


A isin 9 and hence 
(A + A*)/2 isin a. The converse, as we have already 
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EAB) + BAK — Ey = A — EB 


is in J, and from this it follows that E, belongs to «. 

Again the converse part of the theorem is obvious, so the proof is complete. 

TurorEM 2.5. Let J be an ideal in B, SG the set of all nonnegative definite 
self-adjoint elements of J, Is the class of all squares of elements of SI. Thena 
necessary and sufficient condition that every partially isometric element w of B/I 
contain a partially isometric transformation W is that H = Jj. 

Again the case J = & is trivial, so we assume J © J. Let w be partially iso- 
metric, V an element of w, V. = UB its canonical decomposition. Then 
V*V = B’ belongs to an idempotent element ¢ of &/9. Hence, if we identify 
B’ with the self-adjoint transformation A which appears in the proof of Theorem 
2.4, we can invoke that theorem to establish the existence of a projection E 
such that B’ — E is in J. Moreover, an inspection of the proof reveals also 
that B’ commutes with E and induces in the range of E a transformation with 
bounded inverse. In particular, this implies that EF has for its range a subspace 
of the initial set of U and thus that UE is partially isometric, since 
EU*UE = E." We shall now show that under the condition of the theorem 
B—EisinJ. We note first that since B’ and E commute, we have B’ — E = 
(B — E)(B + £), and since B is nonnegative, B + E induces in R(#) a trans- 
formation with bounded inverse. Hence, if C is equal to this inverse in R(£), 
and to zero in § © R(E£), we have (B’ — E)C = EB — E, and EB — Eis in J. 
Moreover (I — E)(B’ — E) = (I — E)B’ isin J. But if 9 has the property 
described in the theorem, [(J — E)B’}! = (I — E)B is in J, and thus 


(II-E)B+EB-E=B-E 


is in J as we wished to show. But then V — UE = U(B — E) is in J and 
W = UE, which we have already shown to be partially isometric, belongs to w. 

It remains therefore for the converse part of the theorem to be proved. To 
this end, we suppose that J contains a nonnegative definite self-adjoint trans- 
formation B’ such that B does not belong to J, and denote by w the congruence 
class in 8/9 to which B belongs. Then, since B*B = B’ belongs to J, we have w 
partially isometric by definition. But if V is a partially isometric transforma- 
tion inw, V*V = E must be congruent to B’ modulo J, which is to say that E 
is congruent to zero modulo J. But this implies that EF has range with finite 
dimension number and the range of E is the initial set of V. Thus V is in 
Fand hence in J. However, V — Bisin J since V is inw, and as Bis by assump- 
tion not in J, we have a contradiction. Hence, the condition of the theorem is 
necessary as well as sufficient. 

We may note in passing that the ideals (0), F, J, B all satisfy the condition of 
Theorem 2.5, but that these are not the only ideals which do so. Consider, for 
example, the class of all sequences {A,} of nonnegative numbers such that 





17 By [9], Lemma 4.3.2. 
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> A; converges for some p. It is easily seen that this class is an ideal set in the 


n=l 
sense of Definition 1.1. and that the corresponding ideal in B has the property 
of Theorem 2.5. 

For the sake of completeness, we state the following obvious theorem: 

THEorEM 2.6. If W is a partially isometric member of B, the congruence class 
of W in B/I is partially isometric in B/J. 

TueoreM 2.7. Let J be an ideal in B. Then, if w is a unitary element of 8/9, 
w contains a maximal partially isometric irenilormalien™ with deficiency-index 
(0, n) or (n, 0), nm < No. 

Again the case J = & is trivial, so we assume J ~ B. Let w be unitary, Va 
member of w, V = UB its canonical decomposition. Since w is also partially 
isometric, the first part of the proof of Theorem 2.5 applies to yield the following 
results: there exists a projection E with range in the initial set of U, and which 
commutes with B, such that V*V — E = B’ — Eand EB — EareinJ. But 
since V*V is congruent to J modulo J, J — E is in J and thus (IJ — E)B isin J. 
Therefore 


B-E=(I-—E)B+EB-E 


isin J. Butthen V — UE = UB — UE isinJ. Hence W = UL isa partially 
isometric operator which belongs tow. Moreover, since w is unitary, 1 — WW* 
is in J and hence, since this operator is a projection and belongs to J, its range 
must have a finite dimension number. Similarly, 7 — W*W has range with a 
finite dimension number. Thus both the initial and final sets of W have or- 
thogonal complements with finite dimension numbers. Therefore, if W; is the 
contraction of W with domain (EZ) and X a maximal partially isometric exten- 
sion of Wi, X has the property required in the theorem and X — W is in J. 
Thus X belongs to w, and the theorem is proved. 

It is important to observe that every unitary element of B/J does not contain 
a unitary member of &, except in the trivial cases J = B, J = (0). 

To prove this, we consider an isometric transformation X with deficiency- 
index (0, n), m < No, and the congruence class w modulo J, to which X belongs. 
Then w is clearly unitary in 8/9 provided J ¥ (0). Now suppose U is a unitary 
transformation inw. Then U — X is in §, and thusinS, if J# @. Hence! - 
UX is in J and U~'X also has deficiency-index (0, n). But by a lemma which 
the author has proved elsewhere, this is possible if and only if n = 0. i 

THEOREM 2.8. Let J bean ideal in B different from (0), W a partially isometric 
operator in B with deficiency-index (m,n) m,n < No. Then the congruence class w 
in B/I to which W belongs is unitary. 

If W has the properties stated then I] — W*W and I — ie are projections 





18 We call a partially isometric operator maximal if the isometric transformation which 
determines it is maximal. Similarly, we shall have occasion to refer to the deficiency- 
index of a partially isometric operator. 

19 [3], Lemma 4.1. 
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which belong to ¥: Thus, since F¢ J by Theorem 1.7, both of these operators 
belong to J and w is unitary by definition. 

We conclude this section with 

TarorEM 2.9. Let J be an ideal in B, J ~ B. Then the center of B/G, that is, 
the set of all elements of B/I which commute with every element of B/J, is the set 
of all elements d-1, where d is a complex number. 

It is clear that the center contains the set of all scalar multiples of the identity; 
hence we need only show that it contains no other members. 

We begin by showing that it is sufficient to consider merely the self-adjoint 
members of the center. For suppose a belongs to the center. Then ag* — 
6*a = 0 for all 6 in B/I and hence (a6* — B*a)* = Ba* — a*B = 0 for all 8 
in 8/9. Thus a* belongs to the center, and consequently the self-adjoint 
elements a + a* and i(a — a*) do also. Now suppose a + a* = X-1, i(a — 
a*) = y-1. Then, eliminating a*, we have a = (u + 1dA)/2i. Hence we have 
only to prove that every self-adjoint member of the center is a scalar multiple of 
the identity. 

In terms of operators in 8, this problem reduces to the following: to show 
that every self-adjoint operator A in 8 such that AB — BA is in 9 for all B 
in & is of the form T + XI, where T is in J. 

We consider first the case J = J. So we consider a self-adjoint operator A so 
that AB — BA is totally continuous for all Bin 8. If A is not of the form T + 
M, T in J, the spectrum of A must contain two distinct, points, each of which is 
either a limit point of the spectrum of A or a characteristic value of infinite multi- 
plicity; for, otherwise, the spectrum of A consists solely of isolated characteristic 
values of finite multiplicity together with one point » which is either a limit point 
or a characteristic value of infinite multiplicity, and in this case A — ul clearly 
belongs to S. Hence if E()) is the resolution of the identity of A, there exist 
numbers Xo , Ai, Ae , As in the spectrum of A, \y < Ai < Ae < Ag such that (Ay) — 
E(Xo) and E(As3) — E(A2) have ranges Dt, and M% , respectively, which are Hilbert 
spaces. 

Next let us consider the partially isometric operator W with initial set Dt 
and final set Dt. We then have, for fin Di 


| WAf — AWf| = | AWf| — | WAf|, 
and thus, since we also have 
|AWS| =| Wh) =A¢IsI,|WAS|=14f| SulF| 
we obtain 
|WAf — AWf| = (2 — Midf. 

Hence (WA — AW) induces on 9; a transformation with bounded inverse and 
therefore (WA — AW), is a Hilbert space. Consequently, by a lemma 
previously referred to, WA — AW is not in J. Hence the assumption that A 


> of the form T + XJ, Tin, is untenable, and the theorem is established for 
a: 
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_ Consider now an arbitrary ideal J FC ICT IAF IFT. As before, 
we consider a self-adjoint operator A such that AB — BA isin J for all Bin. 
Since J C J, it follows from the preceding result. that A is of the form T + 
M,TinS. Thus 7B — BT isin Jfor all Bin B. Now let {¢,} be a complete 
orthonormal set of characteristic elements of T; Tgn = Angn, nN = 1, 2, ... 
and let us suppose that T is notin J. Moreover, let us assume that the sequence 
{yn} is so arranged that dA, is different from zero, while the positive terms of 
{| A, |} are in monotone order. Let {u,} be a sequence of positive numbers in 
the spectral set of J with wi < | A: |; further let {A,,} be an infinite subsequence 
of {An} such that 0 <|An,| Swe, =1,2,---.” Finally, let E be the projec- 
tion with range 9t determined by the orthonormal set {¢,,} and let W be a par- 
tially isometric transformation with initial set and final set Mt. 

Then WT — TWisin J. Hence WTW* — TWW* = WTW* — TE isin. 
But then, since {\,,} is in the spectral set of J by choice of that subsequence, 
TE isin J. Hence WTW* is in J, and therefore W*WTW*W = T is in J too, 
which is a contradiction. 

It. remains to prove the theorem for the case J = &. Let us suppose that 
BA — AB is in § for all B in 8 and that A isnotin Ff. Then A is of the form 
T + XJ, where T isin Sand notin F. Hence there exists an infinite orthonormal 
set {yn} in © such that Ton = Angn, An # 0, n = 1,2, --- , An FAmif MAN. 
Hence, if U is defined by the equations 


Ugen = ¢m-1, Ugen1 = an; n=1,2,---, 
in the closed linear manifold determined by {¢,}, U = I in § 6 M, UTU™ - 


T is not in ¥ and hence UT — TU is not either. Therefore the assumption 
that A is not in F leads to a contradiction and the theorem is proved for J = f. 


3. A metric in B/S 
We now confine our attention to the case J = J, beginning with the 
definition of a norm in 8/J. 
Throughout the remainder of the paper we employ the notation | A | for the 
bound of the operator A of &. 
DEFINITION 3.1. Let a be an arbitrary element of B/T. We define ||, 
called the norm of a, by the equation 


| a | = g.l.b.| 4 |. 

THEOREM 3.1. The norm | a| in B/S has the following properties: 
(1) | a| = O, the equality sign holding if and only if a = 0; 
(2) la+6|S\|a|+|6; 

(3) |a8| = ja|/6|; 
(4) | de| = | a || «|; 
(5) |a*| = la; 


(6) 


* Tf no such subsequence exists, 7’ is in {F and hence in J. 
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The validity of the laws (2) — (5) is an immediate consequence of the defini- 
tion of | « | in terms of the norm |’A | in &, and the fact that the latter function 
has those properties. The same is true of the assertion |a| = 0. Moreover, 
in view of (2) and (3) we can conclude that the set of elements a of 8/Sfor which 
|a| = 0 is a two-sided ideal in $/JS. Hence, since J is a prime ideal in B, we 
have either a = 0 when and only when | a| = 0, or a = 0 for all @ in G/T.” 
Thus to complete the proof it is necessary only to establish (6). We have then 
to show that 


gb. |I+T7| =1. 


re 
We note first . 
|\1+ (7 + T*)/2| S |\7 + 7)/2|+ | + 7T*)/2| =|1+T |; 


hence we need only show g. I. b. | J + 7 | = 1 for T «IJ, T = T*. But, if T 
is so restricted, we can find, for any e > 0, a real number A with | A | < ¢ such 
that Top = dg for some g ¥ 0 in §, by virtue of the spectral properties of 7’. 
Thus |(J + T)e|/|¢| > (1 — e) and hence | J + 7'| exceeds 1 — «.- But 
then, since ¢ is an arbitrary positive number, we have |J + 7'| = 1. Hence, 
since || = 1, (6) follows. 

THEOREM 3.2. With |a — | interpreted as the distance between a and 8, 
B/T is a complete linear metric space. 

That 8/Tis a metric space follows from Theorem 3.1 while its linear properties 
are evident. To show that it is complete we must prove that, for every sequence 
{an} in 8/F such that 

lim |an — am| = 0, 


nym—>o 


there exists an element a such that 


lim |an — a| = 0. 


n->c 


Let {an} be a sequence satisfying the first of these conditions. We choose a 
subsequence {a»,} such that 


1 
lam, — am| S oa» forn = m%. 


We then choose an arbitrary element Ap, of an, and an element C; of an, — an, 
such that |C,| < 3. Setting An, = Ci + An,, we have Aj, in an, 


| An, — An, | S 4. 








For the fact that J is divisorless in & implies that B/T contains no two-sided ideals 
except (0) and B/F itself. Cf. [19], pp. 56-57 for a discussion of ideals in commutative 
tings which is readily generalized to cover the case in hand. LP 
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Continuing this process we determine a sequence {A,,}, with Aj, € 5 Such 
that 


| Ames ie An, | Sx: 


i-1 1 
| Anse; 3 An, | s > | Anse: = An | s 


= Qk-1" 


Hence there exist an element A of & such that 
lim | A,, — A| = 0, 
k— oo 


and if a is the residue class to which A belongs we have, in consequence, 


lim |an — a| = lim lan, —a| = 0. 

We note in passing that the space ®/J is non-separable. For every idempo- 
tent except 0 in 8/F can be shown to have the norm 1, and if H(A) is the resolu- 
tion of the identity in & of a transformation with spectrum the entire interval 
0 < dX S 1, the set e(A) of idempotents in B/IF such that e«(A) contains F(A) 
has the property that «(A2) — e¢(A1) is an idempotent different from zero if 0 < 
we <u Sl. 


4. The space &% 


We now propose to realize ®/S as an algebraic ring of operators in a certain 
complex Euclidean space. To define a space % suitable for this purpose, we 
make use of a concept of generalized limit introduced by Banach and Mazur.” 
In the interests of greater generality, however, we shall employ a less restrictive 
concept of generalized limit than that of these writers, and we begin with a dis- 
cussion of this concept.” 

We consider a linear functional defined for all bounded sequences {z,} of 
real numbers, denoted by Lim z,, which has the following properties: 


no 


(a) Lim (an + yn) = Lim 2 + Lim yn; 


no no no 


Limz, 20, for 7220, n=1,2,-::; 


no 


(c) Lim 2, is independent of x, for each integer p; 


no 


(d) Lim 1 = 1. 


no 





_® [2], p. 34. 
23 The possibility of generalizing the notion of Banach in this way was pointed out to us 
by J. v. Neumann; originally we had employed the Banach limit. 
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For subsequent use, we note that (a) and (b) imply 
(e) Lim ¢. 2 Lim yn, if in & Yn for n=1,2,.---. 


The reader will observe that the four preceding conditions differ from the four 
basic properties of the Banach limit, as given in the reference cited, in the follow- 
ing respects: first, we do not require homogeneity; second, and more important, 
the Banach limit has the property 
(1) Lim Tay = Lim In 


in place of our (c). Since from (1) one has 


Lim Ln+p+1 = Lim 2, ’ 
it is clear that (1) implies (c).™ 
We now wish to show that homogeneity is a consequence of conditions (a) — (d) 
and that the use of (c) instead of (1) does not affect the other essential properties 
of Lim 2, . 


no 


To begin we observe that (a) implies 


(2) Lim rz, = r Lim 2, for all rational r. 


n->o no 


We now consider an arbitrary bounded sequence {z,}, and rational upper and 
lower bounds, R and r, respectively, of {z,}. Invoking (2), (d), and (e), we 
then obtain 

R = Lim R 2 Limg, 2 Limr =r. 
Hence, since R is any rational upper bound of {z,}, and r any rational lower 
bound, we have 
(3) lu. b. a, 2 Lim 2, 2 g. 1. b. tn 


n-?co 


Moreover, if we now invoke (c) in conjunction with (3), it becomes clear at once 
that we must have 


(f) lim sup z, = Lim z, 2 lim inf z, 

Thus, we have the important property 

(g) Lim z, = lim z, whenever lim 2, exists. 
no n—>co n—o 





* The argument of Banach, loc. cit., thus serves to establish the existence of a functional 
with the properties (a)-(d). Anelegant andsimple direct proof of the existence of such fune- 
tionals has been obtained by Ulam and Kakutani independently, but has not been published. 
Moreover, it is not difficult to show that there exist functionals satisfying (a)—(d) but not 
(1). This latter fact, however, is not of essential importance in the present paper, but 
rather in certain related investigations. Added in proof: Since the completion of this 
Paper J. v. Neumann has developed a general theory of limits of the sort used here. 
His results will appear in a forthcoming number of the ANNALS oF MatHEmatics SrupiEs 
dealing with the theory of measure. 
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Furthermore, since it is now clear that Lim is a bounded additive functional 


on the space of all bounded sequences, we can conclude that it is homogeneous: 
(h) Lim az, = a Lim zp, for all numbers a. 

We now extend the notion of generalized limit to bounded sequences of com- 
plex numbers in the obvious way; if {z,} is such a sequence we set 
(i) Lim z, = Lim Rz, + 7 Lim Tz,. 
It is then readily proved that properties (a), (c), (d), (g), (h), persist in the com- 
plex case. 

Hereafter, as occasion requires, we shall refer to the properties of Lim z, 


as given above by letter without other comment. 

We turn now to the construction of our space %. First, we consider the class 
2” of all sequences {f,} in Hilbert space which are weakly convergent to zero; 
this class is evidently a module when we define addition and scalar multiplica- 
tion by the equations 


{fn} + {gn} = {fn + gu}, 
atfn} = {afr}. 
In 2”, we define ({f,}, {gn}) by the equation 


({fn}, {gn}) ve Lim (fn, Gn), 


invoking the boundedness of the sequences {f,} and {gn} to assure the bounded- 
ness of the sequence of numbers {(fn, gn)}. Then from the properties of Lim 


given above and the properties of the inner product in §, we have 
(af fn} + b{gn}, {Rn}) = a({ fn}, {hn})d({gn}, {hn}), 


({fn}, {gn}) = Con}, {fn}), 
({fn}, {fn}) = 0. 


Thus ({f,}, {gn}) has ali the properties requisite for an inner product in Q" 
except that requiring that ({fn}, {fn}) = 0 if and only if {f,} = 0, and it is easy 
to see that this requirement is not fulfilled, since &’ contains sequences strongly 
convergent to zero. However, as A. E. Taylor [18] has pointed out, this require- 
ment is not an essential one, since we can regard it not as a postulate but as 4 
definition of zero and thus of equality. In our case, this means that we must 
identify the sequences {f,} and {g,} provided 


Lim | fn — gn P= 0. 
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additive group 2” by the subgroup of elements {f,,} such that 
Lim |f, |? = 0. 


If under this homomorphism {f,} — f, {gn} — g, we define 


(f, 9) ~5 {fn}, {gn}). 


Thus we achieve in & a (possibly incomplete) complex Euclidean space; that is 
to say, ¢’ is a module and the function (f, g) has the properties 


(af + bg, h) = a(f, h) + bg, h), 
(f, 9) = G,f), 
(f,f) 2 9, 
(f,f) =0 implies f = 0. 


Since the pertinent facts in this connection are discussed in the paper of Taylor 
cited above, it is unnecessary for us to dwell on them here. 

It now remains for us to consider the space %’ with reference to the matters of 
completeness and separability. The answers to both. questions are provided 
through the two simple lemmas which follow. 

Lemma 4.1. The cardinal number of & is not greater than the cardinal number c 
of the continuum. 

Let {gm} be an arbitrary complete orthonormal set in §, {f,} an arbitrary 
element of &’. Then, if 


Sn aoa p> An,m Om 


{dn,m} is a bounded matrix. Thus the cardinal number of %”’ does not exceed 
the cardinal number of the class of all bounded infinite matrices, and the cardinal 
number of the latter class is c. Hence the cardinal number of %’ is certainly 
less than c. 

Lemma 4.2. The space 2’ contains an orthonormal set with cardinal number c. 

We consider an enumeration {r,,} of the positive rational numbers, a complete 
orthonormal set {¢,} in 6, and the correspondence r, <> ¢, between them. We 
denote by {{g%}} the class of all infinite subsequences of {¢,}, a running over 
some set which we leave undesignated. Now let a; and a; be any two distinct 
positive numbers, {r,} and {r,} infinite subsequences of {r,} convergent to a 
and a; respectively. Corresponding to {r,} and {r,,} we have two subsequences 
of {gn} which belong to { {g%}}; we denote these by {g2"} and {g;"}, respectively. 
Then, for n larger than some integer N, we have y%! ~ 2? and hence 


Lim (pn', on’) = 0. 


In this way, we obtain a class 2’ of elements f, g, --- , the quotient group of the 
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Moreover, 


Lim | gs |? = 1, 


for alla. Hence, if g. denotes the element of %’ containing {g%}, it follows that 
the set of all {g.} contains an orthonormal set with cardinal number c. 
THEorEM 4.1. The space X’ is incomplete. 
Consider an orthonormal set {y.} in %’ with cardinal number at least ¢. Then 
the set of all >> aa¥. with >> |a.|? < @ has cardinal number at least 2‘, and 


hence, in view of Lemma 4.1, this set cannot belong to %’. Therefore © is in- 
complete.” 

We now denote by & the space obtained by completing {’; the details of this 
construction are described in [5] and in [13], so we need not consider them here. 

TuEorEM 4.2. The dimension number of % is c. 

Since &’ is dense in &, the dimension number of & cannot exceed ¢, by Lemma 
4.1. But by Lemma 4.2, it cannot be less than c. 


5. The algebraic ring Di and congruence modulo J in B 


We now consider transformations induced in the space & by means of members 
of the ring &. ° 

Lemma 5.1. Let A be an arbitrary bounded everywhere-defined transformation 
in §, {fn} an arbitrary sequence of the class 2’. Then {Af,} is in @" and 
Lim | Af, |’ = 0 if Lim | f, |? = 0. 

That {Af,} is in 2” follows at once from the fact that a bounded transforma- 
tion is weakly continuous. And since we have | Af, |? < |A/*|fn|’,» = 
1, 2, --- , it follows from property (e) of Lim that Lim | f, |? = 0 implies 

Lim | Af, |? = 0. 


no 


THEorEM 5.1. Let A be an arbitrary member of B. Then, if f is an arbitrary 
element of %’, and {f,} belongs to f, we set 


g = TiA)f, 


where g/is the element of @ containing {Af,}. The transformation T,(A) so de- 
fined in & is a single valued linear bounded transformation with bound not exceeding 
the-bound of A in §. Thus T;(A) has a unique closed bounded extension T(A) 
with domain &, and the bound of T(A) does not exceed the bound of A in $. 

That 7,(A) is single-valued follows at once from Lemma 5.1, while its linear 
character is a consequence of the linearity of A. Since, in addition, 


| T(A)f |? = Lim |Afn Ps Lim|4 [fal = |APIF) 





* This simple proof of Theorem 4.1 was suggested by J. v. Neumann. The theorem can 
also be proved directly. 
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it is evident that T,(A) is bounded with bound less than or equal to| A |. Thus 
the transformation 7,(A) = T(A) exists and has domain &, while its bound is 
clearly the same as that of T,(A). 

TanoreM 5.2. The class MM of operators T(A) in &, defined for all A in &, 
is an algebraic ring of operators in the class of all bounded everywhere defined opera- 
tors in &, and is a homomorphism of & with respect to the operations +,-,*, and 
scalar multiplication; that 1s, 


T(A + B) = T(A) + T(B), = T(AB) = T(A)T(B), 
T(A*) = T*(A), | T(aA) = aT(A). 


All of these relations lare quite obvious, except possibly 7(A*) = T*(A). 
To prove this we consider two arbitrary elements f and g of %’ and sequences 
(f,} and {g,} belonging to f and g, respectively. Then 


(T(A)f, g) - Lim (Afn, Gn) = Lim (fn, A*gn) cus (f, T(A*)g). 


Thus 7(A*) and 7*(A) coincide on %’, and therefore throughout &. 

Lemma 5.2. A necessary and sufficient condition that T(A) be the transforma- 
tion in % which takes every element of 2 into zero is that A belong to the ideal T of 
totally continuous operators in B. Thus T(A) = T(B) if and only if A is congru- 
ent to B modulo J. 

From the homomorphism & — 9M, it follows that the set of all A in B such 
that 7(A) = 0 is a two-sided ideal Jin 8. Moreover, since a totally continuous 
transformation A in 8 takes weakly convergent sequences into strongly converg- 
ent ones, it follows from property (e) of Lim that J > JS. Hence, by Theorem 


n->oo 


1.4, we have either J = Sor J = B. But since J clearly fails to contain the 
identity in 8, we must conclude that J = J, which establishes the lemma. 

Since it also follows immediately from the homomorphism 8 — 9M that ON 
is isomorphic to the ring &/J, where J is the ideal of all A in & such that T(A) = 
0, we can now conclude that 91 is isomorphic to B/S. More precisely, we have 

THEOREM 5.3. The algebraic ring ON ts isomorphic to B/S with respect to the 
operations +, -, *, a-, an element T(A) of Oi corresponding to the element a of 
B/T if and only if A belongs to «. 

Derinition 5.1. If a is an arbitrary element of B/S, we define T(a) as the 
element of MM corresponding to a under the isomorphism of Theorem 5.3. 

Evidently T(a) is identical with 7(A), for all A in a, and we shall continue 
to use both notations for elements of DN as occasion requires. 

TaeorEM 5.4. An element T(a) of OM is self-adjoint, partially isometric, or 
unitary, respectively if and only if a has that property in the sense of Definition 2.1. 
An element T(a) of MN is a projection if and only if a is an idempotent according 
to that definition. 

The assertion of the theorem concerning self-adjointness is obvious. To prove 
the other parts of the theorem we note first that since the properties which form 
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the various criteria of Definition 2.1 are all defined in terms of the operations . 
and *, it follows from Theorem 5.3 that an element a-of B/T possesses one of 
them if and only if T(«) does. But for transformations, each of these properties 
is characteristic of the class of transformations in question: more precisely, an 
everywhere defined bounded linear operator T in & is a projection if and only if 
T’ = T* = T,” is partially isometric if and only if T*T is a projection,” and thus 
is obviously unitary if and only if T*T and TT* are equal to the identity in ¢. 
Hence the theorem follows. 

The reader will note that Theorems 2.3-2.7 can be interpreted now to yield 
assertions concerning the homomorphism & — 91; the details here are obvious 
and we omit them. 

TuHrorem 5.5. Let a be an arbitrary element of B/S. Then the bound of the 
operator T (a) in 2 is | a |; in other words, the isomorphism B/T <— MM is an isom- 
etry. Thus OM is closed in the uniform topology for operators. 

Evidently the concluding assertion is a consequence of the first one and The- 
orem 3.2. Hence we need only show | T'(a@) | = | a |. 

From the final statement of Theorem 5.1 and the definition of the norm in 
B/S, we have at once 


(1) | Tie) | = lel. 
Hence we need only establish 
(2) | T(a) | 2 |e. 


To prove (2), we first select an arbitrary element A of a, with canonical decom- 
position A = WB. We then denote by \ the lowest upper bound of those points 
of the spectrum of B which are either limit points of the spectrum or characteris- 
tic values of infinite multiplicity, and by S the set of points » in the spectrum 
of B such that » exceeds X. Then S clearly consists entirely of isolated points, 
each a characteristic value of finite multiplicity. Furthermore, either S is a 
finite sequence {u,} or an infinite sequence with \ as limit. Hence if M, is 
the characteristic manifold of B corresponding to un, n = 1, 2, --+ , and we set 
C=B-donM = 1 M,,C =00n H O M, C belongs to F. Thus, if Bi = 


B — C, then Ai = WB, belongs to a. Moreover, this is evidently the canonical 
decomposition of A; , so | Ai| = | Bi |. Hence we have 


(3) | Bi| = |a|. 


Now let us consider the transformation 7T(B,) in &. We distinguish two cases, 
according as the sequence {u,} is infinite or finite. If {u,} is infinite, Pt = 
>¥ M, is a Hilbert space and contains an infinite orthonormal set {g,}. _Further- 


more, Biyn = yn, n = 1, 2, ---. Thus, if @ is the element of 2’ to which 





2 [17], Theorems 2.35, 2.36. 
27 (9], Lemma 4.3.2. 
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{yn} belongs, we have 
(T(Bie, ¢) = Lim (Bign, on) = 2. 


() (9, ?) _— Lim (on, $n) = 1. 


But clearly A = | B, |, and hence we have 
(5) | T(Bi) | = | Bi}. 


Now suppose {yn} is finite, and let H(A) be the resolution of the identity for 
B, in S. Then, since \ is a limit point of the spectrum of B,, there exists a 
monotone increasing sequence {\,} with limit A, such that E(Any1) — E(An) is 
different from zero, n = 1, 2, ---. Hence we can select an orthonormal set 
{yn} with g, in the range of E(Ani) — E(A,), n = 1, 2, ---. Moreover, for 
every n, we have An S (Bign, gn) S Anyi. Hence if @ is the element of & 
containing {¢g,}, we have (4) in this case also. 

Finally, since B; = W*A, we have 7(B,) = T(W*)T(A;) and since T(W*) 
is partially isometric by Theorems 5.4 and 2.6, it follows that we have | T7(W*)| = 
1, and hence that 


(6) | T(Ay)| 2 | T(B,)| 


holds. But 7(Ai,) = T(a), and hence from (3), (5) and (6) we have (2) which 
completes the proof of the theorem. 

We now wish to prove that 9M is not closed in the weak or strong topologies 
for operators. The proof reposes on the following lemma concerning monotone 
sequences of projections in Sil. 

Lemma 5.3. Let {T(€n)} be a sequence of projections in MN such that T(én41) S 
T(e,),n = 1,2,---. Then, if lim T(en.) = 0, T(€n) = 0 for all n greater than 


some integer M. 

By Theorem 5.4, each of the terms of {¢,} is an idempotent, and consequently 
by Theorem 2.4, contains a projection E, of B. The sequence {£,}, however, 
is evidently not necessarily monotone, and our next step is to show that there 
exists a monotone non-increasing sequence {F,,} of projections in B® such that 
LE, — F,isinS,n = 1,2,---. We begin by setting F; = EF, and then, assuming 
that F’, is determined for all n < N, we show that Fy4: can be defined. 

We note first that 


T (én) T(€nts)T (en) = T(éns1) 


and hence that FyHyiFy — Evy, is in J. Consequently, it follows that 
(FrEvyF x)’ — FyEwyFy isin S. Thus, if Dw is the range of Fy, FyEyiFy 
induces in Ny a self-adjoint transformation Ey4, congruent to its square modulo 
the class of all totally continuous operators in Pty. Hence, by Theorem 2.4, 
there exists in My a projection Fy4, congruent to Eys: modulo that class. 
Therefore if Fy4; is the projection in § which is equal to Fra: in My, equal to 
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zero in § © My, then Fyy1 — FvEyvuFyisinS. But then Fyy,— Ey. is in § 
and since F'y4; is equal to zero in § © Pty, we have Fys; S Fy. Thus the se 
quence {F,,} with the stated properties. exists. , 

Now let us suppose that 7(¢,) is never zero. Then, if lim Ten) = 0, T(c,) 


must be different from 7'(€n4:) for an infinite number of values of n. Hence 
we can select a subsequence {7'(e,,)} such that T(é,,,) < T'(én,) holds, k = 1, 
2,---. Consequently, we clearly have F,,,, < Fr, k = 1, 2,---, since 
T(€n) = T(F,). Therefore, if 3, is the range of F,,, none of the spaces 
MN, © Mey: is empty, and we can select an orthonormal set {y,} with 
g. in Ne © Ney, k = 1, 2,---. Let Mo be the closed linear manifold deter- 
mined by {gx}, Fo the projection with range 3%. Then Fo — FoF n,Fo is the pro- 
jection with range determined by {¢;}, 7 = 1, 2, --- k, and hence belongs to J. 
Consequently T(Fo)T (Fn,)T (Fo) = T(Fo) and T(Fo) is clearly not zero. Hence, 
since we obviously have 


lim T (Fo) T(F n,)T (Fo) = 0 


if lim T(e,) = 0, it follows that the latter is impossible. Therefore T(e,) = 0 


for all n sufficiently large, as we wished to show. 

It is of some interest to note the following alternative statement of the pre- 
ceding lemma; if {7'(e,)} is an infinite sequence of orthogonal projections in Ml, 
and if > T(e,) is the identity in 2, then all but a finite number of terms of the 


n=l 
sequence 7'(e,) are zero. 

THEOREM 5.6. The algebraic ring OM is not closed in either the weak or strong 
topology for operators. 

We consider a monotone sequence { 7'(€,)} of projections in ON, with T(én4:) > 
T(én), n = 1, 2,---. Such a sequence is readily generated by means of a 
sequence {E,} of projections in ® such that E,4,; — E, is a projection with 
range a Hilbert space, n = 1, 2,--- ; we have only to choose ¢, as the residue 
class of E,. The sequence 7'(e,), being monotone, is convergent in both the 
weak and the strong topologies and has a limit which is a projection. Let us 
suppose that this limit is in OM and hence that it has the form Te) where ¢ 
is an idempotent in 8/S. Then {7(e,) — T(e)} is a monotone non-increasing 
sequence of projections in 91 with limit zero and thus 7'(e,) = T(¢) for all n 
greater than some integer N, by Lemma 5.3. This, however, is impossible in 
view of the fact that {7'(e,)} was chosen with T(én4:) > T(en), m = 1,2,°°°5 
we must conclude therefore that the sequence {7'(e,)} has no limit in OM. 

We proceed now to examine the relationship between the spectrum of a self- 
adjoint member of DM and the corresponding self-adjoint transformations in 8. 
We begin with a formal definition. 

- Derinrtion 5.2. Let A be an arbitrary self-adjoint transformation in $. Then 
a point d of the spectrum of A which is a limit point of the spectrum or a character- 
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istic value of infinite multiplicity is called a point of condensation of the spectrum.” 
The set of all such points is called the condensed spectrum of A. The co-plementary 
set in the plane is called the augmented resolvent set of A. 

TuzorEM 5.7. Let A be a self-adjoint transformation in. Then a necessary 
and sufficient condition that belong to the augmented resolvent set of A is that the 
manifold M of solutions of the equation Af — df = 0 have a finite dimension number 
and that in © © M, A — AT induce a transformation with bounded inverse. 

Let M be the manifold of zeros of A, A; the transformation induced in § © M 
by A. Then the condition of the theorem may be stated in this way: M is 
finite-dimensional and ) is in the resolvent set of A;. But the latter is possible 
if and only if \ is a finite distance from the spectrum of A, which is to say 
that \ is an isolated point of the spectrum of A or belongs to the resolvent set of 
A. Thus the theorem follows. 

TurorEM 5.8. Let A be a self-adjoint transformation in §. Then the resolvent 
set of the transformation T(A) in 2 is the augmented resolvent set of A and the 
spectrum of T(A) ts the condensed spectrum of A. Every point in the spectrum of 
T(A) is a characteristic value with multiplicity c. 

Let \ belong to the augmented resolvent set of A, and let 2% be the manifold 
of zeros of A — AJ, E the projection operator of § © Mt. Let B be equal in 
M to zero, and in H © Mt to the inverse of the transformation induced in that 
space by A — XI. Then B is in & and B(A — XI) = E. Thus 
T(B)T(A — I) = T(E). But T(E) is the identity in &, since J — E£ is in J, 
and hence T(B) = [T(A) — AT(D]". Therefore \ is in the resolvent set of 
T(A). 

Now suppose A is in the condensed spectrum of A. Then d is either a char- 
acteristic value of infinite multiplicity or a limit point of the spectrum of A, 
and in either case we can select an orthonormal set {¢,} in such that 


lim (Agn, gn) = A 


no 


lim (Ags, Ags) =X 


n->o 


Thus 
be | Aga — AGn I’ = lim (| Agn ¥ + r’| Pn I’ — 2dAgn ; ¢n)) = 0. 


But then, if {yn} is any subsequence of {g,} and & the element of %’ containing 
{yn}, we have 


T(A)& = Ad. 
Moreover, there exist ¢ such subsequences such that any two have only a finite 
number of terms in common and consequently ¢ orthogonal elements of 


satisfying the preceding equation. Therefore ) is a characteristic value of T(A) 
with multiplicity c. 





** These are the Haufungspunkte of the spectrum in the sense of Weyl, [20]. 
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We have now shown that every point of the augmented resolvent set of A is 
in the resolvent set of 7(A) and that every point of the condensed spectrum of 
A is in the spectrum of 7(A). But since the augmented resolvent set and the 
condensed spectrum of A together constitute the entire -plane, they must be 
respectively the entire resolvent set and the entire spectrum of A. 

It should be observed that we cannot infer from theorem 5.8 that the sum of 
the characteristic manifolds of 7(A) is &. Whether or not this is so we are 
unable to say at present. 

We now have from Theorem 5.8 the classical theorem of Wey! [20]. 

TuEorEeM 5.9. Let A and B be two self-adjoint transformations in , such 
that A — B is totally continuous. Then A and B have the same condensed spectrum 
and the same augmented resolvent set.” 

The theorem is obvious since 7(A) = T(B). 

We proceed now to determine the resolution of the identity corresponding to 
a self-adjoint transformation in 9i by means of the resolution of the identity 
of a corresponding member of 8. If A is self-adjoint in §, H(A) its resolution 
of the identity, it is clear that T(H(A)) has many of the properties of a resolution 
of the identity in %. Specifically, it is readily shown that the following asser- 
tions hold: 

(1) T(E(\)) permutes with 7(A); 
(2) T(EQ))T(E(\u)) = T(E)) THA) = T(E(u)) for » = 2; 
(3) T(E(A)) = 0 if \ is less than the lower bound of 7(A), T(EH(A)) = 1 if A 
exceeds the upper bound of 7(A); 
(4) in the range of T(E(A)), the upper bound of 7(A) does not exceed A, and 
in the range of 1 — T(E(A)) the lower bound of 7(A) is not less than }. 
In spite of these facts 7'(E(A)) fails usually to be the resolution of the identity 
for T(A). This is readily seen in view of Lemma 5.3, which assures us that in 
general we do not have 

lim T(E(A + €)) = T(E(A)). 


Moreover, if A and B are self-adjoint and congruent modulo J, E(A) and F(A) 
their respective resolutions of the identity, we do not in general have 
E(A) — F(A) in S. Thus for a self-adjoint transformation 7(A) in 9 we can 
exhibit many monotone families of projections with the properties (1) — (4) 
above, none of which is the resolution of the identity of A. 

We can however, derive from any one of these families of projections the 
resolution of the identity belonging to the member of 9M in question. The 
procedure is described in the following theorem. 

THroreM 5.10. Let A be a self-adjoint transformation in §, E(A) its resolution 
of the identity. Let E(d) be the family of projections in & defined by the equation 


E()) = lim THA +6), «> 0. 





29 Weyl proves also that if A is an arbitrary bounded self-adjoint transformation, there 
exists a totally continuous self-adjoint transformation 7’ such that A + 7 has a pure point 
spectrum. At present we see no direct way to derive this result from ours. Cf. also [14]. 


i ON ACI ATT I MOL 


wei 


AER SS AIS APNE nce 











to 
ty 
yn 
yn 
T- 


id 


ty 


\) 
ve 
an 
4) 


he 
he 


on 
on 


ore 
int 
4]. 


oe ASR NO PRANNE A SI ORO AT 


19 a HONDA SES IIR Gn GRASSY SALA LES NAN i AEE ACS iss IA OE ee 


BOUNDED OPERATORS IN HILBERT SPACE 867 


Then E(X) is the resolution of the identity in 2 of T(A). 

The existence of the limit E(A) follows of course from the monotone character 
: the family 7(H(A)) which follows in turn from the corresponding property of 
E(\). We shall now show that £(A) has the following six properties: 

(A) permutes with 7(A); 

(\)E(u) = EW)E(A) = E(u) for w S 2; 

E(\) = 0 for \ < a (a the lower bound of 7T(A)), and E(A) = 1 ford = b 
the upper bound of T(A)); 

4) limE(\ + €) = E(A), € > 0; 


«0 
5) in the range of E(A), the upper bound of 7A) does not exceed \; 
6) in the range of 1 — E(A), the lower bound of 7(A) is not less than \ and if 
it is equal to \ it is not attained. 
The validity of (1) follows at once from the permutability of 7(A) and 7(E(A)). 
To prove (2), we note first that 


T(E(A + €))T(E(u)) = T(E(u)) T(E + ©) forall «> 0. 
Thus, allowing « to tend to zero, we have 
E(\)T(E(u)) = T(E(u))E(). 


are 


Hence 
E(\\)T(E(u + €)) = T(E(u + ©))E(A) 


for all » and all e > 0. Consequently, again allowing ¢ to approach zero, we 
have 


E(\)E(u) = E(u)E(A). 


Moreover, if » < A, we have clearly E(u) < E(A), and so E(A)E(u) = E(u). 
Therefore (2) holds. 

Now let a be the lower bound of 7(A). Then by Theorem 5.8, a is the lower 
bound of the condensed spectrum of A and it follows therefore that if \ is less 
than a, then the range of E(A) must be finite-dimensional. For otherwise the 
spectrum of A would have points of condensation less than or equal to’. Thus 

T(E(\)) = 0 for \ < a and therefore E(\) = 0 for \ < a. 

On the other hand, let b be the upper bound of the spectrum of 7(A). Then 
ry the upper bound of the condensed spectrum of A and by a similar argument 

E(x) has a finite-dimensional range, \ = 6. Thus 7(E(A + ¢)) = T(J) 
: \2 bande > 0. But then E(A) is the identity in 2 for \ 2 b. Thus we 
ave (3), 


Next we note that for ¢ > € > 0, we have 
EQ) S$EQA+ 6 Ss T(EQA 4+ a)). 


Hence, allowing ¢ and ¢, both to approach zero, erg the relations a > 6 
& > 0, we obtain (4). ; 


Finally, we consider the behavior of 7'(A) in the range of E(A) and its orthog- 
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onal complement. Since E(A)AE(A) has upper bound not exceeding \, it 
follows that the upper bound of T(E(A + €))T(A)T(E(A + €)) does not exceed 
+ «. But for every f in %, we have 


(E(A)T(A)E)S, f) = lim (T(E(A + ©&))T(A)TEA+ ©)f,f), €>0. 
Hence the upper bound of E(A)7(A)E(A) does not exceed A and (5) is established. 
In entirely similar fashion, it can be shown that in the range of 1 — E()) the 


lower bound of 7'(A) is not less than X. Moreover, if \ is the lower bound and 
this lower bound is attained, we have for some f in &, 


(1 — E(A))T(A)(1 — EQ))f = df." 


Hence 


lim (T(A)(1 — EA + 9)f,(1 — EQ + 0)f) = d|F 


But (7(A) (1 — E(A + ©))f, (1 — E(A + ©))f) is monotone non-decreasing as « 
approaches zero, and consequently we have 


(T(A)(1 — EA + ©)f,1 — EA + &)f) S A\F? 


forsome e > 0. This, however is impossible, since in the range of 1 — E(A + 6), 
the lower bound of 7'(A) is not less than A. Hence, we have (6). 

These six properties are sufficient to characterize E() as the resolution of the 
identity of T(A). One can for example, argue as follows: On the basis of these 
six properties the approximation theorem (Theorem 6) of the paper [6] of Lengyel 
and Stone can be proved and from this result it follows that E(A) permutes with 
every bounded linear operator defined over 2 which permutes with T(A) ((6], 
Theorem 7). But this fact together with properties (1), (5), (6) above uniquely 
determines E(A) as the resolution of the identity for T(A) ({6], Theorem 5). 

We are now in position to establish certain relationships between the resolu- 
tions of the identity belonging to two self-adjoint transformations in § whose 
difference is totally continuous. 

THEOREM 5.11. Let A and B be self-adjoint transformations in such that 
A — B is totally continuous. Let E(d) and F(d) be the resolutions of the identity 
corresponding to A and B respectively. Then, if u is in the augumented resolvent 
set of A, E(u) — F (yu) is totally continuous. 

Let E(X) be the resolution of the identity of T(A) in &. Then, since p is in 
the resolvent set of 7'(A), we have for some 6 > 0, E(u — 6) = E(u + 6). But, 
| from Theorem 5.10 it is clear that we have 


E(u — 6) S T(E(u)) S E(u + 4), 
E(u — 6) S T(F(u)) S E(u + 8). 





5¢ [6], Theorem 3, for example. 
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Thus T(E(u)) = T(F(u)) and hence E(u) — F(u) belongs to J, as we wished to 
show. 

It is important to note that the requirement that u be in the augmented 
resolvent set cannot be dropped from Theorem 5.11. Consider, for example, 
a nonnegative definite self-adjoint transformation A in § which is totally 
continuous and has an inverse, and its resolution of the identity E(A). Consider 
also the transformation 0 in §, and its resolution of the identity F(A). Then 
A —0isinS, but H(0) = 0 and F(O) = I. 

Turorem 5.12." Let A and B be self-adjoint transformations in $ such that 
A — B is totally continuous, and let K(X) and F(X) be their respective resolutions 
of the identity. Then, if u is less than X, there exists a totally continuous trans- 
formation T,,, , in B such that E(u) + T,,, 18 a projection satisfying the inequality 


E(u) + Tyr S FO). 


If T,,, can be chosen so that the equality sign holds, then the only points Xo on the 
interval up < Xo < A which belong to the spectrum of either A or B are characteristic 
values of finite multiplicity. 

Conversely, let A and B be self-adjoint transformations in § with resolutions of 
the identity E(\) and F(A), respectively. Then, if the inequalities T(E(u)) S 
T(F(A)) and T(F(u)) S T(E(A)) hold for all and yp such that p < >, A — Bis 
totally continuous. 

We prove the converse part first. From the inequalities in question, it fol- 
lows at once that 


lim T(E(A + €)) = lim T(F( + 28), e> 0, 
e—0 e—0 


for all \ and thus that 7(A) and 7(B) have the same resolution of the identity. 
Hence 7(A) = T(B), or A — Bisin J. 

Now let A — B belong to J, and let E(A) be the resolution of the identity of 
T(A) in &. Then, for » < A, we have 


T(E(u)) S E(u) S T(FQ)). 


Hence T(F(\))T(E(u))T(F(A)) = T(E(u)) and therefore F(A)E(u)F(A) — E(u) 
is in J. Consequently, invoking Theorem 2.4 with reference to the ring of 
bounded everywhere defined operators in the range of F(A), we see that there 
exists a totally continuous operator 7) in &, with the value zero in the range of 
I — F(d), such that 


F(A)E(u)FO) + To 
is a projection satisfying 
F()E()F() + To S FQ). 


ee 
" Compare §4 of [20] to which this theorem is closely related. 
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Thus, if we set 
Tun = To + FAJE@)FOA) — E(u), 


T,., is in Sf and E(u) + T,, is a projection satisfying the inequality of the 
theorem. 
Now suppose we have 


E, + Tua = FQ). 
Then 7(E(u)) = T(F(A)), and since for all Ao on the interval up < A» < A, we have 
T(E(u)) S$ EQo) S T(FQA)), 


it follows that E(A) is constant on that interval. Hence every point on the in- 
terval is in the resolvent set of 7(A) = T(B), and this is equivalent to the 
concluding statement of the first paragraph of the theorem. 

Corotuary. Let A, B, E(d), and F(A) be as in Theorem 5.12. Then, if 
AF uw, 


E(u)F(A) — FA)E(u) 


is totally continuous. 
From the inequality of Theorem 5.12, we have, for u < A, 


F()E(u) + FAT iA = E@)FO) + Trak Q), 
or 
FA)E(u) — E(u)FA) = Trak) — FAT»»- 


Thus F(A)E(u) — E(u)F(A) is totally continuous for 4 < A, and by symmetry 
for u > Xd also. 

This is not necessarily so, however, for \ = uw. For consider any two projec- 
tions EF and F in © such that R(£) and R(F) and their orthogonal complements 
are Hilbert spaces. Let A be a transformation which is equal to zero in R(£) 
and which induces in § © R(£) a nonnegative definite self-adjoint totally con- 
tinuous transformation whose inverse exists. Then A is in J and if H(A) is the 
resolution of the identity of A, H(0) = E. Similarly, we can define a self- 
adjoint totally continuous operator B with resolution of the identity F(A) such 
that F(0) = F. But then A — Bis in J, while in general E(0)F(0) — F(0)E(0) 
is not. 

It follows also from the preceding example that the hypothesis » < A of 
Theorem 5.12 cannot be replaced by the hypothesis » < X. 

We conclude this paper with a few observations concerning congruence 
modulo Sin & which are not restricted to self-adjoint transformations. 

THEOREM 5.13. Let A; and Az be members of B whose difference belongs to J, 
A, = W,B,, A: = W2Bz their canonical decompositions. Then B, — Bz is in, 
and if zero is in the augmented resolvent set of B,, Wi: — We isin J. 

Since AA; = By, Az A = Bz, we have T(A} Ay) = T(Bi) = T(B2). More- 
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over, [7(B)F = [T(B:)| = T(Bi). But B, and By are nonnegative definite 
and hence 
Lim (Bifn, fn) = 0, Lim (Bafa, fn) 20 


for all {f,} in 2”, by property (f) of Lim. Hence 7(B,) and T(B:) are both 


nonnegative definite, and since 7(Bj) can have only one nonnegative definite 
square root, we have 7'(Bi) = T(B2) which implies that B, — B, is in J. 
Now let 


T(A:) = WB 


be the canonical decomposition of 7'(A,). Then B = 7(B,) = T(B.). More- 
over, 


T(A1) = T(Wi)T(Bi:) = T(W2)T(B:). 


Hence we can infer that the initial set of the partially isometric transformation 
T(W;) contains the initial set of W (the closure of the range of B) and that the 
two transformations are equal there. Hence 7(W,) is identical with W pro- 
vided the initial set of 7'(W,) is the closure of the range of B. But, if the 
origin is in the augmented resolvent set of B,, it is in the resolvent set of 
T(B;) = Band hence Wis unitary. Thus under the hypothesis of the theorem 
we have 7(W,) = W. Furthermore, under that hypothesis, the origin is also 
in the augmented resolvent set of B, and hence a similar argument yields the 
equation 7(W:) = W. Thus 7(W;) = T(W:2) and W,; — W, is in J as we 
wished to show. 

We wish to emphasize that the hypothesis that zero be in the augmented 
resolvent set of B, cannot be omitted from Theorem 5.13. For example, con- 
sider a totally continuous nonnegative definite self-adjoint transformation A 
with an inverse. Then if A = W,B, is its canonical decomposition and 0 = 
W2Bz is the canonical decomposition of 0, we have W; = I, W2 = 0, A — Oin. 

We now extend Theorem 5.9 to cover transformations which are not neces- 
sarily self-adjoint. 
~Derinition 5.3. Let A be an arbitrary bounded everywhere defined transforma- 
tion in §. We define the augmented resolvent set of A as the set of points d in the 
complex plane such that the following conditions are satisfied: 

(1) the manifold of zeros of A — XI has a finite dimension number; 
(2) the range of A — XI is closed; 


(3) the orthogonal complement of the range of A — XI has a finite dimension. 


number. 
The complement of the augmented resolvent set is called the condensed spectrum of A. 
Evidently the augmented resolvent set of A contains the resolvent set, so that 
our terminology is justified. 
TaroreM 5.14. Let A and C be two bounded everywhere-defined transforma- 
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tions in $ such that A — C is totally continuous. Then A and C have the same 
augmented resolvent sets. 

It is sufficient for the proof to show that every point in the augmented re- 
solvent set of A is also in the augmented resolvent set of C. 

Let \ be a point of the augmented resolvent set of A, Pt the manifold of zeros 
of A — XJ. Then on © © M, A — Al induces a transformation 7 with an 
inverse whose range is (A — XI). Moreover, since R(A — AJ) is closed, 
T is bounded. 

Now let 2 be the manifold of zeros of C — XJ. Then if Ris a Hilbert space, 
(S © M)-N is a Hilbert space, and 7 has a contraction 7; with domain 
(S © Mt)-N which also has a bounded inverse. But in (H © Mt)-N, we have 
A — C = 7, and this contradicts our hypothesis that A — CisinS. Hence % 
must have a finite dimension number. 

We now observe that when ) is a point of the augmented resolvent set of A, 
\ is a point of the augmented resolvent set of A*. Hence the preceding argu- 
ment serves to show that the manifold of zeros of C* — XJ has a finite dimension 
number. But this manifold is precisely the orthogonal complement of the 
closure of R(C — AJ), and hence to show that d is in the augmented resolvent 
set of C, it remains only for us to prove that R(C — AJ) is closed. 

To establish the latter we consider the canonical decompositions 


A — XI = W;B,, C — XI = WeB2. 


From Theorem 5.13, it follows that B, — By is totally continuous. Moreover, 
since the range of A — XI is closed, so also is the range of B; , while the manifold 
of zeros of B, is the manifold of zeros of A — AJ. But then the origin is in the 
augmented resolvent set of B; and hence in the augmented resolvent set of Bs . 
Hence (Be) is closed which implies that #(C — XJ) is closed also as we wished 
to show. 

If \ is in the augmented resolvent set of A, we denote by R, the transforma- 
tion which is equal to zero in § © R(A — AJ) and which takes each element f 
of R(A — AJ) into that element g in the orthogonal complement of the manifold 
of zeros of (A — XI) which satisfies (A — AJ)g = f. Thus R,\(A — XJ) is the 
projection with range the orthogonal complement of the manifold of zeros of 
A — XI. We call the family of transformations R, so defined the augmented 
resolvent of A. 

THEorEM 5.15. Let A and B be two transformations in $ such that A — B 
is in S. Let RX” and RX be respectively their augmented resolvents. Then 
RY — RE isin F for all \ for which these transformations are defined. 

Consider the transformation T(A) = T(B) in &. If is in the augmented 
resolvent set of A (or B) it is in the resolvent set of T(A), and T(R\”) and T(Ry’) 
are both inverses of T(A) — \-1 = 7(B) — X-1. But only one such inverse 
can exist; hence T(RX”) = T(R{) and R® — R© is in J. 
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MEASURE-PRESERVING HOMEOMORPHISMS AND METRICAL 
TRANSITIVITY* 


By J. C. Oxrosy anp S. M. Utam 
(Received May 1, 1941) 


INTRODUCTION 


In the study of dynamical systems one is led naturally to the consideration 
of measure-preserving transformations. A Hamiltonian system of 2n differen- 
tial equations induces in the phase space of the system a measure-preserving 
flow, that is, a one-parameter group of transformations that leave invariant the 
2n-dimensional measure. Making use of one or more integrals of the system, 
one obtains a reduced phase manifold of lower dimension which likewise under- 
goes a flow into itself, and in general admits an invariant measure related in a 
simple manner to that in the larger phase space. If the differential equations 
are sufficiently regular the flow will have corresponding properties of continuity 
and differentiability. Thus the study of one-parameter continuous groups of 
measure-preserving automorphisms’ of finite dimensional spaces has an immedi- 
ate bearing on dynamics and the theory of differential equations. 

In statistical mechanics one is especially interested in time-average properties 
of asystem. In the classical theory the assumption was made that the average 
time spent in any region of phase space is proportional to the volume of the region 
in terms of the invariant measure, more generally, that time-averages may be 
replaced by space-averages. To justify this interchange, a number of hypotheses 
were proposed, variously known as ergodic or quasi-ergodic hypotheses, but a 
rigorous discussion of the precise conditions under which the interchange is per- 
missible was only made possible in 1931 by the ergodic theorem of Birkhoff.” 
This established the existence of the time-averages in question, for almost all 
initial conditions, and showed that if we neglect sets of measure zero, the inter- 
change of time- and space-averages is permissible if and only if the flow in the 
phase space is metrically transitive. A transformation or a flow is said to be 
metrically transitive if there do not exist two disjoint invariant sets both having 





* This paper includes results presented to the Amer. Math. Soc. in preliminary reports 
on April 15 and December 30, 1938. Most of the results were obtained while the authors 
were members of the Harvard Society of Fellows. 

1 An automorphism is a 1:1 bicontinuous transformation of a space onto itself. It is 
measure-preserving with respect to a measure pw if uA = pA = wT-1A whenever A is 
measurable. 

2G. D. Birkhoff, Proof of the ergodic theorem. Proc. Nat. Acad. USA. 17 (1931) 650-660. 
An interesting connection between this theorem and the fundamental theorem of the cal- 
culus has been shown by N. Wiener. See The ergodic theorem. Duke Jour. 6 (1939) 1-18. 
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‘tive measure. Thus the effect of the ergodic theorem was to replace the 
ergodic hypothesis by the hypothesis of metrical transitivity.‘ 

Nevertheless, in spite of the simplification introduced by the ergodic theorem, 
the problem of deciding whether particular systems are metrically transitive or 
not has proved to be very difficult. Hedlund’ showed that the flow defined by 
the system of geodesics on certain surfaces of constant negative curvature is 
metrically transitive, and this result was generalized by Hopf © More recently, 
the result has been extended to surfaces of variable negative curvature, inde- 
pendently by both Hedlund’ and Hopf.* This important class of systems is 
so far the only large class known to be metrically transitive. In fact, the only 
other known examples of metrically transitive continuous flows are the spiral 
motions on the n-dimensional torus, including the rotation of the circumference 
of a circle as the simplest example of all. The ergodic properties of these sys- 
tems were established as long ago as 1916 by Weyl,’ in a quite different con- 
nection. 

Thus the known examples of metrically transitive continuous flows are all in 
manifolds, indeed in manifolds of restricted topological type, either toruses or 
manifolds of direction elements over surfaces of negative curvature.” An 
outstanding problem in ergodic theory has been the existence question—can a 
metrically transitive continuous flow exist in an arbitrary manifold, or in any 
space that is not a manifold? In the present paper we shall obtain a complete 
answer to this question, at least on the topological level, for polyhedra of dimen- 
sion three or more. It will appear that the only condition that needs to be 
imposed is a trivially necessary kind of connectedness. In particular, there 
exists a metrically transitive continuous flow in the cube, in the solid torus, and 
in any pseudo-manifold of dimension at least three. Since the phase spaces of 
dynamical systems have the required kind of connectedness, it follows that the 
hypothesis of metrical transitivity in dynamics involves no topological contradic- 
tion. More precisely, in any phase space there can exist a continuous flow 





* The notion was first introduced in a different connection by G. D. Birkhoff and P. A. 
Smith. See Structure analysis of surface transformations. Liouville’s Jour. 7 (1928) 365. 

‘For a historical survey, see G. D. Birkhoff and B. O. Koopman, Recent contributions 
to the ergodic theory. Proce. Nat. Acad. USA. 18 (1932) 279. 

°G. A. Hedlund, On the metrical transitivity of the geodesics on closed surfaces of constant 
negative curvature. Ann. of Math. 36 (1935) 787. See also his paper, A new proof for a 
metrically transitive system. Amer. J. Math. 62 (1940) 233-242. 

*E. Hopf, Fuchsian groups and ergodic theory. Trans. Amer. Math. Soc. 39 (1936) 299. 
See also his booklet, Ergodentheorie. Ergebnisse der Mathematik und ihrer Grenzgebiete, 
vol. 5, Berlin 1937. 

"G. A. Hedlund, Bull. Amer. Math. Soc. Abstract 46-3-173. 

*E. Hopf, Statistik der geodatischen Linien in Mannigfaltigkeiten negativer Kriimmung. 
Ber. Verh. Sachs. Akad. Wiss. Leipzig 91 (1939) 261-304. 

hen Weyl, Uber die Gleichverteilung von Zahlen mod. Eins. Math. Ann. 77 (1916) 315. 

Some examples of discontinuous flows have been studied. See E. Hopf, Ergoden- 
theorie, and J. von Neumann, Zur Operatorenmethode in der klassischen Mechanik. Annals 
of Math. 88 (1982) 587-642. 
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metrically transitive with respect to the invariant measure associated with 
the system. 

It may be recalled that the original ergodic hypothesis of Boltzmann—that a 
single streamline passes through all points of phase space—had to be abandoned 
because it involved a topological impossibility.°* It was replaced by a quasi- 
ergodic hypothesis—that some streamline passes arbitrarily close to all points 
of phase space. But it is not obvious that even this weak hypothesis is topologi- 
cally reasonable in general phase spaces, and in any case it is not sufficient to 
justify the interchange of time- and space-averages. It is therefore of some 
interest to know that the ergodic hypothesis in its modern form of metrical 
transitivity is at least free from any objection on topological grounds. 

It must be emphasized, however, that our investigation is on the topological 
level. The flows we construct are continuous groups of measure-preserving 
automorphisms, but not necessarily differentiable or derivable from differential 
equations. Thus they correspond to dynamical systems only in a generalized 
sense. In this respect the flows studied by Hedlund and Hopf are closer to the 
dynamical problem. In any case, the problem is illuminated by considering it 
in a more general setting, and probably a certain amount of generalization is 
necessary in order to give meaning to some questions of the type with which 
we deal. 

The conjecture has frequently been expressed, first by Birkhoff, then by 
Hopf and others, that metrical transitivity is probably the “general case.” 
The conjecture was never given a precise formulation, but was based on the fact 
that the transitive case is the non-integrable case, in the sense that no uniform 
measurable integrals exist, and on the idea that a general transformation or flow 
should be expected to shuffle points in a more or less random fashion, and there- 
fore leave invariant as few sets as possible. To see the precise connection be- 
tween metrical transitivity and randomness, let us recall the statement of the 
ergodic theorem for transformations. It asserts that if u is a completely additive 
finite measure in EZ, and T a measure-preserving transformation of H onto itself, 
then for any u-integrable function f(p) on E the average value lim = > f(T’p) = 


f*(p) exists for almost all points p, is a measurable function of p, and that 
Sf*(p) du(p) = Sf(p)du(p). Metrical transitivity is precisely the condition 
that f*(p) should be constant for almost all p. Thus if 7 is metrically transitive 


. . - o A 
and f, is the characteristic function of any measurable set A, we have aE = 


lim + 
n 


n~-?oo 


sf 4(7”p) for almost all p. The left member of this equation repre- 


sents the average number of images of p that fall in A, or the frequency with 
which the images of p fall in the set A under iteration of 7’, and the equation 





A. Rosenthal, Beweis der Unméglichkeit ergodischer Gassysteme, Ann. der Physik, 
(4) 42 (1913) 796-806. 
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asserts that this frequency is proportional to the measure of A. A sequence of 
points selected at.random from E would be expected to have just such a distribu- 
tion, in fact, the ratio 4A /u# may be interpreted as the probability that a point 
selected at random liesin A. Thus a metrically transitive transformation is one 
under which almost all points generate sequences that are distributed like random 
sequences in respect to the average number that fall in any measurable set. 
This perhaps makes it seem plausible that a measure-preserving transformation 
“selected at random” should be metrically transitive. 

One might try to make precise the idea that metrical transitivity is the general 
case by introducing a measure in the space of all measure-preserving transforma- 
tions of Z, but it seems difficult to do this in any natural way. Nevertheless, 
there is a simple and natural metric in the space of automorphisms of E, in case E 
is compact, and one may ask whether in this space metrical transitivity is the 
general case in the topological sense, that is, whether such automorphisms consti- 
tute all but a set of first category.” This is what we are going to show, under 
suitable assumptions about HZ. Thereby we shall dispose of the existence prob- 
lem at the same time.” The result is perhaps a little surprising in view of the 
fact that metrical transitivity is a purely measure-theoretic property, and it often 
happens that what is the general case in the sense of measure is exceptional in 
the sense of category, and vice versa.” 

The fact that metrical transitivity turns out to be the general case in the 
topological sense raises the question how far residual sets of measure-preserving 
automorphisms may exhibit other random properties. For instance, a random 
sequence is not only distributed so that the average number of points in a set is 
proportional to its measure, but the limiting frequency is approached in the 
manner of “Laplace-Liapounoff.”” Presumably metrical transitivity is not 
sufficient to insure that almost all points should generate sequences exhibiting 
this more precise behavior. It would therefore be of interest to know whether 
transformations of this sort are likewise general, or indeed whether they can exist 





4 A set is said to be of first category if it can be represented as a sum of countably many 
nowhere dense sets. Any other set is said to be of second category. Complements of first 
category sets are called residual sets. 

” Baire’s Theorem asserts that in a complete metric space every residual set is of second 
category and is dense. It summarizes concisely a typical form of existence proof. 

* For instance, the law of large numbers is false in the sense of category. That is, the 
set of numbers z in 0 < z < 1 such that in their infinite dyadic development the number 
of ones in the first n places divided by n tends to one-half is of first category (although of 
measure one). If z, denoted the n-th digit in the dyadic development of z, the set in ques- 


tion is represented by 
<i] 
kf 


H>[Ne{ 


and for N >0 and k > 2 the set enclosed in square brackets is nowhere dense, as may be 
seen by inserting a sufficiently long block of zeros far out in the development of a number. 
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at all. A result in this direction is given in §12. In the same order of ideas one 
may ask for automorphisms exhibiting the various types of mizture properties." 

In the course of our investigation we shall derive a number of results about 
transformations and measures which have an interest entirely apart from ques- 
tions relating to transitivity. In particular, the results obtained in Part II 
concerning measures topologically equivalent to Lebesgue measure appear to be 
fundamental to the theory of measure-preserving homeomorphisms. In sections 
13 to 15 a number of questions of group-theoretic interest are answered on the 
basis of these results. The paper involves an intimate combination of the 
methods of topology and measure theory. A suggestive example of the way in 
which such a combination of methods may lead to purely topological results 
not otherwise apparent is the sort of topological ergodic theorem obtained in 
§16. Another result of purely topological character is the Corollary to Lemma 
16 concerning equivalence of Cantor sets under automorphism of the containing 
space. This result is of independent interest since it adds to the results obtained 
by Antoine” relating to this question. 

A fundamental outstanding problem in topology is that of approximating 
to an arbitrary homeomorphism by a differentiable one.” In §18, as a by-prod- 
uct of our investigation, we obtain the result that any measure-preserving 
automorphism of the r-dimensional cube that leaves the boundary fixed can be 
approximated uniformly by one that is differentiable almost everywhere, in fact, 
it is locally linear about almost all points. This result in itself is not strong 
enough to have important topological implications, but it suggests that the 
special properties of measure-preserving automorphisms may enable one to ob- 
tain approximation theorems for them that are-difficult or perhaps impossible 
to establish in general. In any case, the very precise properties of the approxi- 
mating transformation obtained in Theorem 12 may well serve as a basis for 
answering other questions concerning approximation by automorphisms with 
special measure-theoretic properties. 


I. PRELIMINARY RESULTS 


1. Definitions and Principal Theorem 


We assume the standard notions” of polyhedron, euclidean polyhedron, and 
complex, except that we shall always understand these to be finite. Thus a 
polyhedron is compact. Some of the results can be generalized to infinite 
polyhedra, but it seems best to leave such extensions out of the present paper. 





44 See G. A. Hedlund, The dynamics of geodesic flows. Bull. Amer. Math. Soc. 45 (1939) 
241-260. 

6 L. Antoine, Sur l’homéomorphie de deux figures et de leurs voisinage. Liouville’s Jour. 
(8) 4 (1921) 221-325 esp. p. 307 ff. 

16 J. W. Alexander, Some problems in topology. Verh. des Int. Math. Kong. Zurich 1932, 
vol. 1, p. 249-257. 

17 For all topological definitions see P. Alexandroff and H. Hopf, Topologie I, Berlin 
1935, hereafter referred to as AH. 
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A regular point of an r-dimensional polyhedron is a point that has a neighborhood 
homeomorphic to an open sphere in r-space, any other point of the polyhedron 
is called singular. A polyhedron is called regularly connected if its regular points 
form a connected set dense in the polyhedron.” 

A finite outer measure in & space E is a function yu* defined for all subsets of E 
and satisfying the three conditions: 

Mi:0< w*A SwtH, o<pwE<+0, ~~ y* (void set) = 0 

M2: w*A S u*B ifACB 

M3: u* ) An S Dy wt An. 


n=l n=l 
A set A is measurable with respect to u* if u*W = p*WA + u*W(E — A) for 
every set W. The function y* is completely additive with respect to its class of 
measurable sets, and the measure function thus derived from yu* by restricting 
its domain is denoted by y.” 

A Carathéodory outer measure is one that satisfies also the condition 

M4: u*(A + B) = w*A + w*Bif A and B are separated by a positive distance. 
The measurable sets then include all Borel sets. 

By a Lebesgue-Stieltjes outer measure in a polyhedron, we shall understand a 
finite Carathéodory outer measure that satisfies the further condition 

M5: u*A = inf p*G G open. 

GDA . 
A measure derived from such an outer measure will be called a Lebesgue-Stieltjes 
measure (LS measure).”” 

We introduce the following special definition. A Lebesgue-Stieltjes measure 
in an r-dimensional polyhedron E, r = 1, will be called r-dimensional if it is zero 
for points, zero for the set of singular points, and positive for neighborhoods of 
regular points. This definition is consistent with ordinary usage, since r-dimen- 
sional Lebesgue measure in any r-dimensional euclidean polyhedron evidently 
fulfills the requirements. The invariant measures associated with dynamical 
systems are usually defined by integrating a positive density function and are 
therefore r-dimensional in the present sense. 

The set of all automorphisms of a polyhedron E (or of any compact space’ 
is made into a metric space H[E] by the definition 


p(g, h) = max [max pe(gz, hx), max ps(g™ 2, h~'z)], 
zekz zek 





* This is equivalent to the ordinary definition. See AH pp. 400, 402. 

" For the theory of measure, see Carathéodory, Vorlesungen tiber reellen Funktionen, 
Leipzig and Berlin 1918 ; or H. Hahn, Theorie der reelen Funktionen I, Berlin 1921. 

* For polyhedra embedded in euclidean spaces, these measures are the same as those 
obtained by relativizing measures in the containing space that are derived from non- 
hegative additive functions of an interval. The reasoning is essentially contained in 8S. 
Saks, Theory of the integral, Warsaw-Lwéw 1937, Chap. 3. Thus our definition is consistent 
with the ordinary concept of a non-negative Lebesgue-Stieltjes measure, and has the ad- 
vantage of being intrinsic. Also it is equally applicable to curved polyhedra, in which 
mn have no meaning. An outer measure that satisfies conditions M1 to M5 is called 

y Hahn a (finite) Inhaltsfunktion. See Hahn, op. cit. p. 444. 
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where g, h are any two automorphisms of E, and pg denotes distance in £. 
In this metric, convergence of a sequence of automorphisms means uniform con- 
vergence together with uniform convergence of the sequence of inverses. One 
can verify without difficulty that the space H[E] is complete and that the group 
operations (composition and inverse of automorphisms) are continuous in this 
metric, so that H[E] is a metric group, that is, a space of type (G) in the sense 
of (e.g.) Banach.” The distance of an automorphism from the identity will be 
called its norm, it is equal to the maximum distance through which any point is 
displaced by the automorphism. An arbitrarily small automorphism is one 
whose norm is arbitrarily small. 

It may be remarked that whereas uniform convergence of a sequence of auto- 
morphisms h,, does not insure the existence of a limiting automorphism, neverthe- 
less uniform convergence of h, to an automorphism h implies uniform convergence 
of h;,’ to h', therefore convergence in H [Z].” Hence the metric in H{E] is 
topologically equivalent to the metric max pz(gz , hx) usually used to metrize 


zeE 
the space of continuous mappings of £ into itself, but with respect to the latter 
metric the space of automorphisms is not complete. 

The main object of our investigation, however, will not be the space H[E] 
but rather the subspace consisting of all measure-preserving automorphisms with 
respect to a given LS measure yp.’ This subspace, with the same metric as in 
H{E], will be denoted by M[E, u]. Tosee that M[E, yu] is a closed subset of H[E], 
and therefore complete, consider any sequence of measure-preserving auto- 
morphisms 7’, converging to the limit T in H[E]. Let F be any closed subset 
of EF, and G any open set containing 7F. From the uniform convergence of the 
sequence 7’, it follows that 7,,F C G, for all sufficiently large n, so that p*G 2 
u*T,F = p*F. Therefore u*F < yu*TF, by condition M5. Similar reasoning 
applied to the sequence 77,’ yields the inverse inequality, so that p*7F = y*F 
for all closed sets F. Hence equality holds also for all open sets, therefore for 
all sets, and the limiting automorphism T is therefore measure-preserving. Since 
the measure-preserving automorphisms of E form a group, it follows that 
M[E, p] is a metric group, in fact, a closed subgroup of H[E]. 

In case E is a rectangular r-cell R, and yp is the ordinary r-dimensional Lebesgue 
measure m in R, we shall write simply M[R] instead of M[R, m]. The closed 
subgroups of M[R] and H[R] consisting of automorphisms that leave all boundary 
points fixed, we shall denote by M,[R] and H,[R] respectively. 

THEOREM 1: Let E be any regularly connected polyhedron of dimension r 2 2, 





18. Banach, Théorie des opérations linéaires, Warsaw 1932, Chap. 1 and p. 229. Our 
metric in H[E] is topologically equivalent to the one there assigned to this group. 

2 J. Schreier and S. Ulam, Uber topologische Abbildungen der euklidischen Sphéren. 
Fund. Math. 23 (1934) 102-118, esp. p. 104. 

*8 We shall denote general measures by wor». The letter m will be reserved for Lebesgue 
measure. General automorphisms will be denoted by g or h, measure-preserving auto- 
morphisms by S or 7. For LS measures, the definition of a measure-preserving auto- 
morphism may be taken to be the condition u.*7A = u*A for every A. 
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and let » be any r-dimensional Lebesgue-Stieltjes measure in E. In the space 

MIE, wu] of measure-preserving automorphisms of E the metrically transitive auto- 
p . 24 

morphisms form a residual Gy set. 

The proof of this theorem will only be completed in Part III. In Part IV 
we shall discuss the generality of the result and its significance for metrically 
transitive flows. 

Ina previous note” one of us has obtained a similar result for the set of topologi- 
cally transitive automorphisms, for slightly different assumptions on ZF. A 
transformation is topologically transitive if there do not exist two disjoint in- 
variant open sets, both non-void, (or, equivalently, if the sequence of images of 
some point is dense in #). Metrical transitivity with respect to an r-dimensional 
LS measure obviously implies topological transitivity. Hence Theorem 1 
may be considered as a generalization of the earlier result, but whereas the latter 
required only the most elementary constructions and properties of measure- 
preserving automorphisms, the present theorem will require a much more exten- 
sive investigation. 

As regards the interpretation of Theorem 1 as a proof of the conjecture that 
metrical transitivity is the general case, it is interesting to note that the topologi- 
cal notion of probability in the sense of category can be subsumed under the 
general theory of measure and probability. In any complete metric space, if 
we define u*A = 0 or 1 according as A is of first or second category, it is easily 
verified that conditions M1, M2, M3 are satisfied,and that the class of measurable 
sets consists of the first category sets and the residual sets, which have measures 
zero and one respectively. The notion of probability in the sense of category 
is therefore a special case of the general notion of (non-Borel) measure. 


2. Preliminary Lemmas 


The object of this first sequence of lemmas is to show that the general situation 
can be reduced, in all essential respects, to the consideration of ordinary Lebesgue 
measure in a rectangular r-cell. In making this reduction, a central role is 
played by the notion of a continuous map f of a convex cell Z onto a polyhedron E 
which is a homeomorphism up to the boundary. By this we shall mean that f 
maps the interior Z) of Z homeomorphically onto fZ). For such continuous 
maps fBdZ = E — fZo, so that f ‘f is single-valued on Z;, though possibly 
multiple-valued on BdZ. 

Lemma 1: Let E be the polyhedron of a regularly connected euclidean complex K 
of dimensionr > 1. It ig possible to represent E as the continuous image of a con- 
vex r-cell Z under a map f which is a homeomorphism up to the boundary and which 
is a simplicial map of a certain subdivision of Z onto K. 

This is not a new result, but rather a corollary of the known result that any 
KK 

* A Gs set is one that cam be represented as a countable intersection of open sets. 

* J. C. Oxtoby, Note on transitive transformations. Proc. Nat. Acad. USA. 23 (1937) 
443-446. See also E. Hopf, Statistische Probleme und Ergebnisse in der klassischen 
Mechanik. Actualités Scientifiques et Industrielles, No. 737 (1938) 5-16. 
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regularly connected complex can be obtained from a convex cell by suitable 
boundary identifications.” To prove it, let o1, ---', on be the base simplexes of K, 
so numbered that each, after the first, has at least one regular face o;_;,; in com- 
mon with one of its predecessors. The possibility of such a numbering follows 
at once from the definition of a regularly connected complex.” Let 7; be any 
simplex in r-space, and set its vertices in correspondence with those of o,. 
Let 71,2 be the face of 7; that corresponds to 01,2. Take a new vertex outside 7, 
which forms with 71,2 a simplex 72 such that 7; + 7 is still convex. Any point 
sufficiently near the center of 71,2 will suffice. Let this vertex correspond to the 
remaining vertex of o2. Evidently we have a simplicial map of the complex 
71 + 72 onto the complex o; + o2, and the only (r — 1)-simplex in 7; + 72 which 
does not lie on the boundary is 7,2. Proceeding by induction, suppose that 
we have a complex K; with r-dimensional base simplexes 7; , --- , 7; whose union 
is a convex cell, and a simplicial map onto the complex o; + o2 + --- +4; 
under which 7; corresponds to c;,1 Sj <7. Also suppose that the only (r-1)- 
simplexes of K; that do not lie on the boundary are 71,2, - ++ ,-Ti-1,; which corre- 
spond to o12, +--+ ,¢:-1,;. Thesimplex o;,:4: is a face of some one of o;, --- , o;. 
Let 7:,:4: be the corresponding face of the corresponding one of the simplexes 
T1, +++, 7%. Since o;,:4: is regular, it is distinct from oi, --+ , oi-1,;, and it 
follows that 7;,::: lies on the boundary of the convex cell. We can therefore 
adjoin a new simplex 7;,; having 7;,:4: fora face, and such that 7 + +--+ + Tins 
is again convex. If we map the new vertex of 7,4; onto the remaining vertex of 
oi41 the simplicial map will be extended to map Kix; = 71 + +--+ + Ti+: onto 
o1 + --+ + oi4:, and the only (r — 1)-dimensional simplexes of Ki4: not on its 
boundary will be 71,2, --+ , 7i,i4.. At the n-th stage we obtain a simplicial map 
of a complex K, onto K. If we map the simplexes 7, --- , 7» affinely onto 
01, +++ ,0,, We obtain a continuous map of a convex cell Z onto H. The interior 
of Z is the union of the interiors of 7, --- , tT, and of 71,9, «++, Tn-1,.n. These 
correspond to the interiors of 0; , --- , on and of o12, «++ , On—1,n respectively, 
which are disjoint since these simplexes are all distinct. Hence distinct interior 
points of Z go into distinct points, and the map is therefore a homeomorphism 
up to the boundary. 

Lemma 2: Let f be a continuous map of a rectangular r-cell R, r 2 1, onto a 
polyhedron E which is a homeomorphism up to the boundary. Let w be an r-dimen- 
sional Lebesgue-Stieltjes measure in E, and suppose that ufBdR = 0. Then the 
function v*A = y*fA defines an r-dimensional Lebesgue-Stieltjes measure in R. 

That »* satisfies conditions M1 to M3 may be verified by inspection. Con- 





26 See AH p. 264. . 

27 A complex is homogeneous r-dimensional if every simplex lies on an r-simplex. A 
regular face is an (r — 1)-simplex that lies on two and only two r-simplexes of the complex. 
A homogeneous r-dimensional complex K is regularly connected if in any division of K into 
two r-dimensional subcomplexes, these have in common at least one regular face. It can 
be shown that a polyhedron is regularly connected if and only if it.is the polyhedron of a 
regularly connected complex. See AH p. 402. 
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dition M4 is less evident in view of the fact that f need not be 1:1. To verify it, 
consider any two sets A, B contained in F and separated by a positive distance. 
Their closures A, B are disjoint, and therefore fA and fB intersect at most in a 
subset of fBdR, since all other points have unique antecedents. Hence ufA-fB = 
0, by hypothesis. It is possibie to enclose f(A + B) in a G; set C such that 
uf(4 + B) = uC. Let A, = C-fA and B, = C-fB, Then we have fA C Ai 
and fB C B,, and so.u*f(A + B) = u*(fA + fB) S u*(Ai + Bs) S w*C = 
uf(A + B), that is, w*f(A + B) = u(Ai + Bi). But A; and B, are Borel sets 
that intersect in a set of measure zero, therefore u(A; + B,) = uA; + wB, = 
utfA + u*fB, and so v*(A + B) 2 v*A + v*B. The inverse inequality follows 
from M2, and so M4 is satisfied. To verify condition M5, we have »*A = 
u*fA = inf wG. But whenever Gis an open set containing fA,f~ 'G is an open set 
GDfA 
inR containing A. Hence »*A = band vG. Again the inverse inequality follows 
from M2, and the verification that v is a LS measure is complete. Furthermore, 
y is positive for non-void open sets in R, because the image of such a set contains 
a neighborhood of a regular point of Z. Finally, it is evident that single points 
have measure zero, and by hypothesis vBdR = wfBdR = 0. Hence + is an 
r-dimensional LS measure in R. 

Lemma 3: Let u be an r-dimensional LS measure in a regularly connected polyhe- 
dronE,r = 1. Itis possible to represent E as the continuous image of a rectangu- 
lar r-cell R under a map f which ts a homeomorphism up to the boundary, and which 
is such that u*fA = m*A for all A C R, where m* denotes ordinary Lebesgue outer 
measure in R. 

£ is homeomorphic to the polyhedron £; of a euclidean complex K,. It is 
possible to choose the correspondence in such a way that all (r — 1)-dimen- 
sional simplexes of K, correspond to sets of measure zero. Because if m 
is the measure in E, corresponding to u under any homeomorphism, the singular 
(r — 1)-simplexes have measure zero by hypothesis, and a suitably chosen auto- 
morphism of £, will displace all regular (r — 1)-simplexes into sets of u;-measure 
zero. (First displace the interiors of all 1-simplexes not contained in the set of 
singular points to nearby positions having measure zero. Then do the same for 
2-simplexes, and so on until all regular (7 — 1)-simplexes have been displaced to sets 
having 4;-measure zero. The automorphism need displace only regular points 
of , and may leave all vertices of K; fixed.”) We may therefore suppose that Z 
is the polyhedron of a euclidean complex K and that all lower dimensional sim- 
plexes of K have y-measure zero. By Lemma 1 there exists a continuous map 
of a convex cell Z onto E which is a homeomorphism up to the boundary and is a 
simplicial map of a certain subdivision of Z onto K. Let us combine this map 
with a homeomorphism of Z onto a rectangular r-cell R, of volume mR = yE, 
ie 

** More generally, any set of first category can be displaced to a set of measure zero by 


an automorphism. See our joint paper, On the equivalence of any set of first category to a 
set of measure zero. Fund. Math. 31 (1938) 201-206.” 
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and let f denote the resulting map of R onto E. Then f is a homeomorphism 
up to the boundary, and since BdR corresponds to certain (r — 1)-dimensional 
simplexes of K, we see that ufBdR = 0. By Lemma 2, the function »*4 = 
u*fA defines an r-dimensional LS measure in R, and also we have vR = mR. 
In Part II (Theorem 2) it will be shown that for any such measure there exists an 
automorphism h of R such that »*A = m*hA for all A C R. Assuming this 
result for the moment, we conclude that fh is a continuous map of R onto E 
which is a homeomorphism up to the boundary, and that m*A = u*fh''A for 
all A C R, as required. 

Lemma 4: Let f be a map of R onto E with the properties stated in Lemma 3. 
Any Lebesgue-measure-preserving automorphism T of R that leaves the boundary 
fixed corresponds to a u-measure-preserving automorphism fTf of E. On the 
other hand, any u-measure-preserving automorphism T of E defines a transformation 
f ‘Tf in R which is a Lebesgue-measure-preserving homeomorphism of the open set 
Ro-f 'T'fRo onto the open set Ro-f ‘TfRo , both of which are contained in the in- 
terior Ro of R and have measure equal to mR. 

To prove the first assertion we first show that f7f— is a 1:1 map of E onto 
itself. Consider any point p in fR). Then f ’p is single-valued, and therefore 
also {Tf ‘p. If p¢fRo, then pefBdR, and so fTf‘p = p. Any point of fBdR 
is its own image, and any point pefRp is the image of fT fp. Hence fTf isa 
1:1 map of E onto itself, with inverse fT “f°. Both these transformations carry 
closed sets into closed sets, and so they are automorphisms. That f7f* pre- 
serves y-measure is immediate, since u*A = m*f'A = m*Tf~A = u*fTf'A 
for every set A C E. 

To prove the second assertion of the lemma, consider any p e Ro-f “T" ‘fRo. 
Then Tfp ¢ fRy and so f ‘Tfp is single-valued on this domain. Its inverse is 
fT f with domain Ry-f"TfR.. Both of these are continuous throughout 
these domains. Thus f ‘Tf maps the open set Ro-f 7” {Ry homeomorphically 
onto Ro-f '‘TfRo , and does so in a measure-preserving manner, as follows from 
the measure-preserving properties of f and T’. 

The partial correspondence between measure-preserving automorphisms of E 
and R described in Lemma 4 makes it possible to reduce the proof of Theorem 1 
to the following lemma concerning transformations in R and ordinary Lebesgue 
measure. 

Lemma 5: Let Ry be the interior of a rectangular r-cell R, r = 2, and let T be a 
measure-preserving homeomorphism of an open set G & Ry onto an open set TG C 
Ro , where mG = mR, and let 01 , --- , ow be the cells of any given dyadic subdivision. 
There exist arbitrarily small automorphisms h, and he of R. that leave the bowndary 
fixed such that hThz is a measure-preserving homeomorphism of hz'G, which has 
measure mR, onto hiTG, and such that under this transformation a certain closed 
set F is transformed in the following manner: There exists a positive integer K such 
that the first KN images of F under iteration of hiTh are disjoint and exactly K 
are contained in the interior of each cell o; and contain exactly half the measure 
of Oi. 

We shall prove this lemma in §7. We proceed to show that from it we can deduce 
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Theorem 1, as regards category. Let f be the map of R onto E defined in Lemma 
3, and let o1, 92, ***, be an enumeration of all dyadic cells in R. If o; and a; 
belong to the same dyadic subdivision, let E;,; be the set of all automorphisms 
T « MIE, u] such that for some Borel set A we have TA = A, u(A-foi) > 
3ufo;, and u(A-fo;) < aufo;, otherwise undefined. Every metrically intransi- 
tive automorphism in M[E, u] belongs to one of the sets Z;,;. Because if 7 is 
metrically intransitive, there exists a measurable set, and therefore a Borel 
set A, such that TA = A and 0 < wA < wH. Therefore 0 < mf ‘A < mR. 
Let p, q be points of R at which the Borel set f ‘A has metric density 1 and 0 
respectively. It follows from Lebesgue’s density theorem” that in any suffi- 
ciently fine dyadic subdivision the cells o; and o; that contain p and q respectively 
are such that m(f—A-o:) > mo; and m(f'A-o;) < 4me;. Therefore 
u(A-fo;) > ufo; and u(A-fo;) < fufo;, so that T belongs to Z;,;. Thus, to 
prove that the metrically transitive automorphisms form a residual set in 
MIE, u] it suffices to show that each of the sets £;,; is nowhere dense, because 
there are only countably many of them and their union contains all metrically 
intransitive automorphisms in M[E, y]. 

Consider any T ¢ M[E, uw] and any set E;,;. We shall show that arbitrarily 
near 7’ there exists an automorphism S which together with a neighborhood lies 
outside E;,;. According to Lemma 4, the transformation f ‘7f is a measure- 
preserving homeomorphism of the open set G = Ro-f *T” “fRo onto another open 
set contained in Ry and likewise having measure mR. Applying Lemma 5 to 
this transformation, there exist arbitrarily small automorphisms h,, he of R 
which leave the boundary fixed, such that hf ’Tfhe is a measure-preserving 
homeomorphism of hz’G onto another open set with measure mR. Also there is 
a closed set F whose first KN images under this transformation are disjoint and 
equally distributed among the cells 7, --- , tw of the dyadic subdivision to 
which ¢; and ¢; belong, and contain half their measure. By Lemma 4, the trans- 
formations ff and fhef’ are automorphisms of EH. Hence S = 
(fhif)T(fhef *) is an automorphism of E, and from the properties of Mf 'Tfhe 
it follows that S transforms the closed set fF in such a way that its first KN 
images are disjoint and equally distributed among fm, --- , fry , and contain 
half their measure. Now consider any Borel set A invariant under S. Let 
a be the fraction of the measure of fF contained in A. Suppose a S 3, then the 
K disjoint images of fF in o; contain the same fraction of the measure of A, and 


therefore mAo; < € + 2) mo; < 3mo;, so that S does not belong to £;,;. 


On the other hand, if a = 4 the K disjoint images of fF in o; contain measure 
Qa 

5 maj, and therefore mAg; = 5 mo ; 2 imo; , so that in this case also S does not 
belong to Z;,;. Furthermore, the first KN images of fF under any automor- 
phism sufficiently close to S will be distributed among fn, --- , frw in the same 
SSS 


a e.g. Hobson, The theory of functions of a real variable, 2nd edition, Cambridge 1921, 
vol. 1, p. 181, 
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way as under S, so that the same reasoning shows that a whole neighborhood of 
S lies outside E;,;. But h; and h, were arbitrarily small, hence also the auto- 
morphisms ff and fhof', so that S is arbitrarily close to T. Hence E;,; 
is nowhere dense in M[E, uy]. 

It will be observed that S may be written in the form S,7,, where 8S; is the 
measure-preserving transformation S7™’. But S; may also be written 
(fuf’)T(fheof *)T, from which it follows that S, leaves all singular points 
fixed. We have therefore proved the more precise result that E;,; is nowhere 
dense with respect to every coset of the closed normal subgroup of auto- 
morphisms that leave all singular points fixed. Since these cosets are complete 
spaces, we may state Theorem 1 in the following slightly stronger form which 
we shall need later. 

Corouiary: For every T ¢ MIE, yu) there exists an arbitrarily small automor- 
phism S ¢ M\E, ul), that leaves all singular points fixed, such that ST is metrically 
transitive with respect to wu. 


II. MEAsuRES TOPOLOGICALLY EQUIVALENT TO LEBESGUE MEASURE 
3. The Fundamental Theorem 


Let » be any measure function in a space, and h an automorphism of the space. 
The function uhA, considered as defined for all sets such that hA is measurable, 
is easily seen to be a measure function. It would naturally be described as a 
measure automorphic to yw, (or equivalent to » under automorphism). It is 
easily seen that any measure automorphic to a LS measure is again a LS meas- 
ure, and that the same transformation also effects a correspondence between 
their outer measures. Likewise, any measure automorphic to an r-dimensional 
measure is r-dimensional. The object of the present Part will be to obtain a 
simple characterization of measures automorphic to Lebesgue measure. The 
basic result, stated as Theorem 2, was originally proposed by one of us in 1936, 
in connection with some other group-theoretic investigations, and a proof was 
obtained at that time by J. von Neumann, but was not published: The present 
proof, based on somewhat different considerations, was worked out subse- 
quently. The result is here published for the first time. 

THEOREM 2: In order that a measure p in a rectangular r-cell R, r = 1, be auto- 
morphic to Lebesgue measure it is necessary and sufficient that it be an r-dimensional 
Lebesgue-Stieltjes measure and that .zR = mR. The correspondence can always be 
effected by an automorphism that leaves the boundary of R fixed. 

An equivalent formulation, from the standpoint of the Carathéodory theory, 
runs as follows. 

THEOREM 2,: In order that a function u* defined for all subsets of R be auto- 
morphic to the Lebesgue outer measure m* it is necessary and sufficient that 2 satisfy 
conditions M1 to M5, and also 
M6: u*G > 0 if G is non-void, open 
M7: u*p = 0 for every point p 
M8: »*BdR = 0 
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and finally that u*R = mR. If y* satisfies these conditions there exists an auto- 
morphism h of R such that u*A = m*hA for every A C R, and such that h leaves 
the boundary fixed. 

The equivalence of the two formulations is evident. Before proving the 
theorem we shall derive from it a number of corollaries and generalizations. In 
Part V, §13 to §15 and §17, we shall give some further applications. 

Corottary 1: Let E be any regularly connected polyhedron of dimension 
r= 1, and let u; and ps be two r-dimensional LS measures in E such that mE = wok. 
There exists an automorphism h such that upA = wshA for all A C E, and such 
that h leaves all singular points of E fixed. In particular, any r-dimensional LS 
measure in a regularly connected euclidean polyhedron E is automorphic to the 
Lebesgue measure in E, provided only that uwE = mE. 

Let v be the r-dimensional LS measure in E defined by v*A = 4(u;A + wz A), 
and let f be the map of a rectangular r-cell R onto H given by Lemma 3. Then 
m*A = v*fA, and in particular, vfBdR = 0, so that we have ringe = 
wofBdR = 0. Let v: and v2 be the outer measures in R defined by 1A = wi fA 
and vA = u2fA. By Lemma 2, these are both r-dimensional LS measures 
with 1.2 = »R = mR. Hence, by Theorem 2,, there exist automorphisms 
hn, ly of R that leave the boundary fixed, such that x14 = m*hA and 2A = 
m*hA. Then h = fhz mf is an automorphism of EZ that leaves singular 
points fixed and carries yw; into ws as required. 

CoroLuary 2: Lei E be a regularly connected polyhedron of dimension r 2 1, 
and E, any homeomorphic euclidean polyhedron. The r-dimensional Lebesgue- 
Stieltjes measures in E are the same as the measures of the form C-mhA, where h is 
an arbitrary homeomorphism of E onto E, , C is an arbitrary positive constant, and 
m denotes Lebesgue measure in E. 

This follows at once from Corollary 1 and the faet that any multiple of a 
measure homeomorphic to an r-dimensional measure is again an r-dimensional 
measure. 

Corottary 3: Let EF; and E, be homeomorphic regularly connected polyhedra 
of dimension r = 1, and let , and ps be r-dimensional Lebesgue-Stieltjes measures 
in E, and E, respectively, such that 4B = wo. Let h be any homeomorphism of 
E, onto Ez. There exists a homeomorphism g of E; onto Ez, which carries y, into 
m and which is equal to h for all singular points. In particular, there exists a 
measure-preserving automorphism of a rectangular r-cell which is equal to any given 
automorphism on the boundary. 

The measure »,A = ehA is an r-dimensional LS measure in F; , and 4; = 
mE. By Corollary 1, there exists an automorphism /; of H, such that 
mA = »h,A, and such that it leaves singular points fixed. Hence g = hh, is 
a homeomorphism of EZ, onto E> that takes yu: into we and is equal to A for all 
singular points. 

For later use the following corollary is convenient. 

mwrine 4: Let u be a Lebesgue-Stieltjes measure in a rectangular r-cell R, 

2 2,uR = mR, and let L be any straight line segment contained in the interior 
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of R such that uL = 0. Then the automorphism that carries u into m may be so 
chosen that it leaves L fixed, as well as the boundary. 

To see this, let R; and R, be rectangular r-cells with R, contained in the in- 
terior of R,, and let E be the polyhedron obtained from R2 by removing the 
interior of R;. In the case r 2 2 it is evident that ZH is regularly connected, 
From E we can obtain R by identifying points of the inner boundary that have 
the same 2; coordinate, say. That is, we can define a continuous map f of E 
onto R which carries the inner boundary into L and elsewhere is 1:1. The two 
measures 4,A = mfA and wA = ufA are easily verified to be r-dimensional LS 
measures in H, and uw. = weE. By Corollary 1, there exists an automorphism 
h which leaves the inner and outer boundary of # fixed and carries 4; into pp. 
Hence fhf* is an automorphism of R that carries » into m and leaves both 
L and BdR fixed. 

The next two corollaries characterize measures automorphic to Lebesgue 
measure in the whole of euclidean space E”. 

Corouiary 5: A function u* defined for all subsets of E“, r = 2, is automorphic 
to Lebesgue outer measure m* if and only if it satisfies the conditions stated in 
Theorem 2, , except that conditions M1 and M8 are to be replaced by 

M1’: 0 S w*A S wtE” = + 

M8’: w*A < +0 for every bounded set A. 

The necessity of each of the eight conditions is evident. To prove that they 
are sufficient, let 1 be the measure defined by any such outer measure. Let 
R., be the closed cube in E“ with edges parallel to the axes, center at the origin, 
and edge length a. Under our hypotheses, the function f(a) = uR, is a finite, 
strictly increasing function in 0 < a < +. Such a funetion can have at 
most countably many discontinuities, hence we can select a sequence of values 
0 < a < a <.---, tending to infinity, at each of which f(a) is continuous. 
This means that uBdR.; = 0. By hypothesis we have also that uR.;, > + © as 
7+ ~. Let B; be the edge length such that mRg, = wR.;. Then 0 < fi < 
Bo<-+--,andB;—-+0asi—o. Wecan therefore define a radial transforma- 
tion h; of E” to carry Re, into Rs,, i = 1, 2,--+. Consider the new outer 
measure wiA = yu*h;'A. Then wiRs, = mRzs, and mBdRs, = 0, i = 
1, 2,---. Let H, = Rg, and for n > 1 let E, be Rg, minus the interior of 
Rz,-,- Then each £, is a regularly connected polyhedron, since we have 
assumed r = 2, and yw; is an r-dimensional measure in it such that 4.2, = mE,. 
By Corollary 1, there exists an automorphism hz of Z, such that uA = m*hA, 
for all A C E,. Since hz leaves the inner and outer boundaries of £, fixed, 
these automorphisms join up to form an automorphism of E®. In view of 
the measurability of the sets EZ, and the fact that their boundaries have measure 
zero, we have, for any set A C EF”, 


wiA = >) AE, = >, m*h(AEn) = >> m*(hgA)En = m*hA. 
. n=l n=1 


n=l 


Therefore u*A = m*h:hA for all A C BE. 





the 


ang 
ert, 


fac 
int 
wh 
u(a 
01 ) 
but 
rec 





80 





MEASURE-PRESERVING HOMEOMORPHISMS 889 


It should be added that in the case r = 1 the conditions stated in Corollary 
5 are not sufficient, but a complete characterization is obtained by merely adding 
the requirement that the positive and negative halves of the line both have 
infinite measure. The function f(z) = n(0 StS 2) for x20, f(x) = 
—y(t < t < 0) for x < 0 then defines an automorphism of the line that carries 
y into m. 

CoroLtLaRy 6: A measure in Er = 2, is automorphic to Lebesgue measure 
if and only if it is an infinite Lebesgue-Stieltjes measure that is zero for points 
and positive for non-void open sets. 

Here we may understand by a LS measure one that is derived from a non- 
negative additive function of an interval. Such a measure is necessarily finite 
for bounded sets, and so condition M8’ is implicit. The rest then follows from 
Corollary 5. 


4. Proof of Theorem 2 


It may be remarked first of all that in the case r = 1 Theorem 2 is almost 
trivial. For suppose R is the unit interval 0 S z S 1, and lethz = n(0 St S 2). 
Then hz is strictly increasing, in virtue of the additivity of u and the fact that 
all subintervals have positive measure. It is also continuous, since points have 
measure zero. As x describes the interval (0, 1), hx describes the same interval. 
Hence h is an automorphism of R. By definition, we have »«A = mAA for every 
interval A of the form (0, x). From additivity it follows that equality holds 
for all intervals, and therefore for all open sets. But this implies that 
u*A = m*hA for all sets A, by condition M5. Hence h effects the desired trans- 
formation, and also leaves the end points fixed. 

However, even in the case r = 2 the difficulties of the general case already 
appear. Our proof will be based on a sequence of lemmas whose motivation 
lies in the idea of securing first that «A = mhA for all sets of a division auto- 
morphic to a dyadic subdivision. Then h is modified within each of these sets so 
as to secure equality for the sets of a finer subdivision. Finally, a convergent 
sequence of such modifications is obtained and the limiting automorphism effects 
the desired transformation for all sets. 

Lemma 6: Let uw be any Lebesgue-Stieltjes measure in R that is zero for points 
and for the boundary, and let a be any number in the interval 0 < a < wR. There 
exists an open set G contained in the interior of R such that uG = a. 

Since uP is finite, there can be at most countably many planes parallel to the 
faces of R that intersect R in sets of positive y-measure. Hence we can divide R 
Into a finite number of rectangular r-cells o; , --- , ov of diameter less than 3, 
Whose boundaries all have p-measure zero. Let 7 be the least integer such that 
Wo + op +... + o;) 2 a, and let G, be the union of the interiors of 
%1,02,-++,o:4. (Take G, equal to the void set in casei = 1). Then uG; < a, 
but 4G; + wo; = a. Now consider the cell o; , calling it Ri, and divide it into 
rectangular r-cells o{”, of”, .-- , of’) of diameter less than }, whose boundaries 
all have u-measure zero. Again we find an open set G: C R,, either void or 
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consisting of the interiors of some of the cells ¢$”, such that u(G, + G2) < a, 


while u(G, + G2) + wR: = a, where Rz is one of the cells o$” and is disjoint to 
G, + G,. Proceeding in this manner, we find disjoint open sets G,, G,, ... 
interior to R, and a nested sequence of rectangular r-cells R,, Re, --- whose 
diameters tend to zero, such that a — wR, S w(Gi + Ge +--- + G,) < a, 


n 21. The cells R, intersect in a point p, and we have lim wR, = up = 0, 


by hypothesis. Hence uG = a, where G is the union of the sets G, . 

Lemma 7: Let uw be any Lebesgue-Stieltjes measure in R that ts zero for points 
and for the boundary. Let R, and Rz be the two cells obtained by bisecting R per- 
pendicularly to one of its edges. Let a, and az be any two positive numbers such 
that a, + a2 = wR. There exists an automorphism h ¢ H,[R] such that whR, = a 
and phR. = ae. 

We shall establish the existence of h by a category argument. Let H; be the 
set of automorphisms h in Ho[R] such that phR, = a, and whR, = a2. This is 
a closed set, for if h, is any sequence of automorphisms in H, tending uniformly 
to h, then any eneighborhood of AR; , i = 1, 2, contains h,R; for all sufficiently 
large n, and therefore has y-measure at least a;. This being true for every 
e > 0, it follows that uwhR, = a, and whR, = a,. Furthermore, the set H, is 
non-void. For, unless it contains the identity, we have either wR; < a or 
uRe < az. Suppose uRi < a. We can deform R by a continuous family of 
automorphisms h) ¢ Ho[R] in such a way that as \ increases, h,R, includes more 
and more of the interior of R,. At the limiting value >) where wh,R;, first be- 
comes greater than or equal to a; we have also uhR, = az, because uhh, = 


lim wh,R, , and for \ < Xo we have whyR, = wR — whR, > uR — a1 = a2. Hence 
rAm>AT 


the set H; , as a non-void closed subset of a complete space, is itself a complete 
space. We shall show that in it the set of automorphisms that fulfill the re- 
quirements of the lemma is residual. 


Let EZ, be the set of all h in A; such that phR,; = ay + : . This set is closed 


in H,, since we have already seen that it is closed in Ho[R]. To show that it 
is nowhere dense in H, it suffices to show that if h ¢ EZ, there exists an arbitrarily 
small automorphism g ¢ H){R] such that hgeH, — E,. Suppose that he F, 


and consider the new measure vA = whA. Then vR; = a + and vz 2 a. 


Let R; denote the (r — 1)-dimensional face common to R,; and R,. Then 
vR, + vR. — vR3 = vR = a, + a2. Hence vR; — a S vRi — | + ve — 2 = 


rate ; ' , 1 
vit; , and this with the inequality vR, => a, + 4 gives 0 < vpRy — a — On < vR;. 
n 


Considered with respect to R; , v is a LS measure that is zero for points and for 
the boundary. Hence, by Lemma 6, there exists a set G, open with respect 


to R; and contained in its interior, such that vG = vR, — a — - Now let 9 


be an automorphism of R that leaves the boundary fixed and also the points 
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of R; — G, but let it displace all points of G slightly into the interior of R,;. Such 
an automorphism can be found arbitrarily close to the identity. Since gR, > Re , 
we have ugR2 = a2; and vgR, differs only slightly from vR, — vG, which is equal 


toa + - If g is sufficiently near the identity we shall have a; < vgR, < a; 
n 


+ 1 Going back to the measure uw, we have a; < whgR; < a + * and uhgR, 
n 
>a,. Hence hg eH; — E, , and so E, is nowhere dense in H,. Therefore the 
set H, — >, E, is residual, that is, the equation uhR, = a holds for a residual 
1 


set of automorphisms in H,. The rdle of R, being similar, we see that the auto- 
morphisms h such that whR2 = az is also residual in H,. The intersection of 
these two residual sets is the set of automorphisms having the properties required 
by the lemma, and therefore such automorphisms exist. 

It may be remarked that in the proof of this lemma it is possible to confine 
attention to automorphisms that involve only a single coordinate, namely that 
in the direction along which R is bisected. Thus, if desired, the automorphism 
h ean be chosen so as to leave all coordinates unchanged except this one. 

Lemma 8: Let u be any Lebesque-Stieltjes measure in R that is zero for points 


and for the boundary. Let o1,--+ , on be the cells of any dyadic subdivision of R, 
and let a, , --+ , ay be associated positive numbers whose sum is equal to wR. There 
exists an automorphism h ¢ Ho[R] such that pho; = a; , 1 = 1,--- , N. 


The proof consists in applying Lemma 7 a finite number of times. The cells 
of any dyadic subdivision are obtained from R by making a finite number of 
bisections. Let R,, Re be the cells obtained from the first bisection. Let 
Ru, Ry ; Re, R.. be the cells obtained by bisecting Ri and R,. After n bisec- 
tions we get 2” cells Ri,...i,, 41, ---, tr = 1, 2, and forn = K = log: N the 
cells R;,...i:, are the cells o1,---,on7 renamed. Let §;,...i, be the number a; 
associated with Rj,...i,. For1l <n < K let Bi,...;, = >, Bi-..ig Summed over 
tnt, +++, en = 1,2. Forn = 1 we have @, + 6: = uR, and by Lemma 7 we 
can find h; such that wR; = B;, 7 = 1, 2. Suppose we have defined h, such 
that wh, Ri,...i, = Bi,...%, 1, +++, % = 1, 2. Form the new measure 4,A = 
uh,A. Then up satisfies the conditions of Lemma 7 with respect to each of the 
cells Rij,...;,, and since Bi,...i1 + Bi,---ig2 = Mnlei,...i,, We can find an auto- 
morphism Jiy-- + in AY{Ri,.. -igl such that MnGi,-- yy ee pony is s-staaon ’ ntl Z 2. 
Since g;,...;, leaves the boundary of R,,...:, fixed, these automorphisms join up 
to form an automorphism g ¢ Ho[R], and we have phngRiy.--ing, = Biy---iner- 
Setting hai: = hng, the induction hypotheses are again satisfied, and for n = K 
he get an automorphism h = hx that fulfills the requirements of the 
emma. 

Lemma 9: Let be any Lebesgue-Stieltjes measure in R that is zero for points 
and for the boundary. There exists an automorphism h ¢ Ho[R] such that for every 
dyadic cell « we have whBdo = 0. 

We shall show that the automorphisms having the desired property form a 
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residual set in Ho[R].” Let R, be the (r — 1)-dimensional cell in which R is 
intersected by any one of the planes used in forming dyadic subdivisions. Let 


E,, be the set of automorphisms h ¢ Ho[R] such that phR, = =. This is a closed 
set. If h is any element of #,, let vA = whA. Choose e > 0 so that the 
e-neighborhood of R; has »-measure less than vR,; + =. Let g e€ H,[R] be ar 


automorphism that displaces the interior of R; into a set disjoint to R; but con- 
tained in its eneighborhood. Then, since the intersection of R,; and gR, has 
y-measure zero, we have vR, + vgh; = v(R; + gRi) S v(eneighborhood of R;) 


< yR: +=. Hence whgh < *,and hg eH, — Ey. Since hg is arbitrarily 


near h, the set E,, is nowhere dense, and Hy) — >> E, is residual. The intersec- 
1 


tion of the residual sets corresponding to each of the countably many planes 
used in forming dyadic subdivisions is therefore also residual, and the auto- 
morphisms belonging to this set have the required property. 

In the following lemma we require for the first time that the measures under 
consideration be positive for non-void open sets. 

Lemma 10: Let u, v be two r-dimensional Lebesque-Stieltjes measures in R such 
that uR = vR, and let « > 0 be given. There exist automorphisms g, h in H,{R] 
such that for each cell o of a certain dyadic subdivision of R we have ugo = vho; 
ugBdo = vhBdo = 0; diam go < e¢, diam ho < ¢, diamo < «. 

By Lemma 9, there exists an automorphism g; such that for every dyadic 
cell o we have wgiBdo = 0. Let uw, be the measure wiA = wgiA. Leto, --- ,on 
be the cells of a dyadic subdivision such that diam o; < ¢ and diam gic; < «, 
t= 1,---,N. The numbers yy; are all positive and their sum is equal to vA. 
Hence, by Lemma 8, there exists an automorphism /; such that vhio; = moi, 
7=1,---,N. Put»A = vA. Then since »,Bdo; = 0, we can apply Lemma 
9 to each cell o; and get an automorphism hz that transforms each cell o; into 
itself, such that v:h2Bdo = 0 for every dyadic cell ¢. Let o:;,71 = 1,---,N, 
j =1,---,M, oi; C oi, be the cells of a finer dyadic subdivision of R, such that 
diam hihoo;; < ¢. Since the numbers »hy0;; are all positive, and b nyheoi; = 


7 

fig; , We can apply Lemma 8 to each cell ¢; using the measure p; and get an auto- 
morphism g2 that transforms each cell o; into itself, such that wigeoi; = rileoi;- 
That is, ugigeoi; = vhiheoi;. Since the sum of these MN numbers is equal to 
wR (or vR), we have also pgigeBdo;; = vhjhoBdo;; = 0. Finally, since 
hyheo:; a hii; , 91920 i; < 9ivij, and Ci; Cc oi, we have also diam hyheoi; < 6, 
diam gigoo;; < ¢, and diam o;; < ¢, and so the automorphisms g = gig2 , h = Iuhe 
fulfill all the requirements of the lemma. 

Lemma 11: Any two r-dimensional Lebesgue-Stieltjes measures p, v in R such 





30 Cf. footnote 28. 
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that wR = vR are automorphic to each other under an automorphism that leaves 


the boundary fixed. ’ 
The proof consists in finding a sequence of partitions of R into cells” 


o\", «.+, ov, and two sequences of automorphisms g, , h, ¢ Ho[R], with the 


following properties, where en = 3. diam R. 


1° diam o§” < €,, diam gno{” S €,, diam hnos” < 
9° gaa" ab gros", haos”» ~- helt"? om 5: sisi Noa 
3° ug,Bdo$” = vh,Bdos” = 0,1 = 1,---, N, 

4° ug,os” = vhaos”, i = 1,---, Nn 


These conditions are satisfied for n = 0 if we take go , ho equal to the identity, 
(0) (n) (n 


ando” =. Suppose gnr,hnj;oi ,-:-, oN. have been defined so that condi- 

tions 1° to 4° are satisfied. Let u,A = wgnA and »,A = vh,A. Then for each 

cell of” we have pao!” = »,0$” and y,Bdo$” = »,Bdo§” = 0. Hence up and 
(n) 


y, satisfy the conditions of Lemma 10 relative to o;", and there exist auto- 


morphisms g’, h’ e Ho[o§”] such that for each cell of? of a certain dyadic sub- 


division of of” we have png’os?? = v»h’of}?; ung’Bdo{?? = vph'Bdos?? = 0; 


and diam g’o{? < ¢, diam h’o$?? < ¢, diam o$?’ < «, where we suppose ¢ chosen 
less than €n4: , and so small that both g, and h, take sets of diameter less than 
¢ into sets of diameter less than €,,:. Then we have ygng’os}? = vhah'os??; 
ugg’ Bdo?? = vh,h’Bdos? = 0; and diam gng’o$? < én41, diam hyh’o$}?? < enys, 
diam o{}’ < €n4:. The automorphisms g’, h’ thus defined in each of the cells 
o{” join up to form automorphisms of R, which we shall also denote by g’, h’. 
Putting gaia = gng’, Anya = Anh’ and taking the totality of cells of}? for o{"*”, 

ry Otieg , we see that conditions 1° to 4° are again satisfied, and the inductive 
definition is complete. 

From conditions 1° to 4° it follows that the sequences g,, h, converge in 
HR] to automorphisms g, h. Because, if z¢o{” then gniiz and g,x both 
belong to gros”, by 2°. Hence | gniix — gnt| < €:, by 1°. Similarly, if 
2 €9nii0;" then g, x and g,42 both belong to o§”. Hence |gniit — ga t| < &n- 
Therefore p(gns1 , Jn) < €, , and because of our choice of €n , p(Gnik 5 Jn) < €n-1- 
Hence the sequence g, converges in H[R], and the sequence h, for similar 
reasons. From 2° it follows that gos ” = nos” and he$”” = hno;", and there- 
fore that gBdo$” = gnBdo$ ”) and hBdo\” = h,Bdo$”. From 3° and 4° we then 
find that ugo§” = vho§” and ygBdo$” = vhBdo§” = 0. Hence the measures 

(n) 


uA = yA and »'A = vhA are equal for all cells o;"’ and are zero for their 
boundaries. Now from 1° it follows that any open set G can be represented as 


the union of a sequence of non-overlapping cells o{”, say G = > o,. Then, 


s=1 
since the intersection of any two cells o, has measure zero with respect to y’ 
SS 
" The cells will all be dyadic cells, but not necessarily of the same subdivision. 


i use the vector notation | z — y | to denote the euclidean distance between points 
TZ and y. 
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[2] i 2) 
and v’, we have w/G@ = Do u'c, = >, vo. = v'G. Hence p’* and p'* agree for 
s=1 


s=1 
all open sets, and therefore for all sets. Thus u*A = v*hg™'A for every set, and 
the lemma is proved. 

Theorem 2 follows at once on taking v = m. 

In the proof of Lemma 7 it was remarked that in that case the automorphism 
could be chosen so as to involve only a single coordinate. A simple refinement 
of the proof of Lemma 9 shows that the automorphism there obtained may be 
taken to be a finite product of automorphisms each of which involves only a 
single coordinate. The final automorphism in Lemma 11 is obtained by com- 
posing such automorphisms and then passing to the limit. Thus it is possible 
to assert that the correspondence of the two measure functions can be effected 
by an automorphism that can be approximated uniformly by finite products of 
automorphisms each of which involves only a single coordinate. This remark 
is of interest in view of the fact that it is still an open question whether an 
arbitrary automorphism of R can be so approximated.” If true, this would 
furnish a strong inductive method for proving topological theorems. 

Since the transformation can always be effected by an automorphism that is 
special at least to the extent of leaving the boundary fixed, and perhaps in 
other respects, as indicated in the last paragraph, it is natural to inquire whether 
it would suffice to consider only differentiable automorphisms, or ones whose 
modulus of continuity is otherwise restricted. That this is not the case may be 
seen as follows. 

Consider the r-dimensional unit cube and let h be a radial contraction that 
leaves the boundary fixed and takes each concentric cube with edge length 


2d < } into the one whose circumscribed sphere has radius 6 = e 4, and let 
uA = mh A. Then the u-measure of any sphere about the center with radius 6 


os 1\" 

< e ‘is greater than the Lebesgue measure of a sphere with radius d = (iog i) . 

Hence any automorphism that takes u» into m must have a modulus of continuity 
—1 

at the center greater than (1og ‘) . But this function dominates any of the 


form Cé*, a > 0, and so the automorphism cannot be differentiable at the 
center, nor can it satisfy even a Lipschitz or Hélder condition there. 


III. Proor or THEOREM 1 


In Part I, the proof of Theorem 1, as regards category, was reduced to Lemma 
5, except for an assumption in the proof of Lemma 3 which has now been re- 
moved. Lemma 5 is an approximation theorem. To prove it, it will be neces- 
sary to devise methods for modifying a given transformation so as to secure 
control over the distribution of the images of a certain closed set. We shall do 





* Problem proposed by one of us in Fund. Math. 24 (1935) 324. 
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this in three main steps. In §5 it is shown how a transformation can be modified 
so that it will have a periodic point with images equally distributed among the 
cells of a given dyadic subdivision. In §6 a lemma is derived which, in effect, 
enables one to obtain a periodic Cantor set, starting with only a periodic point. 
These two constructions are combined in §7, and the final step consists in an 
equivalence transformation which expands the Cantor set to one having the 
required amount of measure. The result is that an arbitrary measure-preserving 
automorphism of a rectangular r-cell (or, more generally, a transformation in the 
r-cell that corresponds to a measure-preserving automorphism of another poly- 
hedron as described in Lemma 4) can be modified so that the resulting trans- 
formation is measure-preserving and has a periodic Cantor set whose images 
carry a prescribed fraction of the total measure and are equally distributed 
among the cells of a given dyadic subdivision. All modifications are effected by 
left and right multiplication with automorphisms that leave the boundary fixed. 
Thus Lemma 5 is established, and therefore Theorem 1. In §18 it will be shown 
that for automorphisms in M,[R] one can obtain still more precise approximation 
theorems. 


5. Lemmas Concerning Distribution of Finite Sets 


Lemma 12: Let p, q be any two interior points of a rectangular r-cell R, r = 2. 
There exists an automorphism T ¢ My[R] such that Tp = q. 

Observe first that there is no difficulty in defining an automorphism g that 
carries p into qg and leaves BdR fixed. Most simply, join p to the vertices of R 
and map the resulting cell complex affinely onto the similar complex obtained 
from g. Thus the only point to the lemma is to show that the transformation 
can be effected by a measure-preserving automorphism. It is possible to do this 
directly by a construction involving displacements around closed tubes, but a 
more elegant proof is based on Theorem 2. Let g be the automorphism just 
defined, and consider the outer measure 4*A = m*g ‘A. By Theorem 2, there 
exists an automorphism h ¢ Ho[R] such that u*A = m*hA. By Corollary 4, h 
can be so chosen as to leave q fixed, in fact it may leave a line segment through 
q fixed. The composed automorphism hg then carries p into g, leaves BdR 
fixed, and since m*hgA = u*gA = m*A we see that hg « Mo[R]. 

Lema 13: Given two sets of points pi, --- , Pw; i, +++» Qn, each consisting 
of N distinct interior points of a rectangular r-cell R, r = 2, and | pi — qi| < «, 
there exists an automorphism T ¢ M,[R] such that Tp; = ai, = 1,---, N, and 
AT, I) <«. 

In effect, the lemma asserts that any two finite sets of interior points that 
could possibly be equivalent under automorphism are equivalent under a meas- 
ure-preserving automorphism whose norm is no large: thon it need be. Let L; 


denote the straight line segment joining p; to g;. Then L; 1s contained in the - 


interior of R. Suppose first that these segments are all disjoint. Then we can 
enclose each in the interior of a rectangular r-cell o; so chosen that the cells 
‘1, +++, oy are disjoint and each has diameter less than «. By the previous 
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lemma, we can find an automorphism 7’; of each cell o; which preserves measure 
and carries p; into g;. Since these automorphisms leave the boundary of each 
cell o; fixed, they can be extended to an automorphism T of R by defining T 
equal to 7’; in each cell o; and equal to the identity elsewhere. Since 7 only 
permutes points within each cell, it moves no point by more than e, and so 
p(T, I) < «. In case any of the segments L; intersect, we shall join each p; 
to qi by a chain of k + 1 points pj = pio, Pi, --- , Pix = Qi in such a way that 
| pi,z — Pi,j41 | < €/k and such that for each 1 S j S k the segment L;; joining 
Pi,j-1 to pi,; are disjoint. This can always be done; in fact, unless two of the 
segments L; intersect in a point that divides each in the same ratio, it will suffice 
to take the points p;; as the points that divide L; into k equal segments. In the 
exceptional case a slight displacement of some of the intermediate points will 
make the segments 1;;, --- , Ly; disjoint and will not disturb the inequalities 
| Li; | < ¢/k. By the argument just given above, we can find an automorphism 
T; of norm less than e/k such that T ;pi,;1 = pi,;,7 = 1,---,N. Hence the 
composed transformation T = 7,7; --- JT; will carry each p; into g;. Fur- 
thermore, it will have norm less than e, because the product of k transformations 
whose norms are less than e/k always has norm less than e, as may be deduced at 
once from the triangle inequality. 

Lemma 14: In a rectangular r-cell R, r = 2, let D be a set with measure equal 
to mR. Let U; denote the operation of ‘‘taking the 6-neighborhood with respect 
to D,” so that U;A means the set of all points in D at distance less thané from A. To 
each 6 > 0 corresponds a positive integer with the following property: If T is any 
1:1 measure-preserving transformation of D onto itself and p is any point of D 
then (TU;)\p = D. 

It is to be emphasized that \ depends only upon 6 and the dimension number 
r, is independent of the transformation T and of the set D. The transforma- 
tion need not be assumed to be an automorphism, although it will be in the only 
application we shall make. 

Essentially, the proof consists in the observation that the composite operation 
TU, operating on any non-void set either increases its measure by at least a 
certain minimum amount or else yields the whole domain D. The important 
thing is to obtain a uniform estimate of this minimum amount. 

The integer \ is determined as follows. Let » be the minimum volume of 
the intersection of the 6-neighborhoods of any two points of R at distance 6 
apart. This number 7 is not simply the common volume of two such spheres, 
because when the two points are near the boundary of R part of the intersection 
of their é-spheres may fall outside R. However, we are concerned only with 
the fact that 7 > 0, and a lower bound to 7 is furnished by the number V/2’;, 
where V is the r-dimensional volume of a sphere of radius 6/2. This is because 


’ the intersection of the 6-neighborhoods of any two points at distance 6 certainly 


contains the 6/2-neighborhood of the point of R midway between them, and 
the minimum volume of the 6/2-neighborhood of any point of R is V/ 2", that 
being the volume of the 5/2-neighborhood of a vertex of R. We shall take for \ 
the least integer greater than mR/n. 
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Now consider the composite operation TU;. We shall show that ) iterations 
of this operation, starting from any point of D, yields the whole of D. For 
let us suppose that (7'U, s)‘p is not equal to D, and consider any integer n,0 <n < 
\. The set (7'Us)"p is then not 6-dense in D, and so there is a point g in R whose 
distance from it is exactly 6. Let q’ be a limit point of the set (71U;)"p at dis- 
tance 6from g. The operation U; applied to the set (7'U;)"p therefore adjoins 
at least the common part in D of the 6-neighborhoods of g and gq’, and therefore 
increases the measure of the set by at least ». That is, mU;(TU;)"p = 
m(TU;)"p + . Hence, recalling that T preserves measure, m(TU;)""'p = 
m(TU;)"p + ». This being true for n = 0, 1, ---, A — 1, it follows that 
m(TU;)‘p = An, which is impossible, since by definition An > mR. 

Lemma 15: Let T be any measure-preserving automorphism of a set D contained 
in the interior of an r-cell R, r = 2, withmD = mR. There exist arbitrarily small 
measure-preserving automorphisms S, , S2 ¢ Mo{[R] such that under the transforma- 
tion SoS;T'Sz’ the centers of the cells of a certain arbitrarily fine dyadic subdivision 
of R undergo a cyclic permutation. 

This lemma is in a sense the key to the present problem. It enables one to 
gain control over the successive images of a certain point, in fact, it secures their 
equal distribution among the cells of a certain dyadic subdivision. Since the 
proof is somewhat involved, it may be well to sketch the idea in advance. 
It is first shown that one can find points p; , -- - , px whose first L images under 7' 
constitute a set which is “nearly” uniformly distributed among the cells of a given 
dyadic subdivision. This much is deduced from the ergodic theorem. (This 
is the only place in the entire proof of Theorem 1 where the ergodic theorem of 
Birkhoff is used.) But some of the points of this set may coincide. The next 
part of the proof consists in modifying 7 by composition with a small trans- 
formation S, to secure that a similarly distributed set of points are all distinct 
and also are linked together to form a single cycle. In joining the chains to- 
gether, it is necessary to add more points, but it is secured that only a “few” 
points are added. The result is that under S,7' there is a cycle consisting of 


points q, --- , g, of which KL are distributed exactly like the first L images of 
Pi, +++, px. It is further secured that the number s is equal to the number 
of cells in a finer subdivision, and that the points q, --- , gs are sufficiently 


nearly uniformly distributed that they can be set in correspondence with the 
centers of the cells of this finer subdivision in such a way that corresponding 
points are close together. By a final transformation S: the points q, --- , % 
are carried into these centers, so that the latter constitute a cycle under S2S,7'S: J 

Proceeding now to a more precise formulation of this proof, let 6 be an arbi- 
trary positive number, and let o,, --- , ov be the cells of a dyadic subdivision 
With diameter less than 6, say N = 2°. Let them be numbered in such a way 
that o; has at least one vertex in common with gin1,1 S%t<N. This is easily 
seen to be possible. Let f:(p) be the characteristic function of the interior 


ae . 1le< , 
of o;. The ergodic theorem asserts that the limit fi(p) = lim 7 DIT p) 
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lemma, we can find an automorphism 7’; of each cell ¢; which preserves measure 
and carries p; into g;. Since these automorphisms leave the boundary of each 
cell o; fixed, they can be extended to an automorphism 7 of R by defining 7 
equal to 7’; in each cell o; and equal to the identity elsewhere. Since T only 
permutes points within each cell, it moves no point by more than e, and so 
p(T, I) < «. In case any of the segments L; intersect, we shall join each p; 
to qi by a chain of k + 1 points pi = pio, Pi, +--+ , Pix = Qi in such a way that 
| pi,j — Pi,in1 | < €/k and such that for each 1 S j S k the segment L;; joining 
Pi,;-1 to pi,; are disjoint. This can always be done; in fact, unless two of the 
segments L; intersect in a point that divides each in the same ratio, it will suffice 
to take the points p;; as the points that divide L; into k equal segments. In the 
exceptional case a slight displacement of some of the intermediate points will 
make the segments 1;;, --- , Ly; disjoint and will not disturb the inequalities 
| Li; | < ¢/k. By the argument just given above, we can find an automorphism 
T; of norm less than e/k such that T ;p;i,;-1 = pi,;,7 = 1,-+-,N. Hence the 
composed transformation T = 7,7; --- T; will carry each p; into qg;. Fur- 
thermore, it will have norm less than e, because the product of & transformations 
whose norms are less than e/k always has norm less than e, as may be deduced at 
once from the triangle inequality. 

Lemma 14: In a rectangular r-cell R, r = 2, let D be a set with measure equal 
to mR. Let Us; denote the operation of ‘‘taking the 6-neighborhood with respect 
to D,”’ so that U;A means the set of all points in D at distance less than é from A. To 
each 6 > 0 corresponds a positive integer \ with the following property: If T is any 
1:1 measure-preserving transformation of D onto itself and p is any point of D 
then (TUs)\p = D. 

It is to be emphasized that \ depends only upon 6 and the dimension number 
r, is independent of the transformation T and of the set D. The transforma- 
tion need not be assumed to be an automorphism, although it will be in the only 
application we shall make. 

Essentially, the proof consists in the observation that the composite operation 
TU; operating on any non-void set either increases its measure by at least a 
certain minimum amount or else yields the whole domain D. The important 
thing is to obtain a uniform estimate of this minimum amount. 

The integer \ is determined as follows. Let » be the minimum volume of 
the intersection of the 6-neighborhoods of any two points of R at distance 6 
apart. This number 7 is not simply the common volume of two such spheres, 
because when the two points are near the boundary of R part of the intersection 
of their 6-spheres may fall outside R. However, we are concerned only with 
the fact that 7 > 0, and a lower bound to 7 is furnished by the number V/ 2’, 
where V is the r-dimensional volume of a sphere of radius 6/2. This is because 


’ the intersection of the 6-neighborhoods of any two points at distance 6 certainly 


contains the 6/2-neighborhood of the point of R midway between them, and 
the minimum volume of the 5/2-neighborhood of any point of R is V/2’, that 
being the volume of the 5/2-neighborhood of a vertex of R. We shall take for A 
the least integer greater than mR/n. 
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Now consider the composite operation TU;. We shall show that \ iterations 
of this operation, starting from any point of D, yields the whole of D. For 
let us suppose that (7'U 3) ‘p is not equal to D, and consider any integern,0 Sn < 
\. The set (7’Us)"p is then not 6-dense in D, and so there is a point ¢ in R whose 
distance from it is exactly 6. Let q’ be a limit point of the set (7U;)"p at dis- 
tance from g. The operation U; applied to the set (7'U;)"p therefore adjoins 
at least the common part in D of the 6-neighborhoods of g and gq’, and therefore 
increases the measure of the set by at least ». That is, mU;(TU;)"p = 
m(TU;)"p + . Hence, recalling that T preserves measure, m(T'U;)"**p = 
m(TU;)"p + ». This being true for n = 0, 1, ---, A — 1, it follows that 
m(TU;)p = dn, which is impossible, since by definition \n > mR. 

Lemma 15: Let T be any measure-preserving automorphism of a set D contained 
in the interior of an r-cell Ry r = 2, withmD = mR. There exist arbitrarily small 
measure-preserving automorphisms S, , S2 ¢ Mo[R] such that under the transforma- 
tion SoS;T'Sz° the centers of the cells of a certain arbitrarily fine dyadic subdivision 
of R undergo a cyclic permutation. 

This lemma is in a sense the key to the present problem. It enables one to 
gain control over the successive images of a certain point, in fact, it secures their 
equal distribution among the cells of a certain dyadic subdivision. Since the 
proof is somewhat involved, it may be well to sketch the idea in advance. 
It is first shown that one can find points p; , - - - , px whose first L images under T 
constitute a set which is “nearly” uniformly distributed among the cells of a given 
dyadic subdivision. This much is deduced from the ergodic theorem. (This 
is the only place in the entire proof of Theorem 1 where the ergodic theorem of 
Birkhoff is used.) But some of the points of this set may coincide. The next 
part of the proof consists in modifying TJ by composition with a small trans- 
formation S; to secure that a similarly distributed set of points are all distinct 
and also are linked together to form a single cycle. In joining the chains to- 
gether, it is necessary to add more points, but it is secured that only a “few” 
points are added. The result is that under S,7 there is a cycle consisting of 


points q:, --- , gs of which KL are distributed exactly like the first L images of 
Pi, +++, px. It is further secured that the number s is equal to the number 
of cells in a finer subdivision, and that the points qi, --- , qs are sufficiently 


nearly uniformly distributed that they can be set in correspondence with the 
centers of the cells of this finer subdivision in such a way that corresponding 
points are close together. By a final transformation S: the points q, --- , 
are carried into these centers, so that the latter constitute a cycle under S2S,7 Sz J 

Proceeding now to a more precise formulation of this proof, let 6 be an arbi- 
trary positive number, and let o;, --- , ow be the cells of a dyadic subdivision 
with diameter less than 6, say N = 2°. Let them be numbered in such a way 
that o; has at least one vertex in common with inn, 1 S21<N. Thisis easily 
seen to be possible. Let f:(p) be the characteristic function of the interior 


; le > 
of o;. The ergodic theorem asserts that the limit fi (p) = lim - DIT ?) 
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exists for almost all p, and that [ fi (p) dm(p) = [ Sip) dm(p) = 1/N, provided 


we suppose that mR = 1. We shall show first that we can select a finite set of 
points p, ---, px such that the average of —- of the — fi (p) over this 


Mp me (Pe) — n| <7. Here » may 


be any positive number, but for our purpose - will suffice to take 7 = 1/N*. Let 
J be an integer greater than 2/n, and for each set of positive integers 7,, -.. 
—1 
J 


fi(p) < "i for all integers1 Sj SN. Let pi,...iy be any point of Aj,...;,, pro- 


set is nearly equal to its integral, that is, 





» ty 


< 





not exceeding J let Ai,...iy denote the set of points p in D such that 4 


vided this set has positive measure, otherwise undefined. Then, since on A;, 

the functions fi *(p) differ from f; (pi,..-iy) by not more than 1/J, we ‘td 
|1/N — >’ f; (Di, ..-iy)+MAi,..-iy | S 1/J < n/2, where >>’ denotes summation 
over all sets of indices 2,, --- , 77 such that mAj,...iy > 0. Now let rj,...iy be ra- 
tional numbers such that |1/N — >’ f7 (pi,..-iy)Tiy---iy | < 9/2 and  riy.eiy = 
1. Such numbers exist, since }>’ mAj,...iy = mR = 1. Let K be a common 
denominator of all the numbers 7;,...:y, and select Kr;,..:;, points from each set 
Aj,...iy that has positive measure. Call these points p1, ---, px. Then we 
have 


DL fF Diy ig Tig sig — a 2Bf (px)| S 7 b < n/2 


K 
and therefore |1/N — 1/K >- f; (ps) | <2,j =1,---, N. We may suppose 
k=1 


the points p; , --- , Px so chosen that no image falls on the boundary of a cell o;, 
since this means avoiding ye a set of measure zero in making the selection. 


Recalling that f; (p,) = lim — +> fi(T’px), we see that for all sufficiently large n 


a 








we have |1/N — KY? Y Si(T"ps) <n,j = 1, ---, N. Hence for all 
sufficiently large n we rode rth 

. 2( + 1) 1 

V7 Rey Lup] +74) <, (1) 





where ) is the integer corresponding to 6 determined in Lemma 14. Let L 
be such a value of n, and in addition let it be so chosen that for some integer 
B > a we have 2” — K < K(L +) < 2”. Such a number L can be found 
since the numbers K(n + ) include all multiples of K greater than some number. 
If we let s = 2” and K, = s — K(L +2), then0 < Ki < K. 

We now proceed to select s distinct points g,, --- , g: from D in such a way 
that Tq; is within distance 6 of gi41, 1 < i S s, (letting g.41 = q), and such that 
KL of these points are interior to the same cells ¢; as corresponding points 
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Tmn,1<vSL,15% = K. To secure this, we proceed step by step as 
follows. Take g = Tp... For 1 <i S L, take q; in the same cell as T*p, 
and such that Tq; is in the same cell as T**’p,. By Lemma 14 applied to 7, 
q. ¢ (1 'Us)*px. Hence Tqz ¢ Us(T™'Us)'p2. Choose guy: in (T~'Us)"ps 
within distance 6 of Tgz. For1 <i S A — 1, take qui; € (T"Us)* ‘pe within 
distance 6 of Tqz4ir+. Then Tqz4,-1 is within distance 6 of pe. Take gzusa 
within distance 6 of Tqz4,-. and such that Tq: is in the same cell as T'pe. 
For 1 < i S L, take qz4,+: in the same cell as 7*pe and such that T9z404; is in 
the same cell as 7***pe. The next d points are then chosen to lead up to ps, 
similarly to the way in which gz,;, 1 S 7 S X, were chosen leading up to pe. 
Eventually, the point q(x-»(1+)+z is chosen in the same cell as T’px. We 
then close the cycle by a chain of \ + K;, points (instead of \ points as in the 
preceding cases) in order to get a cycle with exactly s points. This can be done 
since (x-1)(L4+))+L € (T7"U;)**"p,. At the last step we have q.-1 « T” Usp 
and choose g, near enough to p; so that it is within distance 6 of Tq,-; and so 
that Tq, is within distance 6 of g:. = 7'p,. At every step the point to be selected 
can be chosen arbitrarily from an open sphere with respect to D. Hence there 
is no difficulty in avoiding points previously chosen and thus securing that the 
points q1, --- , gs are distinct, and therefore also the points Tq, ---, Tq. 
We see that the KL points qi , go, +++ ,QzQitntty °°» Qrpneny *** MR —DLHW 4H) 
+++, Qcx-)(L4a) +n are respectively interior to the same cells o; as the points 7'p, , 
T’n, ---, T’py, Te, +++, Tp, «+, Tpx, +++, Tp. Finally, it is seen that 
gi+1 18 always within distance 6 of 7'q;, since they either lie in the same cell, or were 
specifically chosen so as to be within this distance. 

In virtue of Lemma 13, we can find an automorphism S, e M)[R], with norm 
less than 6, which carries Tq; into gi4:, 1 S 7 S s. Under the composed trans- 
formation 8,7’ the points g, --- , g. thus form a single cycle. Furthermore, 
since KL of these lie in the same cells as corresponding points T’p, , it follows 
that 
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From equation (1) it follows that this is less than 7, because 


s— KL, KX+Ki _ K+ Ki) < 2K(\ + 1) 2(A + 1) 
3 ee 8 = K(L+)\)+ Ei bees 


Hence the relative number of points g1, --+ , Qe. in any cell o; differs from 1/N 
by less than 7 = 1/N*. Let us now re-number the points qi, --- , ge counting 
first all those in o,;, then those in «2, and so on. Call the resulting sequence 
Ms, @,-++,g,. Let gi, ge, --+, qe be the centers of thes = 2” cells of the 
6-th dyadic subdivision, again counting first those in o; , then those in o2 , and 
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so on. We shall show that corresponding points q: and qs always lie either 
in the same cell o; or in adjacent cells. The number of points q; in any cell o; 
differs from s/N by less than s/N’. re the indices > the points g; that lie 
(j — 1)s js 
N -* 2 8 wl + i ce 


, the limits of the indices of points q; lying in 


in a; fall between the limits which are contained 


(j oe ie Sat 
Tj, Gis and oj4:. Since these are adjacent cells, the distance from q; to q; 
is less than 26, and by Lemma 13 we can find an automorphism S Mik] 
with norm less than 26 which carries g; into q: ,1 <is-s. The points q; then 
constitute a single cycle under the transformation S2S,7'Sz'. Since S; and S, 
are both arbitrarily near the identity, the lemma is established. 


between 


6. Equivalence of Cantor sets under automorphism of the containing space 


Lemma 16: Let C be a linear Cantor set“ contained in the interior of an r-cell oo , 
which in turn is contained in an r-cell R, r 2 2, and let f be a homeomorphism of 
oy onto a subset of R. There exists an automorphism h of R that leaves the boundary 
fixed and carries fC back into coincidence with C in such a way _ hfp = p for 
every pin C. 

The lemma implies that any topological Cantor set C’ contained in the interior 
of R is equivalent under automorphism of R to a linear Cantor set C provided 
some homeomorphism of C onto C’ can be extended to an r-cell containing C. 
It should be remarked that such an extension is not always possible even when 
one of the sets is linear, as is shown by Antoine’s example in the 3-dimensional 
cube (See footnote 15). 

The first step in the proof consists in showing that if o; and oe are disjoint 
r-cells contained in the interior of oo, there exists an automorphism h ¢ H)[R] 
such that hfo, C o; and hfoz C o2. This may be seen as follows. Let pi , pe 
be the centers of o1 , o2 respectively. Then fp; , fp are distinct interior points 
of R, and we can find an automorphism h; e Ho[R] which carries them back into 
Pi, P2 respectively. Then hf is a homeomorphism of oo onto a subset of R 
which leaves Pi, Pa fixed. By continuity, there exist r-cells 1 , 2 about Pi, Pe 
such that Myfor C o1 and Infos C on. Let g € Holoo] be such that go. C oi and 
go2 © oz. Such an automorphism is easily defined by dividing oo into two 
cells containing o; , o2 in their interiors and then drawing the interior points of 
each part toward p; , pe respectively. The homeomorphism Mfg then carries 01 
and g2 into subsets of themselves. Now consider the transformation h, of K 
equal to fgf* in foo and equal to the identity in the rest of R. That he is an 
automorphism of R follows from Brouwer’s theorem on invariance of region.” 
According to this theorem, fo» is a closed region, that is, the closure of a connected 
open set, and interior and boundary points of oo correspond respectively to 





* That is, a topological Cantor set contained in a straight line segment. 
% See e.g. AH p. 396. 
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interior and boundary points of foo. Hence fof is an automorphism of foo 
that leaves all boundary points fixed, and can therefore be extended to the rest 
of R by defining it equal to the identity outside. The automorphism h = hyhe 
belongs to Ho[R] and hf carries o; and g into subsets of themselves, as required. 

Now let us choose a family of r-cells o;,...:, 521, +++ ,in = 1,2;n = 1,2,.---; 
contained in the interior of oo , so as to fulfill the following conditions: 

1° For each n, the cells o;,...;, are disjoint. 

2° o;,...i, is contained in the interior of o;,...:,-, . 

3° The diameter of oi,...;, tends to zero with 1/n. 


C= II Zz a a 


nal iy°°°t 
Such a representation of any linear Cantor set is immediate from its definition. 
We have shown that there exists an automorphism h; ¢ Ho[R] such that hifo; C o; 
and hifoz C o2. Similarly, let he be an automorphism of F that is equal to the 
identity outside o; and o2 and such that hehifoi,i, C oi,i,; 11, 72 = 1, 2. This 
involves only an application of the previous result to the two cells 0: , o2 sepa- 
rately. At the n-th stage, we find an automorphism h, ¢ Ho[R] which is equal 
to the identity outside the cells o;,...;,_, and is such that AnAn+--+ mfoi,...i,C 
gi,...;,- The successive products h»hn+ --- hi converge uniformly, in virtue 
of condition 3°, and therefore have for limit a continuous mapping h of R onto 
itself. That h is likewise 1:1 may be seen as follows. Consider two distinct 
points p, g outside fC. They are outside the sets fo;,...;, for some n. Hence 
their images under h are the same as under the finite product h, --- h;, and 
therefore distinct and outside C. On the other hand, h carries distinct points 
of fC into distinct points of C. In fact, h is equal to f* on fC, because 
hfo;,...;, © oi,...%, and therefore hf leaves every point of C fixed. Thushisa1:1 
continuous map of R onto itself, therefore an automorphism, and it leaves 
boundary points fixed since it is equal to h; there. Furthermore, we have just 
seen that hfp = p for all p in C. 

Before proceeding with our main investigation, which will be resumed begin- 
ning with Lemma 17, we shall digress to consider the bearing of the present 
lemma on the work of Antoine.” Given two Cantor sets C and C’ situated in a 
euclidean space EB” three possibilities are conceivable: (i) there is a homeo- 
morphism of C onto C’ that can be extended to the whole space; (ii) there is a 
homeomorphism that can be extended to a neighborhood of C but none can be 
extended to the whole space; (iii) no homeomorphism can be extended even to a 
neighborhood of C. Antoine showed that in the plane only case (i) can arise, 
indeed that the homeomorphism can be taken equal to the identity outside any 
given rectangle to which C and C’ are interior. But he showed by examples 
that in 3-space (and therefore in r-space, r > 3) all three possibilities can arise, 
and that case (iii) can be realized even when one of the sets is linear. In his 


example illustrating case (ii), however, both sets are skew. We shall show 
NS 


* See footnote 15. 
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that this is necessarily the case, that is, that if either of the sets is plane or linear 
case (ii) cannot arise in any space E®. More precisely, the result is as follows. 

Corouuary: If C and C’ are Cantor sets contained in E, r = 2, and C is plane 
or linear then C and C’ are equivalent under automorphism of E“ if and only if 
some hameomorphism of C onto C’ can be extended to a neighborhood of C. If f 
is any homeomorphism of C onto C’ that can be extended to a neighborhood of C then 
f can be extended to E” in such a way that it is equal to the identity outside any given 
rectangular r-cell to which C and C’ are interior. 

Only the second assertion need be proved since it obviously implies the first. 
We shall consider first the case in which C is linear. Let & be the given rectangu- 
lar r-cell containing C and C’ in its interior and let f; be an extension of f to an 
open set G containing C. We may suppose that both G and f,G are contained 
in R. Using the Heine-Borel theorem we can find a finite number of disjoint 
rectangular r-cells Ri, --- , Ry contained in G whose interiors cover C. Let 
p: be the center of R;. Then fim, --- , fipw are distinct interior points of R 
and by Lemma 13 there exists h; ¢ Ho[R] such that difip: = pi. Let o; be an 
r-cell about p; so small that ifio; Cc R;, and let o; be an r-cell interior to R; 
and containing CR; in its interior. Let g be a shrinking transformation of the 
interior of each cell R; such that go; C o; and such that g leaves boundary points 
of R,, --- , Ry fixed. Then Aifig is a homeomorphism of each o; onto a subset 
of R;. By Lemma 16 applied to each cell R; there exists he ¢ Ho[R] such that 
hefig is equal to the identity on C. From the theorem on invariance of region 
it follows as before that the transformation /» equal to figfi infiRi + --- +fiky 
and equal to the identity elsewhere is an automorphism, and it evidently belongs 
to Hy[R] since iG C R. Hence h = hehiho is in Ho[R] and hfp = hhfgp = p 
for every pin C. Therefore h* is an extension of f to R, and it may be defined 
equal to the identity outside R. 

It remains to consider the case in which C is plane but not linear. Let & 
be a rectangular r-cell containing both C and C’ in its interior and let C” be a 
linear Cantor set in the same plane as C and likewise interior to R. Antoine 
has shown that there is an automorphism of this plane that carries C into C” 
and is equal to the identity outside R. This automorphism can be extended to 
E in such a way that it is still equal to the identity outside R. This can be 
done conveniently by projecting the transformation from two points in R on 
opposite sides of the plane in which C lies, then projecting again from two points 
in R on cpposite sides of the 3-space in which the transformation is already 
defined. After r — 2 steps the desired extension is obtained. Thus we have 
an automorphism h ¢« H)[R] that carries C into C’’. The transformation fh” 
is a homeomorphism of C’’ onto C’ that can be extended to a neighborhood of 
C”’. Since C” is linear there exists an automorphism g ¢ Ho[R] equal to fh” 
on C”, as we have already shown. The automorphism gh is therefore equal to 
f on C and it can be defined equal to the identity outside R. 

Lema 17: If the given homeomorphism f in Lemma 16 is measure-preserving 
then the automorphism h can also be taken to be measure-preserving. 
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Let h be any automorphism fulfilling the requirements of Lemma 16. In R 
consider the measure function uA = mh'A. Then uC = mh 'C = mfC = 0, 
since f is now assumed to be measure-preserving. Let L denote a line segment 
containing C and contained in the interior of R. It is possible that ul may be 
positive, but in that case we can displace the points of L not in C by an auto- 
morphism g;: ¢ Ho[f] so chosen that wil = 0 and gp = pforpeC. Then 
consider the measure 4:4 = ugi:A = mh 'g,A. This is an r-dimensional LS 
measure and in addition w4,L = 0. Hence, by Theorem 2 Corollary 4, there 
exists an automorphism ge ¢ Ho[R] such that 4A = mgeA and gop = p for p e L. 
Thus we have mh 'g,A = mg2A for all A C R, that is, mgogiy'hA = mA. Hence 
gogi h is measure-preserving, and since both g; and gz leave the points of C fixed 
the measure-preserving automorphism 7’ = gogj;'h fulfills the requirements of 
the lemma. 


7. Proof of Lemma 5 


Lemma 18: Let Ro be the interior of a rectangular r-cell R, r = 2, and let T be a 
measure-preserving homeomorphism of an open set G < Ro onto an open set TG C 
Ry , where mG = mR, and let o, , --+ , ow be the cells of any given dyadic subdivision. 
There exist arbitrarily small automorphisms h, , he € Ho[|R| such that hiThe is a 
measure-preserving homeomorphism of hz'G onto hTG, where mhz'G = mR, 
and such that hiThe transforms a certain Cantor set C, in the following manner: 
The points of C, are all periodic with the same period; the distinct images of C, 
are disjoint and equally distributed among the cells 0, , --+ , on ; the images of Ci 
contain a prescribed fraction a < 1 of the measure of each of the cells a; . 

In the proof we shall assume mR = 1, which involves no loss of generality. 
Observe first that 7’ may be considered as a measure-preserving automorphism 
of the set D = [J T"G, —2 <n < +~, which has measure one, since it is 
the intersection of countably many sets of measure one. By Lemma 15, there 
exist arbitrarily small automorphisms S;, S2 ¢ Mo[R] such that 7; = S2S,7Sz" 
permutes cyclically the centers of the cells 71, ---, tx» of an arbitrarily fine 
dyadic subdivision, in particular, finer than the given subdivision 0, --- , ow. 
Now consider 7; to have domain S,G, and let 7 C 7; be an r-cell about the center 
of 7 so small that its first KN images under 7, are defined and respectively 
interior to 72, 73, +++, Tew, 71- Let C be a linear Cantor set interior to r. 
Since 77” is a measure-preserving homeomorphism of 7 onto a subset of 71, 
by Lemma 17 there exists an automorphism S; ¢ Mo[7:], which we define equal 
to the identity outside 7, , such that under T, = S37; the set C is brought back 
to coincidence with itself. Under 72 the points of C are all periodic with period 
KN, and there is one image of C in each of the cells 7;, --- , rxw. Now intro- 
duce a measure wu in C by mapping it onto a linear Cantor set with measure 
1/KN, and extend this measure to the images of C by the transformation 7: . 
Then y; will be a normalized measure invariant under 7; such that w.7; = 1/KN, 
t=1,-..,KN. Since T2 preserves both measures ; and m, it will also preserve 
the measure uA = (1 — a)mA + aA. It is easily verified that y* fulfills the 
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conditions of Theorem 2; with respect to each of the cells 7;. Hence there exists 
an automorphism h e H)[], which transforms each cell 7; into itself, such that 
u*A = m*hA forall AC R. Hence 7; = hT2h* will preserve Lebesgue meas- 
ure, and the Cantor set C; = AC will be periodic under T;3 , will have one image 
in each cell 7; , and this image will contain the fraction a of the measure of 7;. 
Hence the images of C; under 73 are equally distributed among o;, --- , cy, 
and contain the fraction a of their measure. Expressing 7; in terms of 7’, we 
have T; = hS;S:S:7Sz'h. The automorphisms S, and S, could be taken 
arbitrarily small, and S; and h have norms no greater than the diameter of the 
cells +;. Hence 73 is of the required form h:Thz , where h; and he belong to 
H{R] and are arbitrarily small. It should be noted that 7; is measure-pre- 
serving even though h; and he are not. 

Taking a = 3, it is evident that Lemma 18 implies Lemma 5, in fact the 
periodicity of the set C, is for this purpose superfluous. 


8. The Borel class of the set of metrically transitive automorphisms 


To complete the proof of Theorem 1, it only remains to show that the set of 
metrically transitive automorphisms is G; in M[E, uw]. This is most easily done 
by utilizing what amounts to a necessary and sufficient condition for metrical 
transitivity, rather than the definition itself. Consider the space Le of functions 
quadratically integrable over ZH. Any automorphism 7 « M[E, yu] induces a 
unitary transformation Uf(x) = f(Tx) of Lz , as is well-known.” Letf,, fo, --- 
be a sequence of continuous functions dense in Lz. Let E(i, j, n) be the set of 
all 7 in M[E, yu] such that 


I, E D Hr"2) — fi »] de< ; 


where (f;, 1) denotes the number i fi(z) dz. This set is open in M[Z, ul. 
E 


For suppose T; , k = 1, 2, --- , belongs to the complement of E(i, j, n) and that 
po(T,,T)—-Oask— «. The integrand converges boundedly to the limit and 
so T also belongs to the complement. Now, the set M, of metrically transitive 
automorphisms is represented by 


() 


M, = I I > E(i, j, n). 
t=1 j= r= 
For if 7 is metrically transitive it will belong to E(7, j, n) for all sufficiently large 
n, in virtue of the mean ergodic theorem of von Neumann.” On the other hand, 
if T is metrically intransitive there exists an invariant function ¢ not constant, 
namely, the characteristic function of an invariant set with measure inter- 





*7 B. O. Koopman, Hamiltonian systems and transformations in Hilbert space. Proc. 
Nat. Acad. USA. 17 (1931) 315. 

8 J. von Neumann, Proof of the quasiergodic hypothesis. Proc. Nat. Acad. USA. 18 
(1932) 70. 
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mediate between zero and wE. Let d denote the distance in Lz from gtothe 
axis of constant functions, and choose 1/j < }d°. Choose f; from the sphere of 
radius d/2 about y. Since ¢ is a fixed point under U, and U is unitary, all images 


n—1 


of f; under U also lie in the sphere, and therefore also all averages = > fi(T"2). 
v=0 


n—l 
For no n does 7’ belong to E(2, j, n), because the distance from = p f(T’) to 
v=) 


the constant function (f;, 1) is always at least d/2, and therefore the squared 


distance is greater than 1/7. 
This representation of M, evidently exhibits it as a G,; set in M[E, yu]. 


IV. MetrricaLtty TRANSITIVE FLows 


9. Existence Theorem 


The results concerning metrically transitive automorphisms contained in the 
preceding sections make it possible to set up a general procedure for defining 
metrically transitive continuous flows.” By a continuous flow we shall mean a 
one-parameter group of automorphisms 7,, —« < A < +, of a space E 
such that T\z is continuous in x and X, and such that 7),, = 7,7, and T> = I. 

TueorEeM 3: Let E be a regularly connected polyhedron of dimension r 2 3, 
and let » be any r-dimensional Lebesgue-Stieltjes measure in E. There exists a 
continuous flow in E which is metrically transitive with respect to u, and which leaves 
all singular points of E fixed. 

It is sufficient to define a continuous flow in a rectangular r-cell which leaves 
the boundary fixed and is metrically transitive with respect to ordinary Lebesgue 
measure. Because the image of such a flow under the map defined in Lemma 3 
will be a continuous flow in E, in virtue of Lemma 4, and metrically transitive 
with respect to yu. 

We first define a flow in a space Q, defined as follows. Let B denote the 


\' — 1)-dimensional unit cube and introduce in it a measure vA = | S(p) dp, 
A 


where the integral is an ordinary (r — 1)-dimensional Lebesgue integral and f(p) 
is a continuous function positive over the interior of B and tending to infinity 


at the boundary in such away that [ f(p)dp = 1. Then vA isan (r — 1)-dimen- 
B 


sional LS measure in B, and by Theorem 1 there exists an automorphism 7’ 
of B which leaves the boundary fixed and is metrically transitive with respect 
tov. Consider the product space of B with the unit interval 0 S \ S 1, and 
identify points (p, 1) and (T'p, 0). In this space Q; define a flow upward along 
streamlines perpendicular to B, taking the velocity at any point to be 1/f(p), 
where p is the last intersection of the streamline with B. The velocity along a 
streamline undergoes a discontinuous change when it crosses B. Nevertheless, 





*® This is an adaptation of a standard method. See E. Hopf, Ergodentheorie, p. 41. 
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the flow defined by this velocity field is continuous, and since 1/f(p) tends to 
zero at the boundary, the boundary remains fixed. This flow preserves r-dimen- 
sional Lebesgue measure in Q,. To see this, consider any small cube interior to 
Q; with height h and base «. Until it crosses B, the segments along the stream- 
lines are rigidly translated, so that its volume is not changed. After it crosses 
B it has a new cross-section 7’c, and the length along any streamline is now 
h-f{(p)/f(Tp). The volume is therefore 


f(p) mr _ i he i 
I, f(Tp) dp= |. iT)? (p) [ im? (p) [ hdp. 


Thus, the change in velocity exactly compensates for the change in cross- 
section, and therefore the flow is measure-preserving, since a flow that preserves 
the measure of small cubes preserves the measure of all sets. To see that it is 
metrically transitive, consider any invariant measurable set. The set must be 
cylindrical, and so its intersection A with B is Lebesgue measurable and therefore 
v-measurable. Since A is invariant under 7’ its v-measure is either zero or one, 
and consequently also its Lebesgue measure. Hence the cylindrical set over it 
has Lebesgue measure zero or one. 

The space Q; in which we have just defined a flow is homeomorphic to the 
r-dimensional tube Q, that is, the product space of B with (0, 1) where points 
(p, 0) and (p, 1) are identified. To prove this, observe that since 7 leaves the 
boundary fixed, it can be joined isotopically to the identity. That is, there exists 
a continuous family of automorphisms 7, of B, 0 S » S 1, such that 7; = T 
and 7) is the identity. The correspondence (p, \) — (Typ, A) is a homeomor- 
phism of Q onto Q,. 

The r-dimensional unit cube R can be represented as the continuous image of 
Q under a map which is a homeomorphism up to the boundary of Q. This may 
be done as follows. The region of r-space defined by the inequalities 
1 S (xi + 2)’ < 2,0 < 2; < 1,7 > 2, is evidently homeomorphic to Q. The 
map defined by x; = 2x,[(aj + 23)? — 1), rg = ae[(zi + 23)’ — 1), aj = 21,7 > 2, 
is continuous and has for range the set 0 < (xj? + 2”)! < 2,0 < a; S1,i>2, 
which is homeomorphic to R. This map is 1:1 except at points where (xi + 
a)) = 1, which belong to the boundary of Q. Combining this map with an 
automorphism of R based on Theorem 2, the map from Q; to R can be made 
measure-preserving. The image in R of the flow already defined in Q, is there- 
fore metrically transitive and leaves the boundary of R fixed. From this we 
can derive a metrically transitive continuous flow in EZ, as already explained. 





10. Most general polyhedra that can support metrically transitive 
automorphisms or flows 


In the present section we consider arbitrary finite polyhedra, not necessarily 
connected or even homogeneous-dimensional, and seek to characterize those n 





“J. W. Alexander, On the deformation of an n-cell. Proc. Nat. Acad. USA. 9 (1923) 
406-407. 
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which metrically transitive continuous flows or automorphisms are possible. 
It will be seen that: a complete answer is obtained except in the case r = 2 for 
flows. 

TuroreM 4: A finite polyhedron of dimension r = 3 can support a metrically 
transitive continuous flow with respect to any given r-dimensional Lebesgue-Stieltjes 
measure if and only if its regular points form a connected set. 

If the regular points form a connected set, the closure of this set is a regularly 
connected polyhedron, and we have already seen how to construct a metrically 
transitive flow in this part. Since the flow given by Theorem 3 leaves singular 
points fixed, it can be extended to the rest of the polyhedron, which is a set of 
measure zero, by defining it equal to the identity there. On the other hand, if 
the regular points fall into two or more disjoint open sets, these will be invariant 
under any continuous flow, since if one point of a streamline is regular, all must 
be. There will therefore necessarily exist disjoint invariant sets with positive 
measure, so that no metrically transitive, or even topologically transitive, con- 
tinuous flow is possible. 

The case r = 2 is not covered by our present method of construction, and it 
appears likely that further conditions on the polyhedron are necessary in this 
case. The case r = 1 is trivial, the only possibility is for the polyhedron to be 
homeomorphic to the circumference of a circle, plus possibly some isolated 
points, the flow being topologically equivalent to a steady rotation of the circle. 
The details are left to the reader. 

THEorEM 5: A finite polyhedron of dimension r = 2 can support a metrically 
transitive automorphism with respect to any given r-dimensional Lebesgue-Stieltjes 
measure if and only if its regular components have equal measure and can be per- 
muted cyclically by an automorphism. ' 

Suppose the conditions satisfied. Let h be an automorphism that permutes 
the regular components cyclically. By Theorem 2 Corollary 3, we can modify 
h within each regular component so as to make it measure-preserving. Call 
the resulting automorphism 7’. Suppose there are n regular components, and 
let EZ, be one of them. Then 7” is a measure-preserving automorphism of F, . 
By the Corollary to Theorem 1, there exists an arbitrarily small automorphism S of 
E, such that ST” is a metrically transitive automorphism of E;, and since S leaves 
all singular points fixed, it can be extended to the rest of E by defining it equal to 
the identity outside Z,. Then ST is a metrically transitive automorphism of £, 
because any invariant set of positive measure must contain almost all points 
of E, and therefore almost all points of every regular component. Conversely, 
if there exists a metrically transitive automorphism it must permute the regular 
components cyclically, and consequently they must have equal measure. In 
fact, these conditions are necessary if there is to exist even a topologically transi- 
tive measure-preserving automorphism. 

It may be added that in the case r = 1 the only polyhedron that can support 
4 metrically transitive automorphism is one that is homeomorphic to a finite 
number of disjoint circumferences of circles of equal measure, plus possibly some 
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isolated points. In such a polyhedron a metrically transitive automorphism is 
easily defined by composing a non-periodic rotation of one of the circles with 
a cyclic permutation of the circles. The isolated points, if any, may be left 
fixed. Any other 1-dimensional polyhedron will have a regular component with 
at least one singular point. This component will be either a line segment or a 
circle with one singular point. Some power of any given automorphism will 
leave all singular points fixed and each regular component invariant, since there 
are only a finite number of each. But a measure-preserving automorphism of a 
line segment that leaves the ends fixed must be the identity, and a measure- 
preserving automorphism of a circle that leaves one point fixed must be either 
the identity or a reflection in a diameter. In none of these cases can the auto- 
morphism be metrically transitive, since a power of it will be equal to the identity 
on some regular component. 

Thus we have obtained a characterization of all finite polyhedra that can sup- 
port metrically transitive automorphisms. 

It may be remarked that although metrically transitive automorphisms may 
exist in polyhedra having more than one regular component, nevertheless 
Theorem 1 is not true for such polyhedra, because we have just seen that a 
transitive automorphism must permute the regular components cyclically, and 
therefore cannot be near the identity. However, the following generalization of 
Theorem 1 holds. In the space M[E, wu] of measure-preserving automorphisms 
of any polyhedron that can support at least one metrically transitive automorphism, 
the metrically transitive automorphisms form a residual set with respect to the sub- 
space of automorphisms that permute the regular components cyclically. One need 
only observe that in the existence proof given above it was really shown that the 
metrically transitive automorphisms are dense in this subspace. Since they 
form a G; set with respect to the whole space, they are G; with respect to the 
subspace also, and therefore residual. 


11. Transitive automorphisms in transitive flows 


In the preceding sections we have made use of a general method whereby a 
transformation can be used to define a flow in a product space. By this con- 
struction a transitive transformation gives rise to a transitive flow. But there 
is an even simpler relation connecting transformations and flows, namely, the 
individual transformations that make up a continuous flow are themselves auto- 
morphisms of the space. If even one automorphism in the flow is transitive, 
either metrically or topologically, then the flow is, because by definition a set 
that is invariant under a flow is invariant under each of the transformations that 
make up the flow. This might seem to suggest another way of deriving a transi- 
tive flow from a transformation, but the method is of little use because in general 
an automorphism cannot be embedded in a flow.’ Nevertheless, it is natural 





“| Any transformation embedded in a continuous flow must, for example, have roots of 
all orders. A simple example of an automorphism which hasn’t even a square root is the 
following. Let 7; be a rotation of the circumference of a circle through an angle r/k, 
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to inquire whether any of the automorphisms that make up a transitive continu- 
ous fow are necessarily transitive. In the case of metrical transitivity this 
question appears to be open.” It is therefore of interest to note that in the 
topologically transitive case the answer is in the affirmative, as we proceed to 
show. 

TurorEeM 6: Let T,, —2~ <A < +, be a topologically transitive continuous 
flow ina separable metric space E, and suppose there is no isolated streamline. For 
all values of , except a set of first category on the line —-~ < < +, the auto- 
morphisms T) are topologically transitive. 

Let G,, G2, --+ be a countable base for all open sets in E. Let A;,; be the 
set of values of \ such that for some positive or negative integer /; the set TG; 
overlaps G;, that is, such that G; overlaps G; under some power of 7,. The 
set A;,; is evidently open, we proceed to show that it is dense on the line 
—«o <)\ < +o. Consider any interval J and form the set of all numbers 


ky, where \ e J and k = 0, +1, +2,---. This set includes all numbers greater 
in absolute value than some number A. Form the setH = >, 7G; and con- 
|A|>A 


sider a sphere o C G so small that the set swept out by it as \ describes the 
interval -A S X S Ais not dense inG;. Any sufficiently small sphere about 
a point of G; will do since by hypothesis there is no isolated streamline. The 
set H must overlap G;, because otherwise the invariant open set swept out by 
« would not be dense in G; , contrary to the hypothesis that the flow is topologi- 
cally transitive. Hence there exist values of \ greater in absolute value than A 
such that 7G; overlaps G; , and so the set A;,; contains points of the interval J. 
Since the sets A;,; are open and everywhere dense, their intersection as 7 and 7 
run independently over all positive integers is a residual set. For any value of 
\ in this set, the automorphism 7) is topologically transitive, because if it had 
an invariant open set not everywhere dense in E there would exist a pair G; , G; 
such that no image of G; overlaps G;, and this would contradict the fact that 
\ belongs to A;,;. 


V. Some RELATED QUESTIONS 
12. Generation of Random Sequences by Automorphisms 


In the Introduction it was explained that metrical transitivity implies that 
the images of almost all points are distributed like random sequences in respect 





. . naa r T 
where k is a positive integer. Let 72 be the automorphism of the segment 0 < @ j defined 


ko \2 
by T10 = (*) , and let it leave all other points fixed. Under the automorphism T = 727’ , 


t 20 : (2k —1)x 
?)? k "“Gatares” k 
Periodic. It is clear that 7 cannot be the square of a transformation S, because a cycle 
of period 2k in T’ could arise only by the splitting of a cycle of period 4k in S, and then T 
would have two cycles of period 2k. Hence T has no square root. 

“The question was raised by H. E. Robbins. 


the points 0 form a single cycle of period 2k, and no other points are 
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to the frequency with which they fall in any given measurable set. A random 
sequence has also the property that of its first n points the number that fall 
in A differs from n-mA by something of the order of »/n. Furthermore, this 
difference oscillates in sign. Let us consider the r-dimensional unit cube R and 
take for A any dyadic cell o. Let the characteristic function of ¢ be f. The 
difference in question is then > f(T’p) — nme. Consider instead the difference 


v=l 


K->Sf(T’p) — n, where K = 1/ma is the number of cells in the dyadic sub- 
yv=1 


division to which o belongs. This latter difference is an integer, and as n in- 
creases by unity the difference either increases by K — 1 or decreases by 1. 
To pass from a positive to a negative value it must therefore pass through the 
value zero. For a random sequence this must happen infinitely: often. This 
means that a random sequence from R has arbitrarily long segments distributed 
between o and its complement in exact proportion to their measures. We 
proceed to show that there exist automorphisms of R under which almost all 
points generate sequences that share this property of random sequences with 
respect to every dyadic cell, and indeed that such automorphisms are the 
“general case.” 

TurorEeM 7: Let R denote the r-dimensional unit cube, r 2 2. There is a resid- 
ual set of automorphisms in M|R] under which almost all points p generate sequences 
distributed in the following manner: Given any dyadic subdivision, there exist 
arbitrarily large values n such that the first n images of p are equally distributed 
among ‘he cells of this subdivision. 

Let of” ees on, be the cells of the j-th dyadic subdivision, and let f be 
the characteristic function of of”. Let E(i, j, k, n) be the set of all 7 in M[R] 


such that the measure of the set A(z ,j, n, 7’) of points p for which 2) fi? (T’p) = 
y=1 


mo: is greater than 1 — $ The set E(i, 7, k, n) is open, because if 7 belongs 


to it and G, denotes the eneighborhood of the boundary of o{”, where e is so 


chosen that mG, < | ma (i,j,n, T) — (1 - :)| we have m| A , j,n, T) - 


> 6, | >i1- :- If p belongs to A(i, j, n, T) — > T’G,, then 


Tp, T’p, --- , Tp all lie outside G, , and so > f?(Tip) = do ff? (7p) for any 
y=] a) | 
automorphism 7; so near to T that p(T; , 7”) is less than ¢ for v = 1, --- , %. 


Consequently, the set A (i, j, n, 7) contains A (i, j, n, T) — >) TG, , and there- 
=1 


fore has measure exceeding 1 — 4 so that 7, belongs to E(i, j, k, n). Hence 


a 
pe Ul E(t, j, k, n) is likewise open. But this is the set of automorphisms such 


n=N i=l 


tha 
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morphism need not preserve zero sets, but we proceed to show that any auto- 
y morphism is topologically equivalent to one that does. 

Tueorem 8: Let h be any automorphism of a rectangular r-cell R (or of E“”), 
r2 1. There exists an automorphism g of R (or E) such that ghg™ preserves 
zero sets. 

Consider first the case of an automorphism of R. Define u*A = 3m*A + 


© 


J . 
| Le (m*h"A + m*h"A). Then yu is an r-dimensional LS measure in R, 


om that for some n 2 N the set of points whose images are distributed equally i 
' 1 — i 
“" among of”, --+ , oy; has measure greater than 1 — i Lemma 18 implies that ia, 
is rat 
nd such automorphisms are everywhere dense in M[R], as may be seen by taking 4 
he a>1l- + because an automorphism that has a periodic set whose images are 
ce equally distributed among os’, rey on and have combined measure a will i 
b belong to E(2, J k, n)' for any vals of n divisible by the period of the set. There- 
” fore the set II II Il > it E(t, j, k, n) is residual, since it is an intersection 
P j=l N=1 k=1 n=N i=l 
l, of countably many dense open sets. If 7° belongs to this set, then, for every 
he pair j, N, almost all points will generate sequences which have segments of length 4 . 
us greater then N that are equally distributed among the cells of the j-th dyadic ' 
ed subdivision. The intersection of these sets as 7 and N run over all positive if 
Ve integers will still have measure one, and the points of this set will have images 
ill distributed in the required manner. 
th 
a 13. Automorphisms that preserve sets of measure zero ; 
We shall say that an automorphism preserves zero sets if it has the property elie 
1- 4 that mhA = Oif and only if mA = 0. This is equivalent to requiring that hA } i 
es 3 be measurable if and only if A is measurable, because any Lebesgue measurable iy ; 
st # set is the sum of a Borel set and a set of measure zero, and therefore its image is : 14 
d the sum of a Borel set and the image of a zero set. Consequently, if A preserves . 
# zero sets it will also preserve measurable sets. On the other hand, if it does ies Te 
e not preserve zero sets either h or its inverse must take some zero set into a set TE 
] % with positive outer measure. Therefore it takes some zero set into a non- ‘ 
: measurable set, because every set with positive outer measure contains a non- Das 
measurable subset. Hence automorphisms that preserve zero sets might m bones 
, equally well be called measurability preserving. It is well-known that an auto- i } 
Tigi 
me 
1a 





and uk = mR. By Theorem 2 there exists an automorphism g such that 
wA = mgA. Evidently nA = 0 if and only if mh"A = 0 for every positive or 
negative integer n. Therefore whA = 0 if and only if wA = 0; that is, 
mghg "A = 0 if and only if mA = 0. 

Now consider any automorphism h of EZ”. Divide the space into a lattice 
i 


* Carathéodory, Vorlesungen tiber reelle Funktionen, Leipzig and Berlin 1918, p. 354. tae 8 a ) 
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of cubes R; , R2, --- and let G; be the interior of R;. Form the outer measure 


u* i fl m wAG: Be m*h-"(AG;) 
. 3 \2° mG; mG: t +e 2Qnt2 hn G; + mhG; - 


This measure is evidently zero for points and positive for non-void open sets, 
Furthermore, uk; = 1, and therefore bounded sets have finite measure, while 
uE” = +. Hence, by Theorem 2 Corollary 5, there exists an automorphism 
g such that u*A = m*gA, at least in case r = 2. The same argument as above 
then shows that ghg” preserves zero sets. In the case r = 1, the positive and 
negative half lines both have infinite u-measure, so that the proof is valid in 
this case also. 








14. Sets automorphic to zero sets 


We shall say that two subsets A and B of E“” are automorphic if there exists 
an automorphism h of E” such that hA = B. This is evidently a stronger 
notion than that of homeomorphism of the two sets. We shall obtain a simple 
characterization of sets that are automorphic to sets of measure zero. 

TuroreM 9: Let B be any subset of E, r = 1. In order that there exist an 
automorphism h of E such that hB has Lebesgue measure zero it is necessary and 
sufficient that the complement of B contain a sequence of perfect sets whose union 
is dense in E. If a bounded set B satisfies this condition, the automorphism h 
can be taken equal to the identity outside of any cube that contains B. 

The condition is evidently necessary, since if mhB = 0 the complement of 
hB contains a sequence of perfect sets P, whose union contains all the measure 
in BE” , and is therefore dense. The perfect sets h'P,, are therefore outside B 
and their union is also dense in FE“. To prove that the condition is also suffi- 
cient, suppose that B satisfies it and consider any cube R with interior Ao. 
By hypothesis Ryo — RoB contains a dense sequence of perfect sets. In Ro — RoB 
it is therefore possible to find a sequence of perfect sets P, such that every 
neighborhood in FR contains at least one member of the sequence. In each set 
P,, there exists a Cantor set C,. Introduce a normalized LS measure pn in 
C,, by mapping it homeomorphically onto a linear Cantor set with linear meas- 


ure one. Form the outer measure u*A = mR- >, = urAC,,. This is evidently 
n=l 2” 


a LS outer measure in R, zero for points and positive for non-void open sets in 
R. Also uzR = mR and wBdR = 0. By Theorem 2, there exists an auto- 
morphism heH)[R] such that »u*A = m*hA. Since nBR = 0, we have 
mh(BR) = 0. If B is contained in R we can take h equal to the identity outside 
R. If B is an unbounded set we can divide E into a lattice of cubes and 
transform each into itself in such a way as to compress the part of B contained 
in it to a set of measure zero. The resulting automorphism of E will then 
carry B into a zero set. 

Since any residual set in EZ” contains a dense sequence of perfect sets, it 
follows as a corollary that any set of first category is automorphic to a zero set. 
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In a previous paper" we have obtained this result directly by a simple category 
argument. In the case B C R, we showed in fact that the automorphisms h 
such that mhB = 0 form a residual set in H[R]. It is interesting to note that 
it is only for first category sets that this method of proof is available, at least 
for sets having the property of Baire, because in the same paper it was shown 
(Theorem 4) that a set having the property of Baire is of first or second category 
according as the automorphisms that carry it into a set of measure zero form a 
residual set or a set of first category in H[R]. The present theorem may be 
regarded as completing the earlier result by showing precisely which second 
category sets are automorphic to zero sets. 


15. Transformations topologically equivalent to measure-preserving 
automorphisms 


G. D. Birkhoff has formulated the following problem: Given an automorphism 
h, when can one assert that there exists an automorphism g such that ghg” is 
Lebesgue measure-preserving? In other words, the problem is to characterize 
in topological terms automorphisms that are topologically equivalent to measure- 
preserving ones. It is well-known that measure-preserving automorphisms 
have special topological properties, such as the recurrence property discovered 
by Poincaré and similar topological properties that can be deduced from the 
ergodic theorem. Again, it is obvious that a measure-preserving automorphism 
cannot transform a closed sphere into a subset of its interior. Thus it is clear 
that h must be restricted, in contrast to what we found in the case of the related 
problem of characterizing automorphisms equivalent to ones that preserve zero 
sets ($13). In the present section we shall obtain a result that constitutes a 
solution of this problem, though it must be admitted that the characterization 
obtained is neither particularly simple nor easy to apply. It is to be hoped 
that a more elegant solution may be found. 

Let us restrict attention to an r-dimensional cube R. If there exists an auto- 
morphism g such that ghg’ preserves Lebesgue measure, then h preserves the 
measure «A = mgA; and cunversely, if h preserves a measure » automorphic to 
Lebesgue measure, there will exist a g such that ghg™ preserves Lebesgue meas- 
ure, namely, any automorphism such that uA = mgA. Thus Theorem 2 pro- 
vides the following equivalent formulation of the problem: Given an auto- 
morphism h, when can one assert that it preserves some r-dimensional LS 
measure? It is from this point of view that we shall approach the problem. In 
a previous paper” we have discussed the question of the existence of somewhat 
more general invariant measures. We obtained the result (loc. cit. Th. 2) that 
an automorphism 7’ of a complete separable metric space admits a finite invari- 
ant Borel measure that is zero for points if (i) 7 has non-denumerably many 
ee 

“See footnote 28. 

“J.C. Oxtoby and 8. M. Ulam, On the existence of a measure invariant under a trans- 
formation. Ann. of Math. 40 (1939) 560-566. 
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periodic points, or (ii) there exists a compact set C consisting of non-periodic 
points of which at least one returns to C with positive frequency under iteration 
of 7 (A point p of C is said to return with positive frequency if 


lim - Se fc(T’p) > 0, where fc is the characteristic function of C.) It should 


n—>00 v=1 
be added that in case (i) the invariant measure was defined in such a way 
that any prescribed sphere containing non-denumerably many periodic points 
could be made to have positive measure, and in case (ii) positive measure was 
ascribed to the set C. Assuming this result, we can obtain the following theorem. 

THEOREM 10: Let h be an automorphism of the r-dimensional unit cube R, 
r = 2. In order that there exist an automorphism g such that ghg™ preserves 
Lebesgue measure it is necessary and sufficient that in every sphere there exist a 
perfect set to which some point returns with positive frequency under iteration of h, 
and that these perfect sets can all be chosen outside of an arbitrarily prescribed 
countable set. 

The necessity of the condition may be deduced from the ergodic theorem as 
follows. Suppose h is measure-preserving and let Ao be any given countable 
set. Then his a measure-preserving automorphism of the set H = R— >> h"Ao, 


n=—0o 


which has measure one. In any sphere there exists a perfect set P C E such 
that mP > 0. Denote its characteristic function by f(p). According to the 


ergodic theorem f*(p) = lim . > f(T’p) exists for almost all p, and | f*(p) dp = 
n—oll y=l 


mP. Hence f*(p) is positive for some point p, that is, p returns to P with posi- 
tive frequency. Thus h has the required property, and therefore also any 
equivalent automorphism ghg ’, since the condition is topologically invariant. 
Conversely, suppose h fulfills the condition. Let 1, 2, --- be an enumera- 
tion of all dyadic cells in R. Let A, denote the set of periodic points contained 
in o, provided there are only countably many, otherwise let A, be void. Then 
the union A» of the sets A, is countable. Consider any cell o,. If it contains 
non-denumerably many periodic points there exists an invariant measure pn 
which is zero for points and positive for o, , in virtue of the theorem quoted 
above. If o, contains only countably many periodic points, then by hypothesis 
there exists a perfect set P C o, — Ao to which some point returns with positive 
frequency. Since P consists of non-periodic points, the theorem quoted asserts 
again the existence of an invariant measure u,. Thus we obtain a sequence 
of invariant Borel measures yu, , each zero for points and such that uno, > 0. 


to] 


We suppose them normalized. Then pA = >> Jad is a normalized invariant 
n=l 2” 


Borel measure in R that is zero for points and positive for non-void open sets. 
To obtain a measure which in addition is zero for the boundary it is sufficient 
to form vA = wARo/yR). The Borel measure »v admits an r-dimensional LS 
extension defined by »*A = inf »G, G open, G > A, which is invariant under h. 
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By Theorem 2; there exists an automorphism g such that v*A = m*gA, and 
therefore ghg preserves Lebesgue measure, as already remarked. 


16. A topological ergodic theorem 


The paper” referred to in the last section also contains the result (Th. 1) that 
an automorphism 7’ of a complete separable metric space admits a finite invari- 
ant Borel measure if there exists a compact set C to which some point returns 


: ; sy lo r i" 
with positive superior frequency (‘hat is, lim sup - > fe(T’p) > 0), Again it 
n—>0o v=] 


should be added that the measure is positive for C. As a corollary of this, we 
may assert the following theorem, which properly belongs to the earlier paper 
since it involves no other results. 

TurorEM 11: Let T be an automorphism of a separable metric space E, and let 
C be any compact set contained in E. There exists at least one point p in C such 


that ton > fe(T”p) exists, where fc is the characteristic function of C. 


nao NV y= 


The interest of this theorem is that, like the ergodic theorem, it asserts the 
existence of a limiting frequency of return for certain points, but without any 
measure-theoretic assumptions. Nevertheless, the proof requires a very con- 
siderable excursion into measure theory. It would be interesting to know 
whether the result can be obtained directly, even in the special case in which C 
is a square and 7’ an automorphism of the plane. 


n 


fc(T’p) = 0 for every 
1 


1 
no 1 p= 


To prove the theorem, observe that either lim 
point of C, in which case the theorem is true, or there exists a point p in C such 
that lim sup = > fce(T’p) > 0. In the latter case there exists a finite invariant 

n> v=] 


Borel measure » such that uC > 0, by the theorem quoted above. The ergodic 
theorem is applicable to this measure and asserts that the limit in question 
exists for almost all points (in this measure) and is positive for at least one 
point, since its integral is equal to uC. Therefore there exists a point of C, not 
necessarily equal to p, which returns with positive frequency. 


17. Connections with Haar measure 


Haar’s Theorem“ asserts that in any locally compact separable topological 
group there exists a left (or right) invariant measure which is finite and positive 
for every compact neighborhood. It is evidently zero for points, and it is unique 
up to a constant multiplier.” In the compact case it is finite, and then left and 


a eT 


“A. Haar, Der Massbegriff in der Theorie der kontinuierlichen Gruppen. Ann. of Math. 
34 (1933) 147-169, 
: “J. von Neumann, The uniqueness of Haar’s measure. Recueil Mathématique, Moscou, 
N.8.1 (1936) 721-734. 
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right invariant measures coincide and are also inverse invariant.” The measure 
is derived from a Carathéodory outer measure that satisfies condition M5." 
In case the group manifold is a polyhedron, the Haar measure is therefore 
r-dimensional, and Theorem 2 Corollary 1 establishes the following connection 
with Lebesgue measure. If the group manifold of a topological group is a finite 
euclidean polyhedron, the Haar measure, suitably normalized, is automorphic to 
the Lebesgue measure in the polyhedron. Again, we may say that if two groups 
have for group manifold the same polyhedron, their Haar measures are automorphic 
to each other, provided only that they are similarly normalized. 


18. Approximation by locally linear automorphisms 


In the proof of Theorem 1, methods were developed that made it possible to 
approximate any measure-preserving automorphism by one that has a periodic 
Cantor set whose images are distributed in a regular manner. It is natural to 
ask whether one can find similarly an approximating automorphism that has a 
periodic cube. In the present section we shall show that this is possible for 
automorphisms of a cube that leave the boundary fixed, indeed that an approxi- 
mating automorphism can be found that has a sequence of periodic cubes which 
together include almost all points and which the transformation permutes among 
themselves as if by translation. 

It may be remarked that the same methods can be extended to apply to 
r-dimensional polyhedra embedded in r-space, and to automorphisms that are 
merely isotopic to the identity. An attempt to extend them to general auto- 
morphisms and polyhedra seems to encounter more serious difficulties, and for 
this reason the proof of Theorem 1 was based on periodic Cantor sets rather 
than on periodic cubes, which might have seemed more natural. 

Lemna 19: Let R be the r-dimensional unit cube, r = 2, and let T be a measure- 
preserving automorphism of R that has an invariant set consisting of a finite number 
of disjoint cubes R, , --+ , Ry interior to R and each a sum of cubes of some dyadic 
subdivision. There exists an arbitrarily small automorphism S ¢ M,[R], equal to 
the identity on R,,---, Ru, such that ST permutes cyclically the centers of the 
cubes of a certain arbitrarily fine dyadic subdivision of R that are not contained 
nR,,---,Ry. 

Let E be the polyhedron obtained from R by removing the interiors of 
R,,---, Ry. Then £ is regularly connected, and 7 may be considered as an 
automorphism of Z. By the Corollary to Theorem 1, T can be made metrically 
transitive by composing it with an arbitrarily small automorphism that leaves 
the boundary of F fixed. We may therefore assume without loss of generality 
that T itself is metrically transitive with respect to E. By Lemma 3, we can 
represent # as the continuous image of a rectangular r-cell R* under a measure- 





‘8 J. von Neumann, Zum Haarschen Mass in topologischen Gruppen. Compositio Mathe- 
matica 1 (1934) 106-114. 


*° See the note of S. Banach in Saks, Theory of the Integral, Appendix 1. 
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preserving map f which is a homeomorphism up to the boundary. Let ¢ be a 
given positive number and let 6 > 0 be such that any automorphism in H,[R*] 
with norm less than 6 corresponds to an automorphism of E with norm less 
than e. Let o,, +--+ , ow be the cubes in £ belonging to a dyadic subdivision of 
diameter less than «. Order these in a sequence oj, , ---, oi, such that each 
cube o; appears at least once and such that o;, and o;,,, have a regular face in 
common, 1 $k SK -—1. (It may be possible to find such an ordering without 
repetitions, but this is not necessary.) Since T is metrically transitive on E 
there exists a non-periodic point whose images under iteration of T fall in the 
interiors of each of the cubes o; with frequency 1/N, in fact, such points form 
a set of measure mE. Let p be such a point, then for any sufficiently large n 
the number of points Tp, --- , T"p in any cube o; will differ from n/N by an 
arbitrarily small fraction of n, in particular by less than n/NK’. In addition, 
let us choose n so that n > NK°d and so that n + 2 is a number of the form 
N.2”, where \ is the integer corresponding to 6 defined in Lemma 14. As in 
the proof of Lemma 15, we can modify the transformation f '7'f by composition 
with an automorphism Sp ¢ Mo[R*] such that under Sof Tf the point f-‘p has 
period n’ = n + ) and its first n images are the same as underf ‘Tf. (Let D be 
the set on which Ty) = f ‘Tf is 1:1, and let pi =f 'T'p,0 Sis n. Then 
Die (To'Us)po and step by step we can choose points Past, ***) Paqa1 such 
that po , ++, Slee are distinct, and therefore also , Toa , and 
such that Top; is always within distance 6 of piu, p.+ being taken equal to 
Do . Then define So with norm less than 6 so that SoTop: ~ Dist ,Ostsnt 
\—1.) Then S; = {Sof will be an automorphism of EZ with norm less than 
¢ that leaves the boundary fixed, and under S,7 the point p will have period n’ 
and its first n images will still be Tp, --- , T”p. It follows that the number of 
distinct images of p under S,T7 in any cube o; differs from n’/N by less than 
n = 2n'/NK’, because if o; contains n; of the points Tp, ---, Tp, and d; of 


the points T?**p, .-. , T?p, we have 

















| n’ n d n 2n 
: anes aa +. and , appr ees ieee 7 
Let pi, +--+ , Pry denote the n’ distinct images of p under 8:7. We proceed to 


assign each of these to one of the cubes o; in such a way that exactly n’/N are 
assigned to each cube o; , and each point is assigned either to the cube in which 
it lies or to an adjacent one. To do this we proceed as follows. First assign 
each point tentatively to the cube in which it lies. If the number of points 
in oi, is less than n’/N, make up the deficiency by assigning to it points from 
ci,. If the number in oj, is greater than n’/N, assign enough points from it 
to oi, to remove the excess. Next consider o;, and eliminate the excess or 
deficiency of points now assigned to it by assigning points of it to o;,, or to it 
from o;,. After the k-th step there will be exactly n’/N points assigned to each 
of the cubes ai, , Ci, , +++ , oi, except those (if any) which are equal to o%,,, . 
After the (K — 1)-st step there will be exactly n’/N points assigned to each cell 
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o;. At the first step the number of points assigned to other cubes is at most ” 
at the second step at most 27 are assigned, and at the last step at most (K — 1)y. 
The total number of points assigned to other cubes is therefore at most 
4K(K — 1)n, which is less than the number of points p; in any one of the cubes 
o;. Hence the assignments can be made in such a way that no point is assigned 
to another cube more than once, and therefore every point is assigned finally 
either to the cube in which it lies or to an adjacent one. We can therefore 
number the centers q:, +++, Qn Of the cubes of the a-th dyadic subdivision of 
o1, +++, on in such a way that the points g; and p; always lie in the same cube 
o; or in cubes having an (r — 1)-face in common. The distance between them 
is therefore less than 2e, and we can define a measure-preserving automorphism 
S. of E that leaves the boundary fixed, has norm less than 2e, and carries each 
p; into q;. (This does not follow directly from Lemma 13 as stated, but the 
same method of proof used there evidently applies in the present case since the 
line segment joining p; to q; lies in the interior of #.) It follows that the points 
1, +++, Gxt are permuted cyclically by S2S,7'Sz', which may be written in the 
form ST by letting S = S,S,7S_'T"*. This completes the proof, since S leaves 
the entire boundary of E fixed and can be made arbitrarily small by suitable 
choice of ¢, since S; and S, have norms less than 2e. 

Lemma 20: Let R be the r-dimensional unit cube, r = 2, and let T € Mo{R] be 
such that it permutes cyclically the centers of some of the cubes of a certain dyadic 
subdivision of R. Leto, +--+ , ow be the cubes whose centers are permuted. There 
exist automorphisms S ¢ Mo[R] and h ¢ Hol), equal to the identity outside the cubes 
o; and on their boundaries, such that hSTh is measure-preserving and under it 
the cubes concentric” to 01, +++, oy with half their diameter are rigidly permuted 
in a single cycle. 

Let p; be the center of o;. We may suppose the cubes so numbered that 
Tpi = Pir, t < N, and Tpy = px. Let 1, --+, tw be cubes concentric to 
a1, +++, on, all with the same diameter, and small enough so that 7'r; is in- 
terior to gi41, 7 < N, and Try to o,. Let g; be an automorphism of FR that 
leaves the boundary fixed and translates 7; into tz. Extend both g; and 7’ to 
the whole space E” by defining them equal to the identity outside R. Let g2 
be a radial shrinking transformation of E“” such that gx C 72 and such that 
gz leaves both 7. and 7'7; fixed. It is easily verified that (gogiT” ‘g2')T translates 
7 into 72, and gogiT” ‘ga is an automorphism equal to the identity outside 72 
that carries 7'7; into 7: in a measure-preserving manner. By Theorem 2 Corol- 
lary 3, we can modify gogi7" ‘gz in rz — 7'7 in such a way that it becomes a 
measure-preserving automorphism of 72 that leaves the boundary fixed. Call 
this modified automorphism S, and define it equal to the identity outside 7. 
Then S27 carries 7 rigidly into 72. In exactly the same way we can define 
S; « M[7s] such that S37" carries 72 rigidly into 73. Finally we define S; « Mol7i] 





5° We shall use the term “concentric” to mean that the cubes have the same center and 
also have corresponding faces parallel. 
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such that S:7' carries ry rigidly into r,. The product of these N transforma- 
tions S; defines an automorphism S of FR that carries each cube o; into itself 
and is equal to the identity on their boundaries and outside them. Under ST 
each cube 7; is translated into ri41, 7 < N, and ry into 1. Finally, let h be a 
radial transformation of each cube o; into itself which carries 7; into the con- 
centric cube o; With diameter half that of o;. Then ASTh™ is a measure- 
preserving automorphism that permutes the cubes o; rigidly and cyclically. 

Lemma 21: Let T be a measure-preserving automorphism of the r-dimensional 
unit cube R, r 2 2, and suppose that T permutes rigidly certain disjoint cubes 
R,,+++, Rx contained in the interior of R which are sums of cubes of a dyadic 
subdivision. There exists an arbitrarily small automorphism S ¢ Mo[R] equal to 
the identity on Ry , --+ , Rx such that ST permutes rigidly in a single cycle the cubes 
concentric to and with half the diameter of those of a certain dyadic subdivision of 
the complementary set E = R — (Ri + --- + Rx). 

We shall consider the degenerate case K = 0 to be included in this statement. 

Let « > 0 be given. By the continuity of the group product, there exists a 
positive number 6 such that if h, S; , S, are any automorphisms with norm less 
than 6 then hS.S,Th~T will have norm less than «. By Lemma 19 (or by 
Lemma 15 in the case K = 0), there exists S,; ¢ Mo[R] equal to the identity on 
R,,---, Rx with norm less than 6 such that S,7' permutes cyclically the centers 
of the cubes 01, --- , oy of a dyadic subdivision of H, and we may suppose the 
cubes o; to have diameter less than 6. By Lemma 20, there exist automorphisms 
hand S: that carry these cubes into themselves and leave their boundaries fixed 
such that hS:(S,T)h* is measure-preserving and permutes rigidly in a single 
eycle the cubes o; concentric to and with half the diameter of o;. But this 
transformation may be written in the form S7’, where S = hSS,Th'T™. 
The automorphism S is measure-preserving, since it is a product of two such 
transformations; it is equal to the identity on R,, --- , Rx and on the boundary 
of R, since h, S; , Se are; and it has norm less than e, since h, S; , S: have norms 
less than 6. 

THEorEM 12: Any measure-preserving automorphism T of the r-dimensional 
unit cube R, r = 2, that leaves the boundary fixed can be approximated uniformly by 
another such automorphism T* which is locally linear almost everywhere. More 
precisely, there is a sequence of disjoint cubes interior to R, having total measure 
one, which under T* are rigidly permuted among themselves. 

The proof is based on a sequence of modifications of 7' defined inductively. 
Let 61, 6, --- be a sequence of positive numbers with sum less than a given 
number e > 0. We shall show that it is possible to find a sequence of automor- 
phisms 8,, S,,--- with the following properties: 

1° 8, ¢ MofR], p(Sn, DT) < dn 

2° S,Sn.+ +++ 8,7 permutes rigidly among themselves a finite number of 
disjoint cubes Ri, ---, Ry, in n cycles, each of these cubes being a sum of 
Interior cubes of a certain dyadic subdivision of R. . 

3° S, is equal to the identity on R; + R2 + --- + Ry,-,,2 > 1. 
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° m(R, +--+ Rx) =1- (1-2). 


By Lemma 21, there exists S, ¢« Mo[R] with norm less than 6, such that S,7 
permutes rigidly in a single cycle the cubes fh, , --- , Ry, concentric to and with 
half the diameter of those of a certain dyadic subdivision. These cubes therefore 
have total measure 1/2’. Thus conditions 1° to 4° are satisfied in the case n = 1, 
condition 3° being vacuous. Now suppose that S;,---, S, and Ri, ---, Ry, 
have been defined so that conditions 1° to 4° are satisfied for values of n < k. 
Then 7, = S,S,-1 --- SiT fulfills the hypotheses of Lemma 21 and there exists 
an automorphism S;4; ¢ Mo[R], with norm less than 6,4: , equal to the identity 
on Ri + --- + Ry, , such that S;4:7; permutes rigidly in a single cycle the cubes 
Ry,41, ++: , Ry,,, concentric to and with half the diameter of those of a certain 
dyadic subdivision of R that are not contained in R; + -- : + Ry,. The total 
measure of these additional cubes is therefore 5 (1 - >) , so that conditions 
1° to 4° are now satisfied for values of n S k + 1, and the inductive definition 
of the successive modifications S, is complete. 

From 1° it follows that the limit S = lim S,S,_; --- S, exists and has norm 


less than e«. Furthermore, ST is equal to S, --- Si:J on Ri + Ro + --- + Ry,, 
in virtue of 3°, and so it permutes these cubes rigidly among themselves. Thus 
under ST the cubes R,, R2, --- are all rigidly permuted among themselves in 
finite cycles. Finally, by 4°, these cubes contain almost all points of R. Hence 
T* = ST has all the properties described in the theorem. 


Bryn Mawr Co.LureGe 
THE UNIVERSITY OF WISCONSIN 








rm 


a 
hus 
3 in 
nce 


Annals OF MATHEMATICS 
Vol. 42, No. 4, October, 1941 


A REMARK ON NORMAL VARIETIES 


By H. T. Muxty* 
(Received December 22, 1940) 


1. In the terminology of the Italian School an algebraic variety is called 
“normal” if its system of hyperplane sections is complete. O. Zariski applies 
the term “normal” to an algebraic variety whose associated ring of homogeneous 
coordinates is integrally closed." The two concepts are not equivalent. Zariski 
refers to a variety which satisfies the former condition as ‘‘normal in the geo- 
metric sense’ and to one which satisfies the latter condition as “normal in the 
arithmetic sense.” 

A variety which is normal in the arithmetic sense is necessarily normal in the 
geometric sense. Moreover, an r-dimensional variety V, which is normal in 
the arithmetic sense has no (r — 1)-dimensional singularities. A variety which 
is normal in the geometric sense need not be normal in the arithmetic sense. 
For example, a plane quartic of genus two is normal in the geometric sense, 
but has a double point. A curve may be free from singularities and yet not 
normal in the arithmetic sense. A rational space quartic illustrates this possi- 
bility. The validity of all of these assertions is established in Z. 

The object of this note is to characterize geometrically those algebraic varie- 
ties which are normal in the arithmetic sense. To this end we propose the fol- 
lowing theorem: A necessary and sufficient condition that the r-dimensional algebraic 
variety V, be normal in its ambient projective space P,, is that for every integer m 
the linear system cut out on V, by the hypersurfaces of order m in P,, be complete. 

In the course of the proof we need the notion of the “character of homogeneity” 
of an algebraic variety, introduced by Zariski in the paper Z. Let 
t,t, ---, & be the homogeneous coordinates of the general point of a variety 
V, in the projective space P,. The underlying field of constants for P, is as- 
sumed to be algebraically closed and of characteristic zero. We denote this field 
by K. The integral closure, K[f?, ¢7, ---, tr] of the ring of homogeneous 
coordinates Kl , &, --- , €n] in its quotient field =* is denoted by 5*. Each 
of the quantities ¢> , ¢{7, --- , {; may be assumed to be homogeneous of positive 
degree.” Zariski proves that there exist integers 6 with the following property. 


* National Research Fellow, 1940-41. 

‘0. Zariski, ‘Some Results in the Arithmetic Theory of Algebraic Varieties,’ American 
Journal of Mathematics, Vol. LXI, No. 2 (April 1939); designated henceforth by Z. 

. If &; = é¥/g* , then & , 2, °** , , are the non-homogeneous coordinates of the general 
— of our V, and 2(=K(é, --- , &n)) is the field of rational functions on V,. The field 
- is then equal to 2()), a pure transcendental extension of 2. An element w* of 2* 
is said to be homogeneous of degree-» if r X w* = t’w* for every automorphism 7 of 2* 
over 2 of the form 7 : E* > tg* , te K. 
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If wp , wr, «++ , wm denote the possible power products of {> , {1, ---, ¢, which 
are homogeneous of degree 6 and if w* is any power product of ¢> , ¢* p seo ee 
of degree of homogeneity pé (p a positive integer) then w* is a form of degree p 
in w) ,@:,-:+,@,. Any integer 6 with this property is called a character of 
homogeneity of V,. 


2. The necessity of our condition is easily established. The ring of homo- 
geneous coordinates 0* = Kits , Pog gP 8K £7] is integrally closed in its quotient 
field =* since we assume V, to be normal in the arithmetic sense. As we have 
already pointed out, our hypothesis assures us that the linear system | V | 
which is cut out on V, by the hyperplanes of P,, is complete. To prove that all 
of the multiples, | mV |, m = 1, 2, --- , of | V | are also complete we point out 
that the integer one is a character of homogeneity of V, since o* is itself integrally 
closed and since £; is homogeneous of degree 1,i = 0,1, ---,n. It follows by 
sections 20 and 21 of Z that if wo dae. ins ,w, are the linearly independent power 
products of degree m (m a positive integer) which occur among all the power 
products of degree m which can be formed from S, & mre eve gs , then w , w:, 

- , wp, are the homogeneous coordinates of the general point of a variety V, 
which is normal in the arithmetic sense and which is birationally equivalent 
to V,. Moreover, in the birational correspondence between V, and V, the 
system of sections of V, with the hypersurfaces of order m is transformed into 
the system of sections of V; with the hyperplanes of its ambient space Py. 
Since V; is normal in the arithmetic sense the system of hyperplane sections of V; 
is complete. This proves the first half of our theorem. 


3. Before proving that our condition is sufficient we list certain well known 
definitions and results to which we shall have occasion to refer. a) If 2 = K(&, 
-++, &) is the field of rational functions on V,, then by a prime divisor of 2 
we shall mean an (r — 1)-dimensional valuation of =. If 3 is any finite integral 
domain in 2, and if $ is a prime divisor whose valuation ring 8g contains J, 
then § will be said to be of the first kind with respect to if the origin (the prime 
ideal of elements of positive value in) of B in$ is an (r — 1)-dimensional ideal. 
If this is not the case then § is of the second kind with respect to 3. 

b) Let ms it rey t* be the homogeneous coordinates of the general point 
of avariety V,in P, , and let o* = K[é , & , --+ , €&] be the ring associated with 
. ; e erie Fabia Po . We may assume that rn ‘ rg oe ee, ¢* are algebraically inde- 
pendent and that £741, ty depend integrally on ey, By 2% g. This 
situation may always be realized by means of a non-singular projective trans- 
formation. If we put & = €/&, 0 = Klés, &, -+-, én), 0; = Kl&i/&, -*°> 
§:1/é:, 1/8, Ei41/f:, --+, En/E], then it is not difficult to see that in each 
of the rings 0;, 7 =0, 1, --- , 7, the first r coordinates are algebraically inde- 
pent and that the remaining ones depend integrally on the first r (see section 4). 
The valuation ring Sy of any prime divisor, $, must contain at least one of 
the rings 0;, 7 = 0, 1,---, 7. Moreover, it is easily seen that if 0. © By and 
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oC Bs, and if § is of the first kind with respect to 0, then it is also of the first 
kind with respect to 0g. Hence we say that § is of the first kind (or of the 
second kind) with respect to the given projective model V, of ¥. 

We consider the set © of all prime divisors of = which are of the first kind with 
respect to V,, and we form the abelian group &(V,) which consists of all finite 
formal power products Br?- Pz? --- Px*, Bie S, a; an integer, i = 1, 2, --., k. 
The elements of @(V,) are called divisors. The divisor A = Pir'. Py? . ... . Px" 
is said to be integral if a; > 0,7 = 1, 2,---, k. 

As in the case of functions of one variable, a uniquely determined divisor 
%(n) may be associated with each element 7 in =. We have 


(n) = [I pre 

where the product is extended over all prime divisors in S. We point out that, 
since every $ in © is an (r — 1)-dimensional valuation of 2, the value group 
of $ may be taken to be the group of integers. Those divisors &% in G(V,) 
which are associated in this way with elements 7 in = form a subgroup © of 
G(V,). Two divisors &% and % are said to be equivalent if Y.-B ¢ §. 

With every prime divisor [ in ©, one can associate a unique irreducible 
(r — 1)-dimensional subvariety V($) of V,. With every integral divisor 
Y= Prt. ... . B*, one associates the effective (r — 1)-dimensional subvariety 


V(M) = aV(Pi) + +++ + axV (Px). 


One then defines the complete system determined by V (2) to be the totality of 
all effective curves associated with integral divisors which are equivalent to YW. 
Zariski’s definition of a complete system, which we have used until now, is 
equivalent to this one in so far as the system of hyperplane sections and its 
multiples on a given V, is concerned (see Z page 288). 

c) Lemma: The algebraically independent quantities & , & , «++ , § have divisor 
representations of the form 


é = 4,/A, $= 1,2,---,7, 
where I; and Y are integral divisors and no prime divisor divides both A; and A. 


The proof of the lemma runs along the following lines. Let $ be a prime divisor, 
of the set S, which is such that for at least one 7 the inequality vg(é;) < 0 holds. 


We may assume that vg(&:) S ve(é;), j = 1, 2, ---, 7, for if this is not the case 
we consider the £ of least value. The valuation ring 8, must then contain the 
mg 0; = Kl&/é; , as §i1/E: , 1/:, bi41/E: , caulk & . E,/Ei]. Moreover, since 
vg(1/E;) > 0, 1/£; = O(p), where p is the origin of Bin 0;. Since p is (r — 1)- 
dimensional, p cannot divide §,/&:, 7 = 1, 2,---,7r. (This follows since 
bai/Ei, +++, En/Es depend integrally on &/:, +--+ , €:1/& , 1/& , Eins/Ei, +++, 
g,/ &.) It therefore follows that vg(é;/é:) = 0, or that vg(&;)) = ve(é), 
J=1,2,.-.,7, This proves the lemma. 


4. We prove that our condition is sufficient. Let V, be a variety in the 
projective space P,, and let & , & , --+, & be the homogeneous coordinates 
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If wo , wr eee g ws denote the possible power products of {> m  Pere , tn which 
are homogeneous of degree 6 and if w* is any power product of ¢ , ee sie ro 
of degree of homogeneity pé (p a positive integer) then w* is a form of degree p 
in wo ,@:,-+:+,w,. Any integer 6 with this property is called a character of 
homogeneity of V,. 


2. The necessity of our condition is easily established. The ring of homo- 
geneous coordinates 9* = Klé ‘ - 9 SB £] is integrally closed in its quotient 
field >* since we assume V, to be normal in the arithmetic sense. As we have 
already pointed out, our hypothesis assures us that the linear system | V | 
which is cut out on V, by the hyperplanes of P, is complete. To prove that all 
of the multiples, | mV |, m = 1, 2, --- , of | V | are also complete we point out 
that the integer one is a character of homogeneity of V, since o* is itself integrally 
closed and since £; is homogeneous of degree 1,7 = 0,1, ---, n. It follows by 
sections 20 and 21 of Z that if wo ,; , «++ , wa are the linearly independent power 
products of degree m (m a positive integer) which occur among all the power 
products of degree m which can be formed from Sy Be cthtcke, Man , 

- , wp are the homogeneous coordinates of the general point of a variety V, 
which is normal in the arithmetic sense and which is birationally equivalent 
to V,. Moreover, in the birational correspondence between V, and V, the 
system of sections of V, with the hypersurfaces of order m is transformed into 
the system of sections of V; with the hyperplanes of its ambient space P,. 
Since V; is normal in the arithmetic sense the system of hyperplane sections of V; 
is complete. This proves the first half of our theorem. 


3. Before proving that our condition is sufficient we list certain well known 
definitions and results to which we shall have occasion to refer. a) If 2 = K(h, 

- , &n) is the field of rational functions on V,, then by a prime divisor of 2 
we shall mean an (r — 1)-dimensional valuation of 2. If is any finite integral 
domain in 2, and if $ is a prime divisor whose valuation ring 8g contains , 
then $ will be said to be of the first kind with respect to if the origin (the prime 
ideal of elements of positive value in3) of $ in is an (r — 1)-dimensional ideal. 
If this is not the case then § is of the second kind with respect to %. 

b) Let & , & , +++, & be the homogeneous coordinates of the general point 
of a variety V,in P, , and let o* = K[é , & , --+ , £4] be the ring associated with 
S ".. eran ee may assume that & , re git tit, ¢ are algebraically inde- 
pendent and that fy, --- y depend integrally on e. ey sis, g. This 
situation may always be realized by means of a non-singular projective trans- 
formation. If we put & = &/&, 0 = Klé&, &, ++: , ns], 0: = Kl&/&, °°" > 
i1/t:, 1/€:, E:4s/E:, «++, En/E], then it is not difficult to see that in each 
of the rings 0;, 7 =0, 1, --- , r, the first r coordinates are algebraically inde- 
pent and that the remaining ones depend integrally on the first r (see section 4). 
The valuation ring By of any prime divisor, $, must contain at least one of 
the rings 0;, 7 = 0,1,---,r. Moreover, it is easily seen that if 02 C By and 
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oC By, and if $ is of the first kind with respect to o, then it is also of the first 
kind with respect to og. Hence we say that § is of the first kind (or of the 
second kind) with respect to the given projective model V, of >. 

We consider the set © of all prime divisors of 2 which are of the first kind with 
respect to V,, and we form the abelian group @(V,) which consists of all finite 
formal power products Br*- Pz? --- Pe*, Bre S, a; an integer, i = 1, 2, .--, k. 
The elements of G(V,) are called divisors. The divisor Y= Bf. PF? . ... . Bz" 
is said to be integral if a; > 0,7 = 1, 2,---,k. 

As in the case of functions of one variable, a uniquely determined divisor 
%(n) may be associated with each element 7 in =. We have 


%(n) = I] prs 

where the product is extended over all prime divisors in ©. We point out that, 
since every [3 in © is an (r — 1)-dimensional valuation of 2, the value group 
of 8 may be taken to be the group of integers. Those divisors Y% in G(V,) 
which are associated in this way with elements 7 in = form a subgroup © of 
G(V,). Two divisors & and % are said to be equivalent if %-B™ ¢ &. 

With every prime divisor $ in ©, one can associate a unique irreducible 
(r — 1)-dimensional subvariety V($) of V,. With every integral divisor 
Y= Pr. ..- - PBze*, one associates the effective (r — 1)-dimensional subvariety 


V(M) = ar V(Pr) + +--+ + axV (Px). 


One then defines the complete system determined by V (2) to be the totality of 
all effective curves associated with integral divisors which are equivalent to YW. 
Zariski’s definition of a complete system, which we have used until now, is 
equivalent to this one in so far as the system of hyperplane sections and its 
multiples on a given V, is concerned (see Z page 288). 
c) Lemma: The algebraically independent quantities & , & , --+ , & have divisor 
representations of the form 
& = U/%, 7=1,2,---,7, 
where U; and A are integral divisors and no prime divisor divides both A; and A. 
The proof of the lemma runs along the following lines. Let $ be a prime divisor, 
of the set S, which is such that for at least one i the inequality vg(é;) < 0 holds. 
We may assume that vg(é) < vg(é;),j = 1, 2, ---, 7, for if this is not the case 
we consider the & of least value. The valuation ring Sy must then contain the 
mng 0; = Kléi/ti, +++, 41/8, 1/8, binr/Ei, +++, §n/Ei]. Moreover, since 
vg(1/E;) > 0, 1/& = O(p), where p is the origin of $B in 0;. Since p is (r — 1)- 


dimensional, p cannot divide §,/&,j = 1, 2,---,r. (This follows since 
b41/E:, +++, &/€ depend integrally on &/&, +--+ , &1/&, 1/£:, Ei4s/Ei, ++, 
&/& .) It therefore follows that vg(£;/é&) = 0, or that vg(&) = v9(&), 
jJ=1,2,.-.,r. This proves the lemma. 


4, We prove that our condition is sufficient. Let V, be a variety in the 
projective space P,,, and let & , & ,--+, & be the homogeneous coordinates 
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of its general point. We assume that the system | mV | cut out on V, by the 
hypersurfaces of order m in P,, is complete, m = 1, 2, . We must prove 
that the ring 0* = Klé , Oe ig wien End i is integrally Pome in its quotient field 
>*. Asin section 3, we assume that, 41 5+ a t are algebraically independ- 
ent and that 41, --- , & depend integrally on & F 4d oar, Bs Any element 
of =* which depends integrally on e , oe Sie e° is the sum of homogeneous 
elements which depend integrally on t,t ,-+-+,& . Itis therefore sufficient 
to prove that o* contains any homogeneous element of 2* which depends in- 
tegrally on fo , ft, sine EP ° 
Let w* be an homogeneous element of degree v with this property and let 


(1) of +a(&,&,---,&)oM +... al, ,H,---,&) =0 


be the equation which expresses the integral dependence of w* on & ,#, +--+ ,&. 
Since every homogeneous integer satisfies an homogeneous equation of integral 
dependence, we may assume that a; is a form of degree iv in & , & ,---, &, 
; = 1,2,---, h (see Z, section 18). If we divide equation (1) by é”” we see 
that the quantity w = w*/t”" is an element of 2 (= K(é, --+ , &.)) which depends 
integrally on &, &,---, &. On the other hand, division of equation (1) by 
tt” shows that w/t; depends integrally on &/é;, «++ , &:1/E: , 1/& , Eua/Ei, «++, 
£,/&: , t= 1, 2, oe? on 

Let &; = &,/A, i = 1, 2, --- , r, be the divisor decomposition of £; mentioned 
in 3c. Since the system |vV | is complete for every », it follows that if B is an 
integral divisor in @(V,) which is equivalent to Y” (in symbols 8 ~ Y’), and if 
6 = B/Y’, then 6 = f(&, ---, &:) where f is a polynomial of degree < + in the 
indicated arguments. 

If 6 = B/Y’, then @ is an integral function of &, &, ---, &, since @ has non- 
negative value at all prime divisors of © for which &, &,---, & have non- 
negative values. On the other hand, 6/£ = 6/2}, and consequently 6/é; is 
an integral function of &/é;, --- ,1/&, --- , &/&. We assert that, conversely, 
if an integral function @ of & , ---, & has the property that for some integer », 
6/& is an integral function of &/&, +--+, &1/&, 1/&, Eins/Ei,--+ 5 &/ Ei, 
i = 1,2,.--,7, then @ may be put into the form 8/2’ where & is an integral 
divisor in @(V,) which is necessarily equivalent to %’. In fact, if 6 = Bo/% 
is the divisor decomposition of 0, then 6/£; = Bo%’/%°A}. Since @ is an integral 
function of & , --- , & , no prime divisor of the set S can divide py if it does not 
divide %{. Moreover, no prime divisor of S can occur in Yo to a higher power 
than that to which it occurs in %’, since 6/£; is an integral function of &:/£i, --- 5 
&1/&:, 1/&:, Eins /Ei, ---, &/&,i=1,2,---,7. It follows that YW” = &- %o where 
fis an integral divisor. We can therefore write @ = 6/2’. 

Our theorem now follows readily. If w* is an element of 2* which depends 
integrally on & , &, --- , & and if w* is homogeneous of degree v, then the quan- 
tity o = w*/éf" is an integral function of & , &, --- , & which has the scr td 
that w/& is an integral function of &/£;, ---, &:-1/&, 1/&:, Ei4s/Ei, °° , §,/fi 
The integral function w therefore admits a divisor representation of the item B/N. 
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By virtue of the completeness of | »V |, this implies that w = f(t, +++, &), 
where f is a polynomial of degree S v. Hence we see that 


w* = i" -f(&, 2:28 nite) = ¢(& ,f, a , En) 


where ¢, is a form of degree v. The element w* is thus seen to be in 0*, q.e.d. 

As a final remark we point out that there exist curves which are free from 
singularities and on which the hyperplanes cut out a complete system, but 
which are nevertheless not normal in the arithmetic sense. In fact in P; there 
exist curves of order seven and of genus four which are free from singularities. 
On such curves the system of plane sections is complete while the system cut 
out by the quadric surfaces is not. Thus, even though freedom from singularities 
and completeness of the system of plane sections are individually necessary for 
a curve to be normal in the arithmetic sense, they are together not sufficient. 
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ON THE CONNECTION BETWEEN THE ORDINARY AND THE 
MODULAR CHARACTERS OF GROUPS OF FINITE ORDER* 


By Ricuarp BRAUER 
(Received October 21, 1940) 


Introduction 


The representations of groups by matrices with coefficients in a modular field 
and the corresponding modular group characters have been studied in two 
earlier papers; the aim of the present paper is to continue this work. Let 
be a group of finite order g and let p be a rational prime. If £(G@), &(G), --- 
are the (ordinary) characters of G, and ¢:(@), ¢o(@), --- the modular characters 
of © for p, then we have formulae 


(*) tu(@) = > dy» gr(G) 


provided that G is a p-regular element of G, i.e. an element G of an order prime 
to p. The d,, are non-negative rational integers, the decomposition numbers 
of © for p. We may say that the group characters ¢, of G are built up by the 
modular characters g,, and it is possible to obtain a deeper insight into the 
nature of the ordinary group characters by the use of the modular characters 
and their properties. However, it is disturbing that we have to restrict our- 
selves to p-regular elements. In this paper, we plan to overcome this diffi- 
culty. The value ¢,(G) for elements G of an order divisible by p will be 
expressed by the modular characters of certain subgroups Yt; of G. The corre- 
sponding generalized decomposition numbers di, will not necessarily be rational, 
but they are integers of a cyclotomic field of an order p*. The definition of 
these numbers d:,, and the formulae generalizing (*) are given in §1. The 
numbers d;,, can be arranged in the form of a square matrix D which is non- 
degenerate, and, apart from the arrangements of the rows and columns, the 
d,, are invariants of the group G. The matrix of the group characters of & 
can be written as the product of D and a matrix A which breaks up completely” 
into the matrices of the modular group characters of No, It, Me, --+, if the 
rows and columns in all these matrices are suitably arranged. If the modular 
characters of the groups 2; are known, the product of any two columns of D 





* Presented to the American Mathematical Society on April 11, 1941. 

7x R. Brauer and C. Nesbitt, On the modular representations of groups of finite order, 
University of Toronto Studies, Math. Series No. 4, 1987. R. Brauer and C. Nesbitt, On 
the modular characters of groups. I refer to these two papers by BN 1 and BN 2. The 
introduction of BN 2 contains a short summary of most of the methods and results of BN 1. 

? This means that the matrix A contains in its main diagonal the matrices of the modular 
group characters of No , Jt, --- , and zero matrices outside the main diagonal. 
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can be formed; the Cartan invariants of the groups t; appear as the values of 
these products (§3). Further, some congruences (mod p) for the decomposition 
numbers are given which will be of fundamental importance for a later paper. 

With every column of D, all algebraically conjugate columns appear in D. 
In this manner, the columns of D are distributed in “families” of conjugate 
columns. The number N of such families and the numbers w,, we, --- , wy 
of members of the individual families are determined in §§6, 7. The numbers 
obtained are the same as if we distribute the characters ¢, into “families” of 
p-conjugate characters where two characters are said to be p-conjugate, if they 
can be transformed into each other by a change of a primitive p** root of 
unity. Finally, we also obtain these numbers N, w;, when we distribute the 
classes of conjugate elements into “families” in a certain manner which can be 
described in terms of abstract group theory. 

Notation: @ denotes a group of finite order g, p is a fixed rational prime 
number, and we set g = pg’ with (p, g’) = 1. A p-regular element of G is an 
element whose order is prime to p; the other elements are said to be p-singular. 
Similarly, we denote the classes of conjugate elements as p-regular or p-singular 
according as the elements of the class are p-regular or p-singular. The nor- 
malizor {t(@) of an element G consists of those elements of © which commute 
with G; the order of 2t(G@) will be denoted by n(@). When we speak of a repre- 
sentation or a character of @ without further attribute, we mean a representa- 
tion in the field of all complex numbers and the corresponding character. In 
the case of a representation in a field of characteristic p, we always add the 
word “modular’’. 


1. Definition of the generalized decomposition numbers 


We consider a group © of finite order g = p’g’ where p is a prime number and 
(y', p) = 1. Let Po = 1, Pi, Po, ---,P, be a system of elements whose 
orders are powers of p, such that they all lie in different classes of conjugate 
elements, but that every element of an order p* (a = 0, 1, 2, --+ ) is conjugate 
to one of them. Of course, the P; can be taken from a fixed Sylow subgroup of 
order p*. Every p-singular class of @ contains an element of the form P;V 
where 7 is uniquely determined by the class and where V is a p-regular element 
of the normalizor R(P;) of P;. If W is a p-regular element of N(P;) and P;V 
and P;W are conjugate, say 


G'P.VG = PW, 
then by raising this equation to suitable powers, we find 
G'PG = P,;, G'VG = W. 


Hence i = j, G lies in N(P;), and V and W are conjugate in N(P;). Conversely, 
these conditions imply that P;V and P;W are conjugate in G. In order to 
obtain a complete system of representatives for the p-singular classes of ©, we 
have to form P;V where t = 0, 1,2, --- , h, and, for each 7, the element V ranges 
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928 RICHARD BRAUER 





over a complete system of representatives of the p-regular classes of the group 
N(P;). Let k; denote the number of these classes. 

Consider a representation § of G. The matrix §(P;) representing a fixed ele- 
ment P; can be assumed to be of the form 


el; 0 a FF 0 
0 Pe... s4e . © 
BP) =| AER Som ; 
0 0 el, 


where I, , I2,--- ,Z; are unit matrices, and «4, @, +--+, € are distinct p*t 
roots of unity; for p* we may take the order of P;. The matrix representing 
an element V; of 3t(P;) then breaks up in a corresponding manner, 


i et: 

(2) 
peng a I ce 
0 0 NY 


The trace tr (§(P:V;)) is given by 
tr (§(P:\Vi)) = a tr (N) + e tr (N®) +--- + ec tr (N). 


If V; ranges over all elements of 2(P;), then N, for a fixed \, will form a 
representation of Rt(P;). The trace tr (NV) can therefore be expressed as a 
linear combination of the irreducible characters of 9t(P;). If Vi is p-regular, 
these characters again can be expressed by the irreducible modular characters 
of R(P;). 

Let gi, ¢2,--+ be the distinct absolutely irreducible modular characters of 
N(P;) for p; we have k; of them.* Thus we obtain a formula 


tr (R(PiVi)) = Yo Bei(Vi) 


where d, is an integer of the field of the p*** roots of unity; it is independent of V;. 
If $1 , &2, --- are the distinct irreducible representations of G, and {1, {2, °°: 
the corresponding characters, we therefore have formulae 


ki 
(1) ¢(PiVi) = do di,gi(Vi) (Vi in N(Pi), p-regular). 
p=1 


We denote the di, as the generalized decomposition numbers of G. For 1 = 0, 
we have Py = 1, 9(Po) = G, and the d}, are identical with the ordinary decom- 
position numbers d,, of G.* In any case, di, is an integer of the field of the 
path roots of unity where p™ is the order of P;. 
Let ©, be the indecomposable modular character which corresponds to >) 





3 BN 1, Theorem III.—BN 2, §8. 
* BN 1, p. 7.—BN 2, §4. 
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(y = 1,2,--+, hs). If n(Ps) is the order of 2(P;), then it follows from the or- 
thogonality relations for modular group characters’ that 

; 1 , 

dw = —— P:V)e(v 

(2) wee ee fu(PiV)8(V~), 
where the dash indicates that V ranges over the p-regular elements of NP) 
only. We arrange these numbers d,, for a fixed 7 in form of a matrix D* = (d},) 
with » as row index and » as column index, and set 


(3) D= (D*, D’, ere , D"). 


Any column of D will be denoted as a d-column of G; each of them is given by a 
pair (7, v). It follows that the number of such columns is equal to the sum of 
all k;, ie. equal to the full number k of classes of conjugate elements of G. 
Hence D is a square matrix of the same degree k as the matrix Z of the group 
characters ¢, of G. According to (1), we have a formula Z = DA where A 
is a square matrix. Since Z is non-singular, so is D. 

THEOREM 1: The matrix D of the generalized decomposition numbers of © is 
non-singular. The matrix of the group characters of © has the form DA where 
the matrix A breaks up completely’ into the matrices of the modular group characters 
of N(Po), N(P1), --+ , RCPr), provided that the rows and columns of the matrices 
are suitably arranged. 

If D and the modular group characters of all 3t(P;) are known, then the 
ordinary group characters ¢, of © can be found from (1). 


2. Change of P; 

For the definition of the generalized decomposition numbers di, , a special 
system of elements P; of @ has been used. We now have to see how the d,, 
are affected by an admissible change in the choice of P; , that is when we replace 
P; by a conjugate element GPG = P?. Of course, ¢'R(P.)G = N(P;). 
If V +§(V), (V in N(P,)), is a representation of N(P;), then V* > §(GV*G"*), 
V* in N(P? ), is a representation of N(P? ). If x(V) is the character of §, we 
denote the character of the new representation by x", ie. 

(4) x°(V*) = x(GV*G>), V* in N(P?). 
Then 

(¢i)%, (¢2)%, Aa. (vi) ° 
is a complete system of irreducible modular characters of N(P? ); the corre- 
sponding indecomposable characters are 

(Bi)%, (63)%, «++, (@i,)%. 
Since ¢,(P;V) = ¢,(@"P,VG@), we obtain easily from (2) 





* BN 1, Theorem IV.—BN 2, (20). 
* Cf. footnote 2. 
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930 RICHARD BRAUER 


Turorem 2: If P; is replaced by "PG = Pj, then dj, = djt , where di* 
are the decomposition numbers corresponding to this new choice, and where (oi)? 
is taken as the 7 character of N(P?). 

We see that the only possible change is a permutation of the columns of D*. 

THEOREM 3: The generalized decomposition numbers are invariants of ®. 


3. The orthogonality relations 


We form the “unitary product” of two columns of D. According to (2), we 
have 
k 
4 1 , / 1 —] ; 
5 dy Ayo = —— &,(V)&3(W PV ;W). 
6) = mh ni P;)n(P5) v in KP5) ae (Veal Ps EAP LV IEP) 
The sum over y» on the right hand side vanishes, if P;V and P;W are not conju- 
gate in G; in the other case its value is n(P;V). It follows that, for 7 ¥ j, the 
whole expression vanishes. For 7 = j, only the n(P;)/n(P:V) elements W are 
to be taken into account which, in 2t(P;), are conjugate to V. Hence 


1 , Pe oa 
di» dy, = BV )&(V). 
» ©. n(Pi) -*S 4. ( nt 
The right hand side can easily be evaluated.’ We thus obtain 

TuHEorEM 4: The generalized decomposition numbers satisfy the equations 


ie ae 0 fori #j 
(6) > dd, = 


; * 3 
pal c, fort =j 


where ci, is the Cartan invariant of N(P;) corresponding to the modular characters 
Pr» Pp- 

On multiplying D’ with the conjugate complex matrix D and forming the 
determinant of the product, we obtain the product of all the determinants 
ci, |, ¢ = 0, 1, 2,---,h. All these | ci, | are powers of p.’ With every 
d-column, the conjugate complex column also appears as a d-column, as is easily 
seen. Hence |D| = +|D|. Since the determinant of the matrix A in theo- 
rem 1 is prime to p,”” we have 

TuroreM 5: The square of the determinani of D is of the form +p”, m a rational 
integer > 0. The determinant of the second factor A in theorem 1 is prime to p. 
It is not difficult to determine the exact value of the determinant of D. 





7 BN 1, p. 15.—BN 2, (22). 
8 It should be noted that the di, are not the ordinary decomposition numbers of R(P;) 
though they satisfy exactly the same relations. 

* Cf. R. Brauer, On the Cartan invariants of groups of finite order, Annals of Math. 42, 
p. 53, 1941. 

10 BN 2, §8.—In BN 1, it is shown that the determinant | X | of the matrix X of the 
modular group characters of a group is prime to a fixed prime ideal divisor p of p, ef. BN 1, 
(26). The proof given in BN 1, p. 14 for the fact that | X | is prime to p, is not correct. 
However, this result follows from BN 1, (26), since | X |? is a rational integer, ef. BN 1, (29). 
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4. p-conjugate characters 


If we replace a primitive g’" root of unity «, by another one é, (4,9) = 1, 
then every character ¢, is transformed into a conjugate character ¢,. Choose 
now \ = 1 (mod g’) so that the substitution e, — ¢ amounts to an interchange 
of the p’* roots of unity, such that the g" roots of unity remain unaltered. 
In this case, we say that the two conjugate characters ¢, and {, are p-conjugate. 
All the characters are distributed into families of p-conjugate characters. 

If ¢, and ¢, are p-conjugate, then ¢,(@) = ¢.(G@) for p-regular elements G. It 
follows that ¢, and ¢ have the same modular constituents (for p). Hence 

THEOREM 6: Two p-conjugate characters ¢, and £, have the same medular constit- 
uents; they lie in the same block of characters (for p). 


5. The decomposition numbers corresponding to a block of characters 


Let B be a block” of characters of G (for p). We consider a sum analogous 
to (6) but where » ranges only over the values for which ¢, belongs to B. We 
shall say for short that these are the indices in B. Similar to (5) we have 


emer ’ , 1 1 i mel oe f ; -~ (P.W) 
x dd, = > > a(P) alP)) &)(V)}(W) >) 6(P:V)¢.(P;W). 
As the di, , the whole sum is an integer of the field of the p*t* roots of unity. 
But with every ¢, all its p-conjugates appear, and the expression on the right 
hand side shows that the sum is a rational integer. 

Now collect the terms for which V lies in a fixed class of 3t(P;) and W in a 
fixed class of N(P;). Since these classes consist of n(P;)/n(PiV) and of 
n(P;)/n(P;W) elements respectively, and all the corresponding terms have the 
same value, we find 


Le div din 


~ 2" pe [6,(V~) /n(P:V)|[&;(W)/n(P; W)] a t(PiV) EP; W) 


pin 


(7) 


where V and W range over certain elements of ¥t(P;) and N(P;) respectively. 
The numbers in the square brackets are p-integers.” If p is a prime ideal 
divisor of p in the field generated by the characters ¢, , then 


fu(PiV) = o(V) (mod p). 


On the other hand, if 7 > 0 and, therefore, P;W p-singular, we have 
DX .(V)5.(P)W) = 0." 


pinB 





" BN 1, §§6, 7.—BN 2, §9. 

" BN 1, theorem V.—This theorem is a consequence of BN 2, (16) and (17). 

SBN 1, theorem VIII.—This can also be seen from BN 2, (28), and the formulae (1) 
and (6) of the present paper. 
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932 RICHARD BRAUER 


Hence for j > 0 the sum (7) is divisible by p, and since it is rational, it is 
divisible by p. 

THEOREM 7: If P; ¥ 1, 7.e. of 7 > 0, then for every block B 
(8) 2 dir dap = 0 (mod »); 

pin 
the left side 1s a rational integer. 

Assume that the blocks B = B, consists of the ordinary characters {,, & , 
-+»,¢, and the modular characters ¢1, g2,--- ,¢,, (¢ = ¢,) and form the 
matrix D, = (dye) = (de), (0 = 1,2,-++,2;0 = 1,2,-+--,y). The matrix D 
breaks up completely into D, , D., --- corresponding to the different blocks." 
From (6), it follows that 


0 oes 
- [Cy =C,, if ¢ = 0, and ¢,, ¢, both belong to B. 
(3*) = d‘,d®, ats Pp p) ’ » oe g 


nin B 0, in all other cases. 


This supplements (8). 

If 1, f2, +--+ , & belong to w different families of p-conjugate characters, then 
we arrange the ¢, so that [1 , f, +--+ , f» all belong to different families. Assume 
that the family of ¢, consists of r, characters and set 


(9) Dy = (dye) (0 = 1,2,---,w;o = 1,2,---,y). 
If ¢, and ¢&, are p-conjugate, then dy, = Opa by theorem 6. Therefore, D, has 
the same rows as D, , but the u™ row of Dy appears r, timesin D,. From (8*) 
and (1), it follows that 
De Iwtu(S) = 0 (for all p-singular S of @). 
p=1 
Here, p-conjugate characters have the same coefficients. If we denote by ¢, 
the sum of all characters which are p-conjugate to ¢, (including ¢,), the equa- 
tion can be written in the form 


(10) > dwt,(S) = 0 (for all p-singular S of @). 
p=1 


We set d, = > d,, for any fixed numbers ,+++,@y. Then 


(10a) > d,§,(S) = 0 (for all p-singular S of &). 
ho 

Every character ¢,(G) of © may be considered as a character of the p-Sylow- 

subgroup $ of G, when we take G as an element P of $. If, in this sense, {4 

contains the 1-character [1] of  q, times, the same will hold for the p-conjugate 

characters and, therefore, ¢, will contain [1] exactly r,q, times. The expression 

x(P) = >> d,é,(P) is a linear combination of the characters of $, and [1] appears 





144 BN 1, theorem VII.—BN 2, (28). 
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in it with the coefficient > 4,7.q.. But, from (10a), x(P) = Ofor P ¥ 1. If 

, is the degree of ¢,, then x(1) = >> 1,d,z,. The orthogonality relations for 
parties group characters give (1/p”) oi T,dy2, a8 the coefficient of [1] in x, 
and hence 


(11) p° p> My dy My sami > T,d,2,. 
= = 


If only one of the numbers d, is different from 0, (11) becomes p*q, = z , 
and then the character ¢, is of the highest kind.” If we exclude this case, it 
follows that it is impossible to determine a , we, - - - 1 Wy SO that only one of the 
d, does not vanish. This implies that the rank ot D, is smaller than w. But 
D, has the same rank as D,, and this rank is y."° Hence 

TurorEeM 8: Every block B which is not of the highest kind contains more families 
of ordinary characters than it contains modular characters: w > y." 

Each relation (10) must contain at least two —,. This gives 

TurorEM 9: If the block B is not of the highest kind, then each of its modular 
constituents appears in at least two characters £, of B which are not p-conjugate. 

From (10) it also follows that 


(12) > ¢u(R)E,(S) = 0 


for any p-regular R and any p-regular S. 

The blocks of highest kind consist of exactly one {, whose degree is divisible 
by p’, and each such ¢, forms a block of highest kind.”* Since such a ¢, vanishes 
for all p-singular elements, (2) gives 

Turorem 10: If ¢, forms a block of highest kind, then di, = 0 for alli > 0 
and all v. 


6. The permutation lemma 


We now derive a simple lemma which we shall need. Consider a matrix 
M = (m;;) with u rows and v columns. Every permutation A of the rows of M 
can be effected by left-multiplication of M with a suitable “permutation matrix” 
P, of degree u which in every row and in every column has one coefficient 1 and 
m — | coefficients 0. Similarly, every permutation B of the columns of M 
can be effected by right-multiplication of M with a suitable permutation matrix 
Qs of degree v. We prove 

Lemma 1: Let M be a non-singular matrix. If there exists a permutation A of 
the rows of M and a permutation B of the columns of M such that both carry M 
into the same matrix, then the cycles of the permutation A have the same lengths as 
those of B. In particular, A and B have the same number of cycles. 


’ BN 2, theorem 1. 

” BN 1, p. 21.—BN 2, (29), (15) and (14). 

'’ This improves the inequality z > y given in BN 2. 
8 Cf. footnote 15. 
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934 RICHARD BRAUER 


Proor: According to the assumption, we have 
(13) tg aM = M Qs . 


Since M is non-singular, P, and Q,z have the same characteristic roots. To 
each cycle of length r of A, there correspond the r r‘” roots of unity as charac- 
teristic roots of P, .’° On comparing the roots of P, and Q, , starting with the 
maximal r, we readily obtain lemma 1. Similarly, we prove 

Lemma 2: Let M be a rectangular matrix whose columns are linearly independent, 
and assume that there exists a permutation A of the rows and a permutation B of 
the columns of M which both carry M into the same matrix. If B has a cycle of 
length r then A has a cycle whose length is divisible by r. 

Proor: Again, (13) holds. Schur’s lemma shows that Qz is a constituent of 
P., so that the characteristic roots of Qs appear among those of P,. On com- 
paring these roots, we obtain lemma 2. We also have the result 

Lemma 3: Let M be a non-singular matrix of degree m, and let A and B be two 
permutation groups of degree m which are both homomorphic to the same group Tf. 
If for every T in &, the corresponding element A 7 of UX, applied to the rows of M, 
and the corresponding element Br of 8, applied to the columns of M, both carry M 
into the same matrix, then the number of systems of transitivity is the same for 
and for &. 

Proor: Again (13) will hold for corresponding A = A, and B = B;. All 
we have to show is that the number 7, of systems of transitivity is an invariant, 
if 2% is interpreted as a group of linear transformations, and similarity trans- 
formations of 2% are performed. But this follows from the fact that rq is the 
number of 1-constituents of the linear group Y. 


7. Families of characters, classes, and d-columns 


The results of §6 can be applied when M is the matrix of group characters 
of G. We may construct corresponding permutations A and B in the following 
manner. Let ¢, be a primitive g™ root of unity, and let \ be a rational integer 
which is prime to g. The substitution 7, : «, > & carries every character x 
of G into a conjugate character x”, we have 


(14) x"(@) = x@). 


On the other hand, the substitution G — G* carries every class of conjugate 
elements € into a new class €”. Then (14) shows that the value of x for 6” 
is the same as the value of x” for ©. Hence the permutation A: x — x” of 
the rows of M, and the permutation B: € > €™ of the columns both carry M 
into the same matrix. 

We are interested in the case that \ = 1 (mod g’). Then x and x” belong to 


19 A modification is necessary, if the underlying field is modular, but the lemma remains 
valid. The same is true for lemma 2 and lemma 3. We shall use the lemmas only in the 
case of a non-modular field. 
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the same family of p-conjugate classes (§4). We shall aiso say that the classes 
€ and ¢” belong to the same family of classes (A = 1 (mod g’)). If € contains 
the element P:V (V in M(P;), p-regular), then ©” contains P*V in this case. 

Before formulating the results, we also consider the matrix D, (3). With 
every column di, , all the algebraically conjugate columns will appear. Indeed, 
the substitution 7, , (A = 1 (mod g’)) results in the replacing of P; in (2) by P}, 
and on account of Theorem 2, this new column can again be expressed in the 
form di,. The d-columns thus appear distributed into families of algebraically 
conjugate d-columns. The effect of the substitution 7, on D then consists of a 
permutation B* of the columns; the members of each family are interchanged 
among themselves. 

On the other hand, the effect of 7, on D can also be described by the permuta- 
tio A: x > x” of the rows of D as follows from (2). Hence the assumptions 
of lemma 1 are also satisfied for M = D and the permutations A and B*. 

Let = be the group of all substitutions 7, with \ = 1 (mod g’). We then 
have homomorphie groups %, 8, B* consisting of the A, the B, and the B* 
respectively. In each of the three cases, a system of transitivity corresponds 
exactly to a family (of characters, classes, or d-columns). Hence lemma 3 gives 

THEOREM 11: The number of distinct families is the same for each of the three 
kinds of families: Families of p-conjugate characters, families of classes, and 
families of conjugate d-columns.”° 

Next let p be an odd prime. Thus Tf is cyclic, and a primitive element is ob- 
tained by taking for \ a primitive root (mod p*), (A = 1 (mod g’)). For this 7) , 
the lengths of the cycles of the permutation A are the numbers of members 
belonging to the different families of characters. A similar statement holds for 
Band B*. Lemma 1 now yields 

TuroreM 12: Let p # 2. If the different families of characters contain 


1, T2,+++,7 members respectively, if the different families of classes contain 
81, 8, +++, 8 respectively, and if the different families of d-columns contain t, , te , 
+++, ty members respectively, then the three sets (r1, 12, +++, Ty), (81, 82, +++ 5 8), 
(1, 2, +++ , ty) are identical apart from the arrangement. 


Remark: The ko p-regular classes form each a family of its own, s = 1. Simi- 
larly, the ko d-columns of D® = D form each a family of its own, ¢ = 1. 

There is another case in which lemma 1 and lemma 3 can be applied. Every 
automorphism of @ permutes the characters, the classes, and the d-columns, and 
again the assumptions of the lemmas are satisfied. It seems unnecessary to 
formulate the results explicitly. 


UNIVERSITY OF TORONTO, 
Toronto, CANADA. 


a 


*? For the first two kinds of families, compare the similar statement and proof in W. 
Burnside, Theory of groups of finite order, 2nd. ed., Cambridge 1911, p. 315, theorem VI. 
“For p = 2 this will hold, if G does not contain elements of order 8. 
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INVESTIGATIONS ON GROUP CHARACTERS* 


By RicHarp BRAUER 
(Received November 19, 1940) 


Introduction 
Let © be a finite group of order g. It is well known that the distinct irre- 
ducible representations 3:1, 32,--- , 3x of © in the field of complex numbers 


can be so chosen that their coefficients belong to an algebraic number field 2 
of finite degree. Furthermore, if p is a fixed rational prime number, we may 
assume that the coefficients are p-integers, i.e. are of the form a/8 where a and 8 
are integers of 2 and @ is prime to p. Let $ be a fixed prime ideal divisor of p 
inQ. If every coefficient of 3, is replaced by its residue class (mod $8), then we 
obtain a modular representation 3, with coefficients in a field of characteristic p. 

It was shown by Dickson and Speiser’ that the ordinary theory of group 
characters remains valid for modular group characters, if the prime p does not 
divide the group order g. Every modular representation then is completely 
reducible; all the distinct, absolutely irreducible modular representations are 
given by 31, 32, Teo Bk. 

In a recent paper,’ C. Nesbitt and the author obtained results which may be 
considered as generalizations of these theorems. Let p be any rational prime, 
and assume that p”* is the highest power of p which divides g, say 


g=pP9’, (p, 9’) = 1. 
We then considered representations 3, whose degree is divisible by p*. It was 
shown that 3, is absolutely irreducible as a modular representation. Whenever 


Bx appears as a constituent of a modular representation §, then § breaks up 
completely into 3, and another constituent 2% (reducible or irreducible) 


3. 0 
6 ~(° S 


None of the representations 3, for \ ¥ «x contains 3, as a constituent. Since 
every irreducible modular representation appears as a constituent of at least one 
of the representations 3:1, 32,--- ,3x, this, (in the case a = 0, ie. g #9 
(mod p)), actually yields the theorem of Dickson and Speiser. 





* Presented to the American Mathematical Society on September 5, 1941. 
1 L. E. Dickson, Trans. Am. Math. Soc. 3, p. 285, 1902. A. Speiser, Theorie der Gruppen 
von endlicher Ordnung 3°4 ed. Berlin 1937, §71. 
* On the modular characters of groups, Ann. of Math., 42, p. 556, 1941. I refer to this 
paper as BN. 


936 











irre- 
ibers 
ald Q 
may 
ind p 
of p 
n we 
ic p. 
roup 
not 
tely 
are 


y be 
me, 


was 
‘ver 


1¢e 
ne 


en 


his 


INVESTIGATIONS ON GROUP CHARACTERS 937 


1 


In this paper, I study representations 3, whose degree z, is divisible by p* 
but not by p*. If the order g of G is divisible by p to the first power only, then 
every representation 3, is either of this type, or of the “highest” type, z. = 0 
(mod p*), which was studied in the former paper. Our results will enable us to 
derive a great number of properties of the characters of groups @ of such an 
order g = pg’; these properties form a powerful weapon in the investigation of 
these groups.” 

Our first result concerning representations 3, of a degree z, = 0 (mod p*’) 
is that the degree of all those representations 3, which belong to the same block* 
Bas 3,, is also divisible by p**. I mention here the following application of 
this theorem: The only simple group of an order 4p"q’, (p, q primes) with a < 2 
is the simple group of order 60; the only simple groups of an order 3p"q’ (p, q 
primes) with a S 2 are the simple groups of order 60 and 168. (§9.) 

With the block B containing a representation 3, of degree z, = 0 (mod p*’), 
z. £ 0 (mod p"), we associate a linear graph. Every vertex V) corresponds to a 
family of p-conjugate characters’ { , {,, --- of B, every edge S, to a modular 
character ¢, of B, and the edge S, contains V, , if y, is a modular constituent of 6 
(and so of all its p-conjugates). It will be shown that every S, contains only 
two vertices, further that: the complex actually is a tree 7. Since we also 
have the result that g, never appears with higher multiplicity than 1 in an 
ordinary irreducible character, the tree describes the complete structure of the 
block B, if at every vertex V, the number r, of characters in the family of & 
is indicated. If 7’ and these numbers r, are given, the decomposition numbers 
and hence the Cartan invariants corresponding to the block can be easily ob- 
tained. Of course, there exist two vertices of 7 which lie on only one edge. 
Consequently, the block B contains at least two characters which are not p-conju- 
gate, and which remain irreducible, when considered as modular characters. 

If 3, is any irreducible representation of G, if z is its degree and 7, the number 
of its p-conjugates, then we can show that nza # 0 (mod p™”’).° If na = 0 
(mod p*), then 2. = 0 (mod p’), i.e. 3, is of the highest kind. 

In the case 2, = 0 (mod p*"), ~ ¥ 0 (mod p’), it follows that 7 divides p — 1. 
Besides, we have the relation 

T17%2 +> ro(2 wha bed +2) =p 
T1 T2 Tw 
for the numbers 7, belonging to the different vertices V) of the tree 7. 
In the last three sections, the arrangement of the modular constituents of an 





* Cf. R. Brauer, On groups whose order contains a prime factor to the first order, to appear 
soon. 

* BN, §9. Cf. also R. Brauer and C. Nesbitt, On the modular representations of groups of 
finite order, University of Toronto Studies, Math. Series No. 4, 1937. 
_ °For the definition of p-conjugate characters, cf. the list of notations at the end of this 
introduction. 

* This improves the theorem that the degree of an irreducible representation divides the 
order of the group. 
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938 RICHARD BRAUER 


irreducible representation 3, of a degree z, = 0 (mod p”") is discussed, We 
assume here that the splitting field 2 is normal over the field of rational numbers 
and that the order of ramification e of p in Q is equal to the number ry of p-conju- 
gates; there exist fields 2 satisfying these conditions, but e can never be smaller 
than r,. It turns out that the arrangement of the modular constituents of 3) 
is uniquely determined apart from a cyclic permutation of the constituents. 
If we restrict ourselves to the application of similarity transformations M whose 
coefficients are -integers and whose determinant is prime to $3, then the cyclic 
permutation must be the identity. The class of all representations 3, with 
-integral coefficients in 2, which are similar to 3), splits into 7 subclasses of 
representations which are similar in this narrower sense. Here, j is the number 
of modular constituents of 3, , and each of the subclasses corresponds to one of 
the j cyclic permutations of the modular constituents. 

Noration: @ is a group of order g = p‘g’ where p is a fixed prime and 
(g’, p) = 1. The words “representation” and “character” always refer to 
representations in the field of all complex numbers and their characters, unless 
the word “modular” is added, in which case we mean a representation in a field 
of characteristic p. The distinct irreducible representations of @ are denoted 
by 31, 32,---, 3x, their characters by {1, f2,--- , ¢% and their degrees by 
Z1, 22,+++,2,. Two characters ¢, and & are p-conjugate if ¢, can be carried 
into & by a change of the primitive p*th roots of unity which leaves the g’th 
roots of unity unaltered. Then {, {, --- , ¢% are distributed into “families” 
of p-conjugate characters; the number of members of the family of { is usually 
denoted by r,. If G is an element of G, then §(@) is the value of { for this 
element G. The distinct, absolutely irreducible modular characters of @ are 
denoted by ¢1,¢2,---. Anelement G of G is p-regular if its order is prime to p. 
If its order is divisible by p, then G is p-singular. 





1. Construction of a suitable splitting field’ 


Let G be a group of finite order g, and consider an irreducible representation 
8 ot tne group © in the field of all complex numbers. We want to construct a 
splitting field A for 3 such that A is normal over the field P of rational numbers, 
and that the order of ramification e of a given prime p in A is as small as possible. 
Of course, A must contain the field Z = P(¢) generated by the character ¢ of 3, 
and this fact imposes a condition on e. The following lemma shows that, for 
suitable A, the number e has the smallest value which is compatible with this 
condition. 

Lemma 1: There exist splitting fields of the form Z(r) where r is a root of unity, 
t = 1, of an order s which is prime to p. 


Proor: Let q be a prime ideal of Z and Q be a corresponding prime ideal of 





7 For the concepts of the theory of algebras used in §1, cf. M. Deuring, Algebren, Berlin 
1935, and A. A. Albert, Structure of algebras, New York 1939. 
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z(r). According to a theorem of Hasse,” the field Z(r) will be a splitting field, 
if for every q the q-index m, of Z divides the O-degree n, of Z(r). Let q be one 
of the prime ideals for which m, ~ 1, and let r’ be the highest power of the 
rational prime r which divides m,. We shall show below that we can find a 
root of unity & = #(q, 7”) of an order j = 3(q, r’) prime to p, such that for every 
prime divisor Oy of q in Z(#), the Q-degree is divisible by r’. If we then adjoin 
the numbers #(q, 7’) for all discriminant divisors q, and all prime powers 7” 
dividing m, , a field Z(r) with the desired property is obtained. 

The construction of # is immediate for infinite prime ideals; any imaginary 
root of unity of an order prime to p can be taken. Let q be finite and let ¢ be 
the rational prime divisible by q. It will be sufficient to find a positive rational 
integer j which is prime to p, such that in a field of the j roots of unity either 
the order of ramification e, or the degree f, of the prime ideal divisors of q is 
divisible by a preassigned prime power r’.” We distinguish several cases: 

(a) if r # p, r ¥ q then assume that q belongs to the exponent p (mod r). 
We set j = r° where X is a positive rational integer, and have q’’ = 1 (mod j). 
The degree f, equals the exponent to which q belongs (mod j). Hence p|f,, 
but f, | pj and consequently, f, is of the form pr’. For sufficiently large \, we 
shall have o = #, ie. r’| fy. 

(b) fr =9,q 4 p, takej = 7°". Thene, = r‘(r — 1). 

(c) Ifr = p,q 1 (mod p), takej = q” —1. Then (Qj, p) =1,f, = r". 

(d) If r = p, gq = 1 (mod p), we may write q — 1 = qr” where (q, r) = 1, 
bh > 0." Raising this equation to the r* power we easily obtain q1 < a. 
For j =, = t, we have f, = r =r‘. In all these cases j is prime to p. 
This finishes the proof of the lemma. 

Without restriction, we may assume that all g’”’ roots of unity belong to Z(r). 
We may further assume that 7 is so chosen that it can be used simultaneously 
for all irreducible representations of G. If we set K = P(r), we have 

Lemma 1*: There exists a field K over the field of rational numbers with the 
following properties: 

(a) The field K contains the g'” roots of unity. 

(8) The prime p is not ramified in K: (p) = pm, where p is a prime ideal of K, 

and (p, m) = (1). 
(y) Every irreducible representation 3 of © can be written in the field K(¢) 
obtained from K by adjoining the character ¢ of 3. 

Two characters ¢ and ¢’ are algebraically conjugate with regard to K, if and 
only if they are p-conjugate. The degree r of K(¢) with regard to K is, therefore 
equal to the number of characters in the family of ¢. 

Let € be a p*th root of unity such that ¢ lies in K(e) = 2; we may always take 


sth 


* Cf. the books mentioned in footnote 7 or the original paper of Hasse, Math. Ann. 107, 
p. 731 (1933). 

* Since the field Zis fixed, the field Z(#) will satisfy the condition above, if ¢ is taken large 
enough. 


“If r = 2, choose A = 2. 
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1<a<a. Let § be the prime ideal divisor of p inQ.” The representation 3 
can be written with $-integral coefficients belonging to 2. When we replace 
every coefficient by its residue class (mod $3), we obtain a modular representation 
3 whose coefficients belong to the field © of residue classes of integers of 2 (mod 
%). After replacing 3 by a similar representation, we may assume that 3 
splits into irreducible constituents in ©. 

If § is any irreducible representation of © in the algebraically closed extension 
field of ©, then the traces of all the matrices are sums of modular g™ roots of 
unity. Since @ has the characteristic p, they are sums of g’” roots of unity, 
and hence they belong to &. It follows that ¥ can be written with coefficients 
in ©.” Any modular representation which is irreducible in © is absolutely 
irreducible. We may set 


(1) 


where %,, = 0 (mod $) for x < A, and where the %,, (mod $) are the absolutely 
irreducible modular constituents of 3. 


2. On the number of p-conjugate characters 
The degree of 2 over K is m = ¢(p*) = p* ‘(p — 1); we denote the conjugates 


of a number w of 2 by w, w’, --- ,w’””, and use the corresponding notation for 
matrices and representations. Then 3” and 3 are either non-similar or 
identical. 

Let 3(G) be the matrix representing the group element G, and denote by 
B(G) the coefficient in the upper right corner of 3(G@) and by y(G) the coefficient 
in the lower left corner of 3(G). The fundamental relations of I. Schur” for 


the coefficients of a representation give 
(2) » BG) ¥(G")? = neg/2, 


where z is the degree of 3, and 1. = 0 for ¢” # ¢, and me = 1for¢® = ¢ if 
Let w be any integer of 2, and set 


m—1 


(3) &(@) = 2, 0” 8(G)” = tr (w6@));  &(@) = ¥ 1@” = tr (7(@), 


where tr (---) denotes the trace of an element of 2 with regard toK. Then (2) 
yields 


> &(@)é(G") = (g/z)- >> tyew”. 





11 We then have p = B*, e = p*"1(p — 1). 

1 Cf. R. Brauer, Math. Zeitschr. 29, p. 79 (1929), p. 101. The fact used is equivalent 
to Wedderburn’s theorem on finite division rings. The argument shows that § can be 
written in the field of the modular g’* roots of unity and, therefore, in the field K of residue 
classes of integers of K (mod p). 

18 I. Schur, Sitzungsber. Preuss. Akad. d. Wiss. 1905 p. 406, theorem IV. 
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If r is the degree of K({) over K, we have m/r characters ¢” which are equal to a 


fixed (”. Hence 
() L H(@)e(G") = & tr (W). : 
The trace of any $-integer is divisible by p*’. This holds, in particular, 


for £(@) and &(G@). Forw = 1, we thus find 
2 


gm _ 2a—2 


Since the left side is rational, p may be replaced by p (cf. lemma 1*, (8)). Since 
m = ¢(p*), this gives ie 
TuEoreEM |: If £ is an irreducible character of degree z, and if r is the number of 
p-conjugate characters, then g/(rz) is a p-integer for any prime p. | 
We next assume that 3 is reducible (mod ¥). Then (1) shows that 6(G) = 0 . . 
(mod $). Set 


(5) y= p*” @=(1-e€)/1-—)P=1ltet+--- +e. 


’ 


Since ¢’ is a primitive p™ root of unity, ® is divisible by 8”. If a $-integer is 
divisible by $, its trace is divisible by p*.” For w = 0, we have w8(G) = 0 
(mod $3’) and, therefore, £(@) = 0 (mod p*). As before, &(G@) = 0 (mod p*’). 


From (5) it follows that tr (Q) = m, and (4) now yields . | 


~ awa er lah eee tba * “ 


spe * 


gm’/rz = 0 (mod p 


Hence 
Lemna 2: If ¢ in theorem 1 is reducible as a modular character, then the p-integer 
g/rz is still divisible by p. 


3. Characters with a common modular constituent 


We use a similar argument in order to study two irreducible representations 
3: and 32 which have a modular constituent in common. We exclude the case 
when the characters ¢; and f of 3; and 3: are p-conjugate. The p*“" root of 
unity « may be so chosen that 2 = K(e) contains both { and & ; let 5 be the 
Galois group of 2 with regard to K. 

Each 3, can be written in the form (1), say 3, = (2%). For at least one 
pair of indices 7, 7, we must have 


(6) Wis = Aj; (mod §). 

* Any $-integer \ can be written in the form \ = i u,e where p = 0,1,--- ,m— land 
the U, are p-integers of K. We have tr (e*) = mif u« = 0 (mod p*), tr (e*) = —m/(p — 1), 
if « = 0 (mod p=), w # 0 (mod p2), and tr (e*) = 0 in all other cases. This proves the 
statement. 

’* It is sufficient to prove this for numbers of the form (1 — e”)e#, ef. footnote 14, and here 
it is evident. 
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Let i(@) be the coefficient in the upper left corner of %j;, and y2(@) the co- 
efficient in the upper left corner of 7; , and set B(@) = y1(@) — ye(@) so that 


(7) B(G) = 1(@) — ¥2(@) = 0 (mod §). 


F ae 
Schur’s relations © give here 


> 1G)? n(47)? = the > 1G)” (G7) = A Toe 


> ni(G)” 2(G- = 0 


(8) 


where z, is the degree of 3, , and 7%. = 0 or 1 according as ¢{” ¥ &” or 6? = 6. 

The same relations hold, when 3; = 32, and 3: contains one of its modular 
constituents more than once. We then have a formula (6) with 7 ¥ j, and (7) 
and (8) are also true. 


From (8) it follows that 
(9) D BG) pa")? = Ln. + Lape. 
G 21 22 
We set (cf. (3)) 
(10) £(G) = tr @6@)), &(@) = tr (¥s@), 


where w and y are two integers of 2. Then (9) gives 


> £(@)&(G") = z 2a Me neo? y +5 g LS oy. 


When K(¢,) corresponds to the cerm &, of the Galois group §, this can be 
written in the form 


(11) > £(G)&(G") = 1 “da mt 


(12) Uy = > “tig 

X1=X¢e (mod £,) 
where in (12) the sum is to be extended over all pairs of elements Xi , X2 of §, 
for which X,X_" belongs to &, . 

We first choose » = ©, y = 1, where @ is defined in (5). Then w6(G) = 0 
(mod $”), and as in §2, the trace &(G@) of w8(G) is divisible by p*. Furthermore, 
£(@) is divisible by p*’, since it isa trace. If a= 1, we may even state &(@) = 
0 (mod p), because 8(G) is divisible by 8. Findily, u, = tr (O)m/r, = m [tes 
since %, has the order m/r, and tr (Q) = m. Then (11) yields 


gm’ /ryz1 + gm?/reze = 0 (mod y**"). 


For a = 1, this congruence even holds (mod p’). If (mr: , p) = 1 and (rz, p) = 1, 
we may dum a=1. As before, pcan be replaced by p. Since m= p* \(p oe 1), 
we have 
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Lemma 3: Let f: and 2 be two characters of © which are not p-conjugate but 
which have a modular constituent in common. If £, has r, p-conjugates, and if z, 
is the degree of £4, then 


(13) g/Tiz1 + g/T2%2, = 0 (mod p), 
(13*) g/Tiz1 + g/T2z2 =0 (mod P), if (ri ’ P) = 1 and (r2 ’ p) = 1. 


Secondly, we choose w, ¥ such that w = 0, ¥ = 0 (mod $""). Then &(G) = 
£(G) = 0 (mod p*), and we obtain 

Lemma 4: Suppose that {; and {2 satisfy the assumptions of lemma 3. Let 
wand W be two integers of K() which are divisible by B”"',v = p™". Then 


(14) wg/z. + uag/z. = 0 (mod p’*), 


where u, 1s defined by (12). 

According to a remark above, the same argument will hold, if 3: = 32: and 3: 
contains one of its modular constituents more than once. 

Lemma 5: If ¢ is a character which contains one of its modular constituents more 


than once, then for odd p, 
(15) g/(r2z) = 0 (mod 7’), 


where z is the degree of ¢, and where the number r of p-conjugates of £ is assumed to 
be prime to p. 


4. On representations for which rz = 0 (mod p") 


We now prove 

TuHroreM 2: Let ¢ be an irreducible character of degree z which has r distinet 
p-conjugates. Then rz can be divisible by p* only if z ts divisible by p*, i.e. when £ 
1s of the highest kind. 

Proor: Assume that rz = 0 (mod p*), z #0 (mod p’). Since the corresponding 
representation 3 is not of the highest kind, the block B of ¢ = {; cannot consist 
of the family of ¢; only."* Hence we may find a character { in B which is not 
p-conjugate to ¢;, but has a modular constituent in common with ¢;. Then 
(13) shows that also roz2 = 0 (mod p*). On the other hand, z 4 0 (mod p’), 
because B is not of the highest kind. Consequently, {2 satisfies the same assump- 
tions as {;. On considering chains of characters of B such that any two con- 
secutive terms have a modular character in common, we conclude that every 
character ¢, of B satisfies the conditions 7,z, = 0 (mod p’*), z, ¥ 0 (mod p’), 
where z, again is the degree of ¢, and r, the number of p-conjugates. 

It now follows from lemma 2 that all the ¢, of B are modular-irreducible, and 
this implies that they all are equal when considered as modular characters. 
To the block B = B, there corresponds a part D,” of the matrix D of the decompo- 


Subic 


’R. Brauer, On the connection between the ordinary and the modular characters of groups 
of finite order, Ann. of Math., 42, pp. 926-935, 1941, theorem 8. 
‘Cf. BN, §9, (28). 
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sition numbers of G. Our results show that the matrix D, consists of one column 
only, and all the coefficients are 1. All the ¢, have the same degree z, and if 
z = p’z' with (z’, p) = 1, then all the 7, are divisible by p* *. The number of 
rows in D, is equal to the sum of all r, belonging to the different families of B, 
and hence this number is larger than p”* °. 

There corresponds to B a part C, = DD, of the matrix C of the Cartan in- 
variants.’ This C, is of degree 1; its only coefficient is equal to the number of 
rows of D, , and therefore is larger than p* *. On the other hand, the block B, 
is of type p, and then C, has p”” as an elementary divisor,* which means that 
C, = (p* *). This gives a contradiction, and hence the theorem is proved. 


5. Evaluation of the numbers u, in lemma 4 


p2, --- which form a complete residue system (mod p*”), a = 2, and let 6: 
01,02, --+ be asecond system with the same properties. We set 


Assume that a = 2. Let @ be a system of p*’ = v rational integers p, , 


w= De, y=rte,; 


where p ranges over the values of 9, and o over those of 6. If p = 7 (mod »), 
then ¢ = ¢€ (mod §’) when again v = p*. It follows that w and y both are 
congruent to the number @ in (5) and hence both are divisible by ”’ as assumed 
in lemma 4. Now (12) becomes 


(16) u, = bs AD Be” sede te 


X,1=X_q (mod) p 


(Xi ’ Xe in §).” 


If é appears, all its conjugates appear with the same multiplicity. Conse- 
quently, if A, terms of (16) are equal to 1, and B; terms are primitive p* roots of 
unity, we have u, = A, — B//(p — 1). The term on the right-hand side of (16) 
is 1, if pX, = oX2 (mod p*), ice. if pX:X_' =o (mod p*). Similarly, the term is a 
primitive p*" root of unity, if this congruence holds (mod p* *) but not (mod p*). 
Now X1X2' is an element of 2,. Let A, denote the number of pairs (p, L), p 
in e, L in &, , for which pL is congruent to one of the numbers o (mod p*), and 
B, the number of pairs, for which a congruence pL = o (o in 8) holds (mod p*’) 
but not (mod p*). Then A; and B; are obtained from A, and B, by multiplying 
the latter by the order g(p*) = v(p — 1) of , and hence 


(17) Uy, = o(p — 1)A, — vB, . 





8 In BN, §17, it was proved that at least one elementary divisor corresponding to 4 
block of type a is divisible by p*-«. Actually, exactly one elementary divisor is equal to 
p** while the other elementary divisors are smaller than p**. This can be proved 
by a generalization of the method of BN, §21; ef. below section 8 of this paper where 
the same method is used (for p = 2). 

19 We may understand pX, and oX: as rational integers (mod p*). 
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Since every pL is congruent to one of the o (mod p*"), and since &, is of the 
order |, = v(p — 1)/r, , we have A, + B, = v'(p — 1)/r,. Then (17) becomes 
u, = vpA, — 0'(p — 1)/r, and (14) takes the form 


a a 8-37 sa—3 
PY, + EAs Pe (? (p 1)g + P (p ue) =0 (mod p”). 


41 "121 1222 








According to (13), the last two terms are divisible by p**’, and since 3a — 2 = 
2a, can be neglected. We then have 


(18) gAi/z + gA2/z = 0 (mod p*). 


If p is odd, we shall need the value of A, , only if r, is prime to p. Ti: field 
K(¢,) then is contained in the field K(e€p) where €, is a primitive p‘* root of unity. 
If p 4 0 (mod »v), (p in g), then for every L in &, the number e” is conjugate to 
é with regard to K(¢,). If ¢’ appears in the form ¢’”, so do 

ani ott Sa ga 
and each of them appears the same number of times. Exactly one of these 
quantities is of the form ¢’, (o in 6). Hence, for a fixed p, one in every p oi the 
elements L of &, satisfies the condition that pL belongs to é6. For p = 0 (mod v), 
the number of elements L of &, , for which ¢” has a fixed value, is divisible by 
p”. Hence, in the case (r, , p) = 1, we have 


(19) A, = 1,(v — 1)/p = o(p — 1)(v — 1)/p = p**/%, (mod p*”). 


The congruences (18) and (19) enable us to prove the following lemma: 

Lemma 6: Let p be odd. If $, and §» satisfy the assumptions of lemma 3, and if 
a = 0 (mod p*"), then re # 0 (mod p). 

Proor: From theorem 2, it follows that r; # 0 (mod p). Assume that 
r =0(mod p). If we choose for a the smallest value for which £; and {2 belong 
to the field K(e) obtained from K by adjoining a p*” root of unity «, then 7 
must be divisible by p*’. Theorem 2 shows that we have z, # 0 (mod aie 
and, therefore, the second term in (18) is divisible by p*. Since (m1, p) = 1, 
we may use (19) for «1 = 1 and find that the first term in (18) is divisible by 
p only, which gives a contradiction. Hence rz 4 0 (mod p) as was stated. 

For p = 2, we choose a = 3. Here, r, is a power of 2. Ifr, = 2?,1Sj38 
a — 2, the field K(e) has exactly three subfields of degree 2’ over K. One of them, 
say T;”, is obtained by adjoining a 2**"" root of unity to K. We denote the 
other two by T? and Pr’, and set K(e) = T2,, K = To”. Then, by an argu- 
ment similar to the one used for odd p, we may prove 


(20) A, = 0 (mod 2°7~), if K(¢,) = TY”. 
(21) A, - 97-5 (mod > stating if K(¢,) Hs re or ry”. 


Lemma 7: Let p = 2, and suppose that {, and {2 satisfy the assumptions of lemma 
3. If rz; = 0 (mod 2°") and if K(¢1) is not of the form K(é) where € is a primitive 
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sition numbers of G. Our results show that the matrix D, consists of one column 
only, and all the coefficients are 1. All the ¢, have the same degree z, and if 
z = p’z’ with (z’, p) = 1, then all the 7, are divisible by »* *. The number of 
rows in D) is equal to the sum of all 7, belonging to the different families of B, 
and hence this number is larger than p* °. 

There corresponds to B a part C, = DxD, of the matrix C of the Cartan in- 
variants.’ This C, is of degree 1; its only coefficient is equal to the number of 
rows of D, , and therefore is larger than p* °. On the other hand, the block By 
is of type p, and then C, has p*” as an elementary divisor,» which means that 
C, = (p* ”). This gives a contradiction, and hence the theorem is proved. 


5. Evaluation of the numbers wu, in lemma 4 


Assume that a = 2. Let » be a system of p* = v rational integers p, , 
p2, --» which form a complete residue system (mod p*), a = 2, and let ¢: 
01,02, --+ bea second system with the same properties. We set 


wo=De’, vy=Ze°,; 


where p ranges over the values of 9, and o over those of 6. If p = 7 (mod »), 
then e = € (mod $’) when again v = p*. It follows that » and y both are 
congruent to the number @ in (5) and hence both are divisible by $”’ as assumed 
in lemma 4. Now (12) becomes 


(16) Ul, = 


Xi-—0X 
p Ag OS” seem 


X1=X_2q (mod&,) p o 


(X,, X2in §).” 


If ¢ appears, all its conjugates appear with the same multiplicity. Conse- 
quently, if A; terms of (16) are equal to 1, and B; terms are primitive p* roots of 
unity, we have u, = A, — B,/(p — 1). The term on the right-hand side of (16) 
is 1, if pX, = oX2 (mod p*), ie. if pX:Xz =o (mod p*). Similarly, the term isa 
primitive p‘" root of unity, if this congruence holds (mod p* *) but not (mod p*). 
Now X,X7' is an element of &,. Let A, denote the number of pairs (p, L), p 
in 9, L in &, , for which pL is congruent to one of the numbers o (mod p*), and 
B, the number of pairs, for which a congruence pL = a (¢ in #8) holds (mod p*’) 
but not (mod p*). Then A; and Bj are obtained from A, and B, by multiplying 
the latter by the order g(p*) = v(p — 1) of , and hence 


(17) U, = v(p — 1)A, — vB, . 





8 In BN, §17, it was proved that at least one elementary divisor corresponding to 4 
block of type a is divisible by p*-*. Actually, exactly one elementary divisor is equal to 
p** while the other elementary divisors are smaller than p**. This can be proved 
by a generalization of the method of BN, §21; ef. below section 8 of this paper where 
the same method is used (for p = 2). 

19 We may understand pX, and cX: as rational integers (mod p*). 
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Since every pL is congruent to one of the o (mod p**), and since &, is of the 
order 1, = v(p — 1)/r, , we have A, + B, = v'(p — 1)/r,. Then (17) becomes 
u, = vpA, — v(p — 1)/r, and (14) takes the form 


a a 3a—3/ 8a—3, 
04, + 29 A, (? (p= 1)9 , p**(p ) = 0 (mod p*). 
2 


ral "121 1222 








According to (13), the last two terms are divisible by ft *, and since 3a — 2 = 
2a, can be neglected. We then have 


(18) gAi/a + gAs/z = 0 (mod p*). 


If p is odd, we shall need the value of A, , only if r, is prime to p. The field 
K(¢,) then is contained in the field K(€p) where e, is a primitive p* root of unity. 
If p 4 0 (mod »v), (p in @), then for every L in &, the number e” is conjugate to 
é with regard to K(¢,). If ¢’ appears in the form ¢’”, so do 

* a ae RP a 
and each of them appears the same number of times. Exactly one of these 
quantities is of the form ¢’, (o in 6). Hence, for a fixed p, one in every p of the 
elements L of &, satisfies the condition that pL belongs to 6. For p = 0 (mod v), 
the number of elements L of &, , for which ¢” has a fixed value, is divisible by 
py”. Hence, in the case (r, , p) = 1, we have 


(19) A, = 1,(v — 1)/p = o(p — 1) — 1)/rp = p**/r, (mod p*”). 


The congruences (18) and (19) enable us to prove the following lemma: 

Lemma 6: Let p be odd. If { and &» satisfy the assumptions of lemma 3, and if 
a = 0 (mod p*"), then re ¥ 0 (mod p). 

Proor: From theorem 2, it follows that r; # 0 (mod p). Assume that 
ry =0(mod p). If we choose for a the smallest value for which § and {2 belong 
to the field K(e) obtained from K by adjoining a p*" root of unity «, then re 
must be divisible by p*. Theorem 2 shows that we have z, # 0 (mod p* *") 
and, therefore, the second term in (18) is divisible by p*. Since (71, p) = 1, 
Wwe may use (19) for » = 1 and find that the first term in (18) is divisible by 
~* only, which gives a contradiction. Hence r, 4 0 (mod p) as was stated. 

For p = 2, we choose a = 3. Here, r, is a power of 2. If = 22,1858 
a — 2, the field K(e) has exactly three subfields of degree 2’ over K. One of them, 
say I”, is obtained by adjoining a 27" root of unity to K. We denote the 
other two by P'? and Pr, and set K(e) = T22,, K = Tj”. Then, by an argu- 
ment similar to the one used for odd p, we may prove 


(20) A, = 0 (mod 2%"), if K(¢,) = Tr. 
(21) A, = 2°*-/ (mod 27"), ‘if K(g,) = Tf or rf. 


Lemma 7: Let p = 2, and suppose that {; and {» satisfy the assumptions of lemma 
3. If riz, = 0 (mod 2°") and if K({;) is not of the form K(é) where é is a primitive 
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2*” root of unity with j = 2, then rez. = 0 (mod 2°"), and K(2) is not of the form 
K(@). 

Proor: From the assumptions, theorem 2, and (21), it follows that Ajg/z, 
is divisible by 2“, but not by 2". According to (18), Aeg/zz then is also divisible 
by 2°” but not by 2°. If we set re = 2’ and use (20), we see that K(f2) cannot 
be one of the fields Tj”, (j = 1,2,--+). If K(é2) = Tf? and K(f) = Tr? we 
use (21) and conclude that ze is divisible by 2°’, which implies rz. = 0 (mod 
2”). 


6. Representations of a degree which is divisible by p** 


Let ¢ be an irreducible character of degree z = 0 (mod p*”"). If z is divisible 
by p’, then ¢ is of the highest kind,” and we will exclude this case in the following. 
We shall first assume that p is odd.” The block B to which ¢ = ¢; belongs is 
not of the highest kind. Then B does not consist of the family of ¢ only,” and 
we may therefore find a character {2 which is not p-conjugate to ¢ = ¢ but has a 
modular constituent in common with ¢ (ef. the analogous argument in §4). 
If z, is the degree of ¢,, and r, the number of p-conjugate characters, then 
theorem 2 and lemma 6 show that r; ¥ 0, re # 0 (mod p). In (13*), lemma 3, 
the first term on the left side is divisible by p but not by p’.. The same must 
hold for the second term, and hence we must have z, = 0 (mod p*’), so that 
satisfies the same assumption as ¢. Continuing in this manner we see that the 
degree of every character of B is divisible by p**. This gives 

Turorem 3: If the degree of one character of a block B is divisible by p*", the 
same is true for all characters of B. 

In the notation of BN, the block B is of the type a — 1. If f; and { are again 
two characters of such a block B which are not p-conjugate but have a modular 
constituent in common, then on multiplying (13*) by rirezize/g = 0 (mod p’”) 
the congruence 121 + 722 = 0 (mod p*) is obtained. Now any two characters 
$e, &, can be joined by a chain ¢,, £,, +--+, %, ¢, of characters, such that any 
two consecutive terms of the chain have a modular character in common without 
being p-conjugate. It follows that for any ¢, of B, we have r,z, = ri: (mod p’). 
Since r:z; # 0 (mod p’) and p is odd, for each yp only one of the signs can be used. 
Hence 

TuHEoreEM 4: The characters of a block B of type a — 1 can be distributed in two 
subsets B’ and B’’ such that every character belongs to exactly one of these subsets. 
If z, is the degree of a character of B, and r, the number of p-conjugates, we may find a 
rational integer N such that r,z, = N (mod p’*) for all ¢, of B’ and rz, = —N 
(mod p") for all ¢, in B”’. If t, and &, are not p-conjugate and belong both to the 
same subset B'”’, then they have no modular constituent in common. 

Finally, lemma 5 can be applied and yields 





20 Cf. BN, Part II. 
*1 The case p = 2 will be treated in §8. 
22 Cf. footnote 16. 
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TuzorEM 5: If ¢ belongs to a block B of type a — 1, then it contains each of its 
modular constituents only with the multiplicity 1. 


7. The matrix D, corresponding to a block B of type a — 1 
Noration: B = B, is a block of type a — 1 consisting of the ordinary char- 


acters (1, {2, °** , $2 and the modular characters ¢ , g:,--- ,¢,. The degree 
of ¢, is z, , the number of p-conjugates r,. There are w families of p-conjugate 
characters ¢, in B, and the ¢, are arranged so that £1, f2, --- , Sw lie in different 


families, while the characters of the subset By (theorem 4) come before the 
characters of the other subset B,. For p-regular elements G of G, we have 


(22) £.(G) ~ : dy» ¢(G), (u=1,2,---, x). 
We set D, = (dw), (u = 1, 2, - = 1,2,.--,y) and nice the matrix 
occupying the first w rows ‘of Dy by -s i.e. Ds = @), (u = _,wr= 
1,2,---,y). The matrix D, has the same rows as D, , the a row + of Dy ap- 
pearing r, times in Dy, (u = 1, 2,---,w). 

The theorems 4 and 5 give at once 

TuroreM 6: Every column of Dy contains exactly two coefficients 1, one in a row 
corresponding to a character § of B, , and the other in a row corresponding to a 
character ¢, of By. All the other coefficients in the column are zero. 

We also can prove easily 

THEorEM 7: Leté = (£1, &, +++ , &) bea row with w elements such that tD, = 0. 
Then ¢ is a scalar multiple of the row (5; , 52, «++ , 5), where 5, = 1 af ¢, belongs to 
Band 6, = —1, if ¢, belongs to By . 

Proor: Two characters {1 , ¢,(u = 1, 2, --- , w) of B can be joined by a chain 
of characters ¢, , (o = 1, 2, --- , w), such that two consecutive characters ¢; , [; 
of the chain have a modular character in common. Then ¢;, £; belong to 
different subsets B, , B, (theorem 4). There must be a column of Dy which 
contains the coefficients 1 in the 7” and the jt row. Then ¢D, = 0 implies 
t; = —£;, and we obtain successively & = d,f1, (1, +++ » Su) = drér(d1, «++ , dw) 
which proves the theorem. 

The rank of D, is y.% Hence we have 

Corottary 1: The number w of families in B and the number y of modular 
characters of B are connected by the formula 
(23) w=ytl. 

We further state 

ne: 2: If &, is the sum of the r, characters which are p-conjugate to 
f(a = , w), then if:(G) = 5,£,(G) for any p-singular element of G of &. 

Seed a nadie (G@), &2(G), --- , <w(@) form a solution of tD, = 
(cf. equation (11) of the paper mentioned in footnote 16). Similarly, cquation 
(6) of the same paper gives 


™Cf. BN, §9. 
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Coroiary 3: Let di, be the higher decomposition numbers, i > 0, and set 
dq. = >a, where the sum extends over all the r, values p for which £, is p-conjugate 
tot,. Then di, = 6,di, . 

For p-regular elements G, the formula (22), together with (6, , --- , 6,)D, = 0 
gives 

Coro.iary 4: For p-regular elements G of ©, we have 


(24) 2d bub4(@) = 0. 
t= 
In particular, for G = 1, this gives 
(25) > 5,2, = 0. 
aa 


The matrix D, has w minors of degree y = w — 1, and these, if properly 
arranged and taken with suitable signs, form a solution of £D, = 0. Let A bea 
fixed minor. Then, according to theorem 7, every minor has the value +A. 
The minor obtained by removing the pu column of Dy will appear M72 +++ Ty/T, 
times as a minor of D,. We now form the determinant of C, = DiD,. On 
the one hand, this determinant has the value p.“ On the other hand, its value 
is the sum of the squares of all the minors of D,. This gives 


Dd A(rite +++ Tw/T.) = D- 
p=1 
Consequently, we must have A = +1, and we find 
Coro.uary 5: The numbers r, satisfy the equation 


(26) nm te(t+i4- 42) =p. 
rT Te Tw 

The numbers r, are divisors of p — 1; (26) shows that any two of them are rela- 
tively prime. 

We associate w distinct points P,, Pe, --- , P» with the characters [1, 2, 

- , fw ; we join P; and P; when ¢; and ¢; have a modular character in common. 
The linear graph thus obtained characterizes the matrix D, completely (apart 
from the arrangements of the columns). We prove 

Corotuary 6: The linear graph associated with a block B of type a — 1 1s a tree. 

Proor: This follows from the facts that the graph is connected and has one 
more vertex than it has edges. s: 

Each point P, which lies only on one of the edges corresponds to a row of Dy 
which contains only one coefficient 1, and this means that ¢, is a modular- 
irreducible character. 





*4 The determinant of C is a power of p, cf. R. Brauer, On the Cartan invariants of groups 
of finite order, Ann. of Math. 42, p. 53, 1941. It follows from the result of footnote 18, 
that the exponent must be 1. 
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CoroLLary 7: Every block B of type a — 1 contains at least two characters ¢, 
which are not p-conjugate and which are modular-irreducible characters. 


8. The case p = 2 


For p = 2, several of the preceding proofs do not hold. We shall now treat 
this case, using a different kind of argument. 

Let ¢ be an irreducible character of degree z where z = 0 (mod 2*") but z # 0 
(mod 2”); here a is again the highest exponent for which 2* = p* dividesg. From 
theorem 2, it follows that ¢ is p-conjugate only to itself, i.e. r = 1, and ¢ belongs 
toK. Since K is not of the form K(é) where ¢ is a primitive 2“ root of unity with | 
j 2 2, we may apply lemma 7, §5. It follows that if the character ¢, has a if 
modular constituent in common with ¢, then r,z, = 0 (mod 2°”), (where z, i 
denotes again the degree of ¢, , and r, the fumber of 2-conjugates). Further, i 
K(¢,) also is not of the form K(é). Therefore, lemma 7 again can be applied to / 
¢, and any character which has a modular constituent in common with ¢, without ) 
being p-conjugate to ¢,. We finally see that the congruence 7,z, = 0 (mod 2”) 
is true for any character ¢£, of the block B to which ¢ belongs. 

Let 1, f, +++, {2 be the ordinary characters of B, and ¢, ¢2, --+ , ¢ the 
modular characters of B, and set | 


(27) z, = 22, (2,2) =1. 
It now follows easily that 
(28) r, = 2. 


Suppose that 7; = m is the smallest of the numbers 7, 72, +++ , Tz. 
We consider the sums 


ko 
(29) Sy = > 9x ¢.(G¢(Gz"), 


ee ee 


: 
: 
} 


where G, ranges over a system of representatives for the 2-regular classes of G, 
and where g, denotes the number of elements in the class of G,. The value of 
S» is a rational integer. Since g.¢u(G,)/Z, = yx is an algebraic integer, it follows 
easily that S,, is divisible by z, and hence by 2”. On the other hand, we have” 
®y« = w, modulo a prime ideal divisor of 2. Hence 


Sy = &u ys Wyx ¢(Gz") = ey Zz Wx ¢.(Ge") zi * Su (mod ae"). 


On applying the same argument to S;, = S,: , we arrive at 
(30) Sy» = 0 (mod 2”), 





(31) Su» = Sy = = Su (mod grett) 
Z 


tices gem 


—_ 


25 BN, §9. " im 3 
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950 RICHARD BRAUER 


If the block B is the A‘ of the blocks B, , Bz, --- of G, and if D, = (d,,), C, = 
(Cy) are the parts” of the matrices D and C corresponding to the block BR, 
then (22) gives for the matrix (S,,),,» 


(Sy) u,v = (= > J dup Pp(Gy) dreesGe")), : id Dy(gCx") Dx .z 


kK p,7=l 


The relation (31) can be written in the form 





(32) (Sy»)p,» = Dy(gCx") Dx = Su (=) + H, 
1 7a 

where H is a matrix in which every coefficient in both the u** row and yu column 
is divisible by 2***. The first matrix on the right side in (32) has the rank $; 
every coefficient in both the u** row and u** column is divisible by 2”. 

We now proceed to discuss the elementary divisors of (S,,), choosing the ring 
of all 2-integers as the underlying domain. If C, has the elementary divisors 
1, €2,°++,éy Withe, = 2°, then 


| Cy | = €j€2 +++ Cy = giitert:--tey 28 


The elementary divisors of gCx" are 2°”, ... , 2, 2°", and, since the columns ~ 


of D, are linearly independent (mod 2),” the elementary divisors of D,(gC™)D; 
are given by 


(33) rr, iat CK ee 0, at ee 0. 


On the other hand, the right side of (32) can also be used for a discussion of 
these elementary ‘divisors. If M is a minor of degree j of (S,,) involving the 
TOWS #1, #2, +++ ,#;, then a simple computation shows that M is divisible by 
2 to the exponent )) 7, + j — 1, (u = m1, m2, +++ , mi) because of the properties 
of the matrices on the right side of (32). If the j characters ¢,(@), (u = m, 
M2, +++ ,4j;), are linearly dependent for 2-regular elements G of G, then M = 0, 
as follows from (29). 

Let us now choose a maximal system of characters of B which are linearly 
independent for 2-regular elements G. Such a system consists of y characters. 
We first take as many characters as possible with 7, = m, then as many as 
possible with 7, = m + 1, etc. We may assume that the characters chosen are 
$1, +++,f,. Let 8, be the number of characters 1, --- , {, for which 7 = 
m+ p— 1, (po = 1,2,---, 8), such that B, > 0, & = 0,---,B-1 = 0, 8 > 0. 
Then 
(34) ™T = ™, Ty =m+s-—1; 

my Sm+s—1 for p=1,2,---,y. 





* BN, §9, (28). 
27 Cf. BN, (21). 


*8 The determinant is actually a power of 2, cf. footnote 24. 
29 BN, §19. 
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= Of course, we have E 
™ AtAat---+h=y. an 
It now follows that every minor of degree y of (S,,) is divisible by 2’ with ie 
b= pim+ B(m+1)+---+B(m+s—1)+6+the+---+8,-—1, 
b= my—1+ > of. 
o=] 


Similarly, the minors of degree y — 1 are divisible by 2'’ with 


nn 1! = Bum + Balm +1) +--+ + Balm + 8 — 2) ee 
I; + (8. —1)(m+s—-1) +6i+---+6—2, 4 
ng f elem 0-82 sel et. 

Ts om] 


On comparing this with (33), we find 


ya—(atet--- +4) 2 my—1+2 of., 


ns 
Dx 2 
(y—l)a-(e+at--- +4) 2 (y—1)m—-1-8 + 2 of.” | 
From (28) we see that rire --- r, is the power of 2 with the exponent ; | 
of s : # : 
le (a—1—m)&i + (a@—2—m)Br + +» + (@—s —m)B, = (a — m)y — 2 of. ee 
y te ) 
28 Therefore, the two inequalities can be written in the form Baa 
) (35) | Cy | = ere +++ €y S 2rire +--+ Ty, a 
(36) C20g +++ by S Qn etre cee Ty. 
y 
’ No two of the characters {1, {2, +--+, ¢, can be 2-conjugate. Letting w 
s be the number of families of 2-conjugate characters which belong to the block 
e B = By, we have w > y.” We arrange {y41, +--+, ¢2 in such a manner that 


Si, 2, +++, fw all lie in different families. Denote the u row of D, by },, 


and let 
bs Dot i 
Dy = . = ° = : ; 


be b, de 








** This holds in the case y = 1 also; we have here s = 1, 6: = 1, and e: + --- + eis to 
be taken equal to 0, and é2 -++ ey equal to 1. 
"Cf. footnote 16. 
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so that D, contains the first w rows of D, , and T the first y rows. Then D, 
has the same rows as Dj, the ut" row of D, appearing r, times in D,. Let Ai, 


A: , --- be the minors of degree y of D, ; the determinant | T | appears r,r, . . . 1, 
times among these minors. Consequently, we have 
(37) [Cy | =| DxD, | = DUAL = nee + ry | T LP. 


Here, | 7'| ¥ 0, since £:(G@), --- , §(@) are linearly independent even if G ranges 
over the 2-regular elements only. If all the minors of degree y of Dy, except | T | 
vanish, then 5,4: = 0, which is impossible. Hence the inequality sign must 
hold in (37). On comparing (35) and (37), we find 


(38) |7| = +1, 
and, since every r, and e, is a power of 2, we have 
(39) |Cy | = 2rire--+ Ty 
Then (36) yields 

(40) axTt:”. 


Because of (38), we may set 


db, = Andi + +++ + Andy, 


where the h,, are rational integers. Then D, = HT with H = (h,,). It follows 
that C, = T’H’HT, and this shows that H’H has the same elementary divisors 
as C,. In particular, the coefficient in the y** row, y column of H’H must be 
divisible by e;, and hence, by (40), we have 


(41) >, h?, = 0 (mod 27”). 

y=l 
When {, is 2-conjugate to ¢,, then db, = d, and h, = 1. There must exist 
characters ¢, which are not 2-conjugate to ¢, and for which h,, ~ 0.” Using 
(34), we obtain 


\ h?, >r, = go! = 9-8 


pol 


and, therefore, (41) yields 


(42) > i Ear ae he. 

y=l 
Consider now the minor A, consisting of the rows 1, 2,--- ,y — 1,». Its value 
ish,|T| = +h,. If ¢, is 2-conjugate to one of the characters {1, ++ » Sv) 





32 In §5 of the paper mentioned in footnote 16, it is shown that it is impossible to find a 
linear combination of the columns of D, , such that exactly one row contains a term 
~# 0. This implies the statement. 
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then the minor vanishes. It is easily seen that there are rr: --- ry, minors 
of D, with the value +h, ; and (37), (39) and (42) imply that 


(43) 2rnife-++Ty = | Cy | = D A: = rites Tya Dy ey 2 Qn --+ ryary. 


Since actually the equality sign holds, it follows that those minors, which have 
not been taken into account, must all vanish. If y > 1, it follows that the 
minors formed by means of the rows 2, 3,--- ,y, v must vanish unless ¢, is 
2-conjugate to £;. The value of such a minor is +h, , and we obtain a contra- 
diction, since there must exist characters {,, which are not 2-conjugate to {4 , 
for which h,, * 0.” 

It follows that y = 1, i.e. that D, has only one column. The coefficient in 
the first row must be 1, because of (38). We set h,, = h,, 


1 
p, =| * 
he 
The relation (43), (28), and (34) then imply 
(44) L+he+--. +22 = 2r, = 27, = 27. 


Since ¢, has degree z; = 2”2’, the degree z. = 2”z: of f2 must be equal to fez: , 
which shows that hz is divisible by 2"~”. The left side of (44) is at least equal 


tor; + rah , since 7; terms 1 and rz terms hy appear. Because of (28) and (34). 


we have 

, ie > r + rehs > gis + g21-129272—2m > Qe. 
We readily see that w = 2, 72 = m, 71 = fT. = 2°" he = 1. The block By 
consists of two families. All of its characters have the same degree z, = 22; .* 
Since it was assumed that B contains a character of degree 2” ‘2’, ((z’, 2) = 1), 
it follows that m = a — 1 and hence 7; = 72 = 1, 


1 
r= (1). 
This proves the theorems 3, 4, 5, 6, and 7, and the corollaries of §7, for p = 2. 


9. Applications 


TuEorEM 8: If & is a group of order g = pq’r’, (p, q, 7 distinct primes) with 
a S 2, then © possesses irreducible representations 3 besides the 1-representation 
[1] whose degree z is a power of g, and also irreducible representations 3: ¥ [1] 
whose degree 2, is a power of r. 

Proor: Consider the p-block B of representations which contains the repre- 


** All the facts derived so far hold for any block B which contains a character ¢, with the 
following properties: (1) ¢, is not of the highest kind. (2) r,z, = 0 (mod 2°"). (8) K(¢,) 
cannot be obtained from K by adjoining a 2é* root of unity with j 2 2. 
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sentation [1]. This B is not of the highest kind, and if a = 2, it is not of the 
typea — 1 = 1. It follows from theorem 3 that the degrees of all representa- 
tions of B are prime to p. We apply the relation™ >) ¢,(R)s,(S) = 0 where u 
ranges over the indices belonging to B, and where £ is p-regular and S is p-singu- 
lar. For R = 1, we have ¢,(R) = z,. The term corresponding to the character 
[1] is 1. At least one other term ¢,(1)¢,(S) = z,f,(S) must be prime to r, and 
then z, must be a power of g. In the same manner we see that a character 
¢, ¥ [1] has a degree z, which is a power of r. 

If & is equal to its commutator group ’, then z, and z, cannot be 1 since [1] 
is the only linear representation of ©. In particular, this will be so, if G is 
simple. 

Assume that r° = 4 orr° = 3. Then @ must have a representation of one of 
the degrees 2, 3, or 4. Since all linear groups of these degrees are known,” we 
obtain easily 

TurorEM 9: The only simple group of an order 4p"q°, (p, q primes) witha < 2 
is the alternating group Us of order 60. The only simple groups of an order 3p"¢, 
(p, g primes) with a S 2 are the groups As > LF (2, 5) of order 60 and the group 
LF (2, 7) of order 168. 


10. On -similiar representations 


Let 3 be an irreducible representation of G with $-integral coefficients in an 
algebraic number field 2, where $ is a prime ideal divisor of p. If 3: is a 
second representation with $$-integral coefficients in the same field Q, it may 
happen that 3 and 3; are similar, but that the corresponding modular repre- 
sentations 3 and 3; are not similar. Indeed, if 


(45) P"2P = 3, 


we may assume that the coefficients of P are -integers which are not all 
divisible by %. Going over to residue classes mod $ (which again will be indi- 
cated by a bar) we obtain 


3P =P 31 

and P = 0, so that 3 and 3; are intertwined. However, this proves 3 ~ 3: 
only if the determinant of P is not divisible by 8. We shall say that 3 and 3: 
are $s-similar, if P in (45) can be chosen in accordance with these conditions, 
i.e. with $-integral coefficients and a determinant # 0 (mod $). The class of 
all representations 3, which are similar to 3 and have $-integral coefficients 
thus breaks up into subclasses of -similar representations. 

Conversely, if T is any representation of @ in the field & of residue classes 


(mod §), which is similar to 8, then we may find a representation 3: , which is 
$-similar to 8, such that 83, = & 





*R. Brauer and C. Nesbitt, University of Toronto Studies, Math. Ser. No. 4, 1937, 
theorem VIII. 


* H. F. Blichfeldt, Finite collineation groups, Chicago 1917. 
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In the general case. of (45), we. may assume that P appears in the normal 
form of the theory of elementary divisors (with regard to the domain of all 
$-integers) if we replace 3 and 8: by $-similar representations. We thus may 


set 


0. 0 In, 
(46) P= 0 - al oe psi ee 0 |= Cael are were Tm) ed; 
me 
Pi vokgen san. .g 


where m, > 0, m, 2 0,--- , m1 2 0, m, > O are rational integers, J» is the 
unit matrix of degree m, and = is a -integer which satisfies r = 0 (mod §), 
+ #0 (mod §”). If we set 


Mn Mie 7s Mis Su Bis i da Bi. 


a7) ga (Mm Me vt Me) g [Bn Ba ++. By) 


by M2 Rs be be Ba Biz pedi Bi 


where %. has ms.+1 rows and m,_,4: columns, and 8, has m, rows and m, 
columns, then (45) gives 

(48) Ween = 8 Ba. 

This shows that in (47), all the terms above the main diagonal in 3 and 3; 


are congruent to 0 (mod $). In the modular sense, 3 and 3; split into the 
(reducible or irreducible) constituents 


Mn 0 B.. ’ Noo a B11 git ®*% 5 }) se Bu . 


If s = 1, then 3 and 3; are $-similar. We certainly have this case when 3 
is modular-irreducible in 2. 

TuEorEM 10: If the representation 3 remains irreducible as a modular repre- 
sentation, then every representation 3, with P-integral coefficients, which is similar 
to 3, is B-similar to 3. 

Remark: This theorem can always be applied if the degree z of 3 is divisible 
by p*. 

Further, if it is known that no fixed coefficient of a representation $-similar 
to 3 is divisible by $8 for every G in G, then (48) shows that s < 1. 


11. On the arrangement of the modular constituents of an irreducible 
_ representation 3 of type a — 1 

We shall say that the algebraic splitting field @ of the representation 3 is a 
normal splitting field of least ramification, if 2 is normal over the field of rational 
numbers P, and if the order of ramification of the fixed rational prime p is the 
same for Q as for the subfield P(¢) obtained by adjoining the character ¢ of 3 
to P. The existence of such fields Q follows from lemma 1. Denote by K the 
field of inertia of the prime ideal divisor $ of p. Then 


BP =p, (p) =pq, with (p,q) = (1), 
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956 RICHARD BRAUER 
where p is a prime ideal divisor of p in K, and where r is the number of characters 
which are p-conjugate to ¢. As is easily seen, the degree of K(¢) over K is r, 
and hence K(f) = Q. 

We now prove 

Lemma 8: Let 3 be an irreducible representation of degree z with z = 0 (mod p**) 
such that all the coefficients ag(G) of the matrix 3(G) representing G lie in the 
normal splitting field Q of least ramification. For each pair (x, d) there exists a 
group element Gy such that ag(Go) and ay(Go) are not both divisible by B. For 


each (x, d), there exists a group element Go such that either aa(Go) is not a P-integer 


or dx(G>) # 0 (mod §’). . 

Proor: (a) Assume that aa(G@) = a,.(G@) = 0 (mod §) for every G in @. 
We now apply the method of §2 setting B(G) = aa(G), y(G) = a,(G@), w = 1. 
We have here (r, p) = 1 because of theorem 2, and hence r | p — 1, m = ¢(p). 
Then £(G) = 0, &(G@) = 0 (mod p), and (4) gives a contradiction. 

(b) If aa(G) is a B-integer and a,(G@) = 0 (mod §’), we multiply the «* row 
by an element + = 0 (mod §$), for which  # 0 (mod §’), and divide the x 
column by z. The similar representation thus obtained satisfies the assump- 
tion of the part (a) of this proof. Therefore, we again obtain a contradiction. 

Suppose now that the coefficients of 3 are $-integers. It follows at once 
from lemma 8 that for the corresponding modular representation 3 all the 
Loewy constituents” are irreducible. This implies that the arrangement of the 
irreducible (modular) constituents of 3 is uniquely determined. 

Further, if 3 and 3; both have $-integral coefficients and are similar, then 
it follows from lemma 8 that s S 2 in the notation of §10, (46), (47). Ifs = 1, 


8 and 3: are $-similar. If s = 2, we have by (48), 
Moo ) 
31 = ( a An] 


Mn 7wBe 0 tm, 
a 3- (5 mi P=(; 0 ), 


The modular-irreducible constituents of 3; are, of course, the same as those 
of 3, but we see that the arrangement in which they appear is a cyclic permu- 
tation H of the arrangement in 3; H #1. Since all the modular constituents 
of 3 are distinct (theorem 5), it follows that 3 and 3; are not -similar. 

If the representation 3 with $-integral coefficients breaks up into two modular 
constituents, then we may set 3 in the form given by the first equation (49). 
If we define P, 3: by the other equations (49), then 3; is similar to 3. This 
shows that any cyclic permutation of the modular constituents of 3 can be 
effected by a transition to a similar representation 3; . 

THEOREM 11: Let 3 be an irreducible representation of a degree z = 0 (mod p”) 
whose coefficients are -integers of a normal splitting field Q of least ramification. 
Let j be the number of modular-irreducible constituents of 3. The class of all 
representations of G, whose coefficients are B-integers of 2 and which are similar 
to 8, splits into j subclasses of $-similar representations. In all representations 





6 Cf. e.g. R. Brauer, Trans. Amer. Math. Soc. 49, p. 502, 1941. 
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of a fixed subclass, the modular constituents appear in the same arrangement. The 
j possible arrangements are obtained from the arrangement in 3 by the j cyclic 
permutations. 

It is clear that lemma 8 will, in general, not remain valid if Q is replaced by 
an extension field. Then theorem 11 also will not hold. 

Let 2 be the normal splitting field of least ramification mentioned in lemma 1; 
ris a root of unity of an order prime to p. The splitting group of the prime 
ideal $ contains the substitution 7 which transforms 7 into 7” and leaves the 
p’ * roots of unity fixed. Then 7 transforms any (ordinary or modular) char- 
acter y into a conjugate character x”. It is easily seen that if an irreducible 
character ¢ splits into the modular characters ¢. , gg , --- , g in this arrange- 
ment, then ¢” will split into the modular characters g7 , g3', --- ,¢7'. Assume 
again that the degree z of ¢ is divisible by p** where p is odd. If one of the 
constituents ¢ of ¢ is left invariant by 7*,then ¢ and ¢” have a modular constit- 
uent ¢ in common. Since they have the same degree, they must be p-conju- 
gate (cf. theorem 4”). It then follows easily that all the modular constituents 
of ¢ will admit the substitution 7". The same will hold for all the characters ¢, 
which have a modular constituent in common with ¢, and finally for all the ¢, 
of the block B of ¢. Hence 

THEOREM 12: Let B be a block of type a — 1, and denote by T the substitution 
which replaces the g’** roots of unity by their p** powers but leaves the p*** roots of 
unity invariant. If a power T* of T transforms one of the modular characters of B 
into itself, it transforms every modular character of B into itself; every ordinary 
character ¢ of B is transformed into a p-conjugate character by T" (p odd). 


12. Real characters of type a — 1 


To every representation 3, there belongs a contragredient representation 3* 
of the same degree z; the characters ¢ and ¢* of 3 and 3* are conjugate complex, 
‘* = §. If z is divisible by p*, p odd,” then either ¢ and ¢* are p-conjugate, 
or they have no modular constituent in common, as follows from theorem 4.” 
Consequently, if ¢ contains a modular character ¢ with g* = ¢, then ¢ and {* 
must be p-conjugate. It is easily seen that, if the modular constituents of 3 are 


(49) 1, 02, °°" 5 Oi 
in this arrangement, those of 3* are 
(50) BF Bia, Hr. 


On the other hand, using a suitable splitting field 2, we easily find that in any 
representation p-conjugate to 3, the modular constituents appear in the same 
arrangement as in 3. It now follows from theorem 11 that if ¢ (G) is real 
for p-regular G the constituents (49) and (50) must be the same apart from a 
Scie 


The number of p-conjugate characters is the same for both characters. 
8 The following theorems 13 and 14 are trivial for p = 2; cf. §8. 
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cyclic permutation. If fi ~ > , then §, ~ FeH—» where we set $4, = § 3 
For odd j, there will be exactly one value of v for which y = p + 1 — v (mod j), 
i.e. % ~ % . For even j, we have either two values v or no value ». Hence 

TuroreM 13: Let 3 be a representation of degree z = 0 (mod p*") with the 
character ¢. If ¢ is not real for p-regular elements, none of the modular constitu- 
ents of ¢ is real. If ¢1s real for p-regular elements and contains j modular constitu- 
ents, then, for odd j, exactly one of these modular constituents is real; if j is even, 
either two or none of them are real. 

If, in particular, all the modular characters of the block are real, then each ¢ 
contains one or two modular constituents. In the tree corresponding to the 
block B of ¢, each vertex lies on at most two sides. Hence 

THEoREM 14: Jf all the modular characters of a block B of type a — 1 are real, 
then the corresponding tree is an open polygon. 
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ON THE DENSITY OF THE SUM OF SETS OF POSITIVE 
INTEGERS. II! 


By ALFRED BRAUER 
In memory of I. Schur 
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Introduction 


This paper is the continuation of my paper in the Annals of Mathematics 
vol. 39 (1938), pp. 322-340. Originally this continuation was to appear imme- 
diately after publication of the first part and was to contain improvements of 
some theorems of I. Schur by means of results of the first part. The publishing 
was postponed again and again, in order to improve the results. In this work I 
also obtained improvements of some theorems of my previous paper. 

In 1, I state the results of the first part which I use in this paper.” In the 
following, let again A; , Az, --- , A, be sets of positive integers with the positive 
densities aj S ag S --- S an, andy < 1 be the density of the sum A; + Az + 
--» + A,. Improving some results of the first part (see below 1, Theorems 
V, X, and XI) I obtain instead of V the following 

THEOREM: Suppose a, 2 1 — nay, then we have 
n—1 4 On 


> 
be vate“ n 





Suppose a = 1 — nae , then we have 


n—1 
n 





Y,2 + =. 
If we denote a; + ag + --- + a, by on, we obtain instead of XI: 
y= Yoox; 7 2 $403 > 880403; 9 = Yh¥rou > 870104; 
y = #888e, > 86790, for n 2 5. 
Moreover I obtain instead of X: 
y 2a + gar. 


(1) 


If the conjecture is correct that always 


(2) yY¥2Zauqtart--: tan, 
PS 

‘Presented to the American Mathematical Society, December 27, 1939. 

* An interesting survey on the problems connected with this paper was given by H. 
Rohrbach in his paper Einige neuere Untersuchungen tiber die Dichte in der additiven Zahlen- 
theorie, Jahresbericht der Deutschen Mathematiker-Vereinigung v. 48 (1938), pp. 199-236. 
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960 ALFRED BRAUER 
then one would obtain immediately for every n and m with n = m that 
(3) y= "(a tor+-++ + am). 


In particular, it follows from (2) that the sum of the densities satisfies the in- 
equality 


(4) ay + ag + +--+ tan <1 
for y < 1, and more generally 
(5) ai + at +--+ tam < m/n. 


Even the special cases (4) and (5) are still unproved. One only knows that 
(4) is true for n = 2 and (5) moreover form = 1. The former follows from the 
theorem of Schnirelmann, the latter from the theorem of Khintchine (see below, 
Theorems I and II). 

In the following, I prove that (5) is true at all events if n and m satisfy the 
condition 

1 1 1 


(6) saptgogt* cee 





313 


For m = 2, the condition (6) is always satisfied; for m = 3 it is satisfied if 
n = 5, and for fixed m certainly if 


n = i(m> + m — 2). 


Moreover I prove that (5) holds also for m = 3 and n = 4. 

It follows from the theorem of Khintchine that the sum of n sets Ai + A2 + 
..- + A, is the set of all positive integers if a, = 1/n. It now follows that the 
same is true if 


a + a +--+ + an 2 m/n 


where m and n satisfy the condition (6), or where m = 3, n = 4. 
I. Schur® proved 


o3 < 1.3191; o4 < 1.3913; os < 1.4360; 
on < 1.6263 forn > 5, 
in approximation to the conjecture (4). I improve this result as follows: 
o3 < 21/20 = 1.05; a, < 97/90 < 1.0778; os < 43/39 < 1.1026; 


39197n 
" ~ 34020n + 5177 





< 1.1522 for n > 5. 





$I. Schur, Uber den Begriff der Dichte in der additiven Zahlentheorie, Sitzungsberichte 
der Preussischen Akademie der Wissenschaften Phys.-Math. Klasse 1936, pp. 269-297. 
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In order to approximate (2) and (3) for every n and m with m < n we shall 


determine constants c” as large as possible such that 7 
y = ch" (a: + 2 + --- + am). 


For the special case n = m we obtain such constants from (1). I. Schur* proved 
that one can choose 
(m—1) 
" (1) (m) NCn—-1 
7) Cc, =n and cf) = —_ 
( n co 4 (n? oi n)? 


(1) 





for m > 1. 


In the following I shall show that we can choose c,’ = n and form > 1 











(m) _ n(n + 2)e%"7” be itendp x te SD 

: "Ree aetaci.. a eP 
(8) n Cna-1 n n 

(m) _ nant a (m—1) < n+1 


It will be proved that this gives a better estimate than (7) for m 2 2. 
For n > m we set n — m = d; for a fixed value of d we denote by z the 
greatest integer such that 


log (g — 1) + 1/(e + 1) S$ d+ logd + 2. 
It then follows from (8) that 


(m) n+1 
” > m+ lente 
z2z+1_ e&"d+1 


EE race ib = z. 
243° add e forn2z 


for n Sz, 





(9) 
c™ > 





in approximation to (3). 
Let m be fixed and n sufficiently large. I. Schur proved 


c > n/m — 1/4 
whereas I obtain the better estimate 
c& >n/m—e 
from (9) for every e > 0. 


1. Summary of former results 


Derinition 1: Let Ay, Ao, +--+, An be sets of positive integers. The sum 
S=A,+ A:+.-.- + Ap is the set of all different positive integers representable 
in the form 


C101 + 202 + ++» + e,a, with a,in A,; ee=0,1 for v=1,2,---,n. 





‘L. ¢., footnote 2. 
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: cee 
Hi | Dertnition 2: Let A(x) be the number of elements of A lessthanx. The density | 
br ) 1 | a of A is the lower bound of A(x)/zx for x = 1,2, --- 
ea ‘a TuroreM I (Schnirelmann): If n = 2 and a + a2 = 1, then we have y = 1, 
PAGE I; In the following we assume y < 1. 
fe ae TuroremM II (Khintchine): y 2 nay. 
i} ri THEorEM III (Khintchine): SupposeO0 S up < a < 1/nand for = 1,2,... 
i Lt | 
He BY A,() 2 ax —?—4 (» = 1,2,...n—-1), 
A,(x) = (1 — na)a — my. 
Denote by S the sum Ay + Az + --+ + An, then 
) 1 S(z) 2 (1 — aja — yp. 
ees Tuxorem IV (Schur): ¥ = a2/(1 — a) (n = 2), 





TurorEM V [1]°: If a: < 1/n and a, = 1 — nay, then we have 
Y,2 b= ay. 
If a2 < 1/n and a 2 1 — naz, then we have 


ye 1 wi 





os <a — 
oe coe Ripa 
ee 
= a 
Saas 





























i THEOREM VI [6]: Z=a,+ 
( % ~ 1+ TF ial 
ran Bei 
ee ER a 
if es ae Turorem VII [14]: Let k = 3 be any integer and k/(k — 1)* = a then we have 
tan gee 4 forn =2 
cae ska 
date CES ¥ 2 a + 7 on. 

y Tt THEOREM VIII [15] and [16]: Denote by 6 the density of Az + As + +++ + An. 

nh Then we have 
serttog : $ vei goed 
Y< B + —— n+2~ 12 On FZ Ona + Fane $F are to 


THEOREM IX [17]: For every a withO < a < 1 we have 
n+n—1 ) 
= a ee . 
y2apB+a, (n —— a 
THEOREM X [17a]: y 2a + tae. 


THEOREM XI [18]: y= : (a1 + az); OO tan + az + as); 


12 isp 
2880 
Y = 336] 


* The number in parentheses refers to the numeration in the first part of this paper, 
Annals of Mathematics v. 39 (1938), pp. 322-340. 


(ai t+az+---+an) forn2 4. 
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In what follows these theorems will be cited by I, IT, and so on. 
2. Proof of the:conjecture (5) for small values of m 


First we prove 
THroREM 1: Let n and m satisfy the conditions 1 < m S n and 


Ce et ee 


n-1 n—-—2 n—-m+1~ n° 


Then we have for y <1 





(10) 


(11) a1 + ap + +++ tam <—. 


Proor: For m = n the condition (10) is satisfied only form = n = 2. In 
this case, (11) follows from I. Therefore we may now assume that m < n. 

Let r be any integer withO < r < m. Denote by 8, the density of A; + Az: + 
... + A, and by 8; the density of Ayii1 + Arne + -+- + An; we set Bo = 0. 
Then it follows from II that 
(12) 8, 2 ra, and B, = (n — ran. 
Because of I and y < 1 we have B, + 6; < 1, and it follows from (12) that 

ray + (n — Tan < 1, 


TQ 1 
+ ari < . 
~~ + a=— ? 








(13) 


We add the inequalities (13) for r = 0,1, --- , m — 1 after multiplying the first 
of them by a non-negative number w which will be determined later. Then we 
obtain 




















(w+ : + : pe tom oh ) bet aat i +m 
m-1l1 n-—2 n—-m+1 
(14) 
w 1 1 
r+ as ll ala 
Sets—3+2-at “n—-m+i 
On the other hand, it follows from (10) that 
n n n 
——eta.a”  "ae-msi=. 
n ero n 
=< pat whee mm ae 
—1 
(15 1 2 vere is ey 
ee Siege” Mf ares > te 
Therefore, setting 
1 2 m—1 





1 ig 
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we have w = 0, hence 





1 ' m—1 
tart tan <3 (1 a—1 «-2 a) 


1 1 1 m 
Toy se Pee goats 





because of (14), and the theorem is proved. 

It is easy to examine the condition (10) for small values of m. For m = 2 
it is always satisfied, form = 3 ifn 2 5,andsoon. Since (10) is equivalent to 
(15) and since 


m—1 
n—-m+1 
1+2+---+m—-1_ m(m — 1) 
n—-m+1 2(n — m + 1) 


+ 





< 





the inequality (11) is proved if 


m(m — 1) <1 
2n—m+1)~ ’ 


n = 3m(m — 1) + m—1 = im’? +m — 2). 





Corouuary 1: Jf (10) holds and (11) is not satisfied, then the sum is the set of all 
positive integers. 
Coro.uary 2: Let m, k and t be integers, m S tand n = kt; if 
1 1 1 m 


ia tee 





then we have 


m 
1 + Oey + Ooeti +--+ + Oem—pe < — 


Proor: Let B,4: be the sum Ayisi + Ayeye + +++ + Aqne for wu = 0,1,---, 
t — 1 and B,4: the density of B,i,. It follows from II that 


(16) Buti = Kets: « 


Applying Theorem 1 to the sets’B, , B. , --- , B; we have 
Bit Bet ++ + Ba <<, 


therefore, because of (16), 


a1 + obi t+ +++ + am—per < 
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In particular, it follows form = 2 and n = 2k that 


2 
ay + Ak+1 < 2° 
_™m For odd n we infer 
oO” CoroLuaRy 3: Forn = 2k + 1 and m = 2 we have 
2 
ai a + a1 <—- 
it to 


Proor: We have 
kon + (kK + lj)ary < 1, 
hence ri 
(k + $)(a1 + oxy) < 1 


because of ay S a%4;. This proves Corollary 3. 
CoroLLary 4: Form = 3 and n = 4 we have 


a + a2 + as < §j. : 


Proor: Suppose a; + a2 + as = 3. Then we must have a > } since a; + 


a; < + by Corollary 2. It now follows from VI that the density ay of Ai + Az 
satisfies the condition Bs, 


f all 
ay 2 a + }. 
Therefore we have by I and II 
ay + 2a; < 1, 
a + 2a, <1 — j, 
a + ata; <j 
since ag S a3. This gives a contradiction, and the corollary is proved. 
3. Generalisation of Theorem VIII 


THEeoreM 2: Let a, S ag S +--+ S ap be the densities of the sets Ai, Ar,+-:, 
A,and y < 1 be the density of A, + Ao +--- + An. Let ays be the density of 
Axit+ Apis +--+ + Agforn2>k>1l21. Then we have 
—k+4 n—-k+l+2 


cuts Ba + OE ans + OE ane + Pit a oo oy ee 





For k = nand 1 = n — 1 we obtain Theorem VIII. 
Proor: In the first place we consider the case 1 = 1; we have to prove 


n—-k+3 


QAk—1,k = aK + n—-k+4 Ak—1- 
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eat tg Sse Sy tee 
ee ee ae Se . 





| If 
aS (n—k +4)/(n—k + 3), 
. i " the statement follows from VII. Suppose now 
ae | 


gee a ons > (n — k + 4)/(n — k + 3)’. 
ay | Then we have 
| 



































4 ] (17) ne we 
| 7 It follows from I and II that 
a ef (18) (n—k+1)u + m1 <1. 
| i iy By (17) and (18) we have 
can ct Ea < a - ot a 
bene (n — & +3)" ai. , Chee k4+9 
Vana | < GES De FTO OO eat Goh ee be™ 
| _ (n= k +3)(2n — 2k +4) as 





Qk—-1 — 


(n—k+1)(n — k + 4) n—k+1 











2 Ak—1 
\ S Zoi S on-i1% 


T GFF Del he wD asl 





= Qap-1 1 


because of IT. 
Let us assume now that the theorem is proved for every k and for 
l= 1,2,---,’A— 1 withA < k. Then we have 


n—-k+3 n—-k+rA4+1 
sa Eten > Sea 


We have to prove the theorem for] = X. If 
or» S (n-—k+X43)/n—-k+24 2), 
the statement follows again from VII and (19). Therefore let us suppose 
(20) ara > (n—k+r+3)/(n—k+r+4 2). 
By I and II we have 


(19) aprsgiye 2 oe + 





Qk-r+1 





(21) (n — k + 1)ox + Acer < 1. 


First we shall prove the relation 


(22) ay + MR TAT2 


n—-b+n +s 











Ak—1 


for 
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As in the case where A = 1 we obtain from (20) and (21) 


a-btht3- 5. dk 4g mrktnr+2 
a + Fae ieee np bs i a —kt+at+3 


(n—k+2X+2)(2n — 2K +2X+4+ 3) —A(n—k+A+43) 
< a (n—k+1)(n—k+A+3) 


_ 2n® — 4nk + 2nd + 7n + 2k* — 2kd — Tk + 2 +6 
~ 92 = Qnk + ny + 4n+h — kX — 4k +2443 














On, S Zor» 








since n 2 k. 
Next, we state that under the assumption (20) 
n—k+ 2 
(28) Oe ake < ans forw = 1,2,---,A—1. 


As in (21) we have 
(n—k+ ut lary t+ (A — w)orr <1. 
Therefore, because of (20), 


R cla Ana (n—k+2rX+2)? —(A—u)(n—k +243) 
en — kati (n—kK+ut+l1)(m—k+2+4+3) 








(24) 
_ 1 —2nk+nd+4n+h—ky—4k+r04+4+un—pkt+urt3u | 
nm? —2nk+nvd+4n+h—kA—4k+A4+3+pn—pkt+prA+3n 
Putting 
n-kt+t+pt+3=r 
and 


n—Qnk+n+4n+h —kA— 44 4+A4+3+ un — wkK+pwrA+34=8 
we obtain from (24) 


n-k+ut+2 
n—kt+u+3°™ 


oto (r — 1)(8 + 1) € roe-t) 
.—— kp < a om» ={1+ ma Ok. < Ahr 








r<st+l. 
But this is true, since the following three inequalities hold 
n—k <n’ — Ink + F, 
k4+rA+4) Sn4+ A+»), 
pt+3<3u+4+Hr4+A. 
Therefore (23) is proved. 
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Finally it follows from (22) and (23) that 


e- kt). 4 Gere 


anbes Dake ABO < Para t O- Yaw 


ap + 





= (A+ Dora S ar, 


because of II. Hence Theorem 2 is proved for / = \ and consequently for each I. 


4. Some lemmas 


Lemma 1: Suppose n = 2 and 


(25) a + a < 2/38. 

We put 

(26) y* = Max {2as, ag + Pn Aas a+ maya 
1 + [1/o] 1 + [1/o2] 

then we have 

(27) a + a2 — y* S .05. 


I.e., the difference between a; + a2 and the lower bound for the density of 
A, + A: obtained by II and VI is less than .05, if (25) is satisfied. 
Proor: If (27) is not satisfied, we have 


ni rs 1 pecs \ 
(28) Min {a Q1, a1 Tt lVal + [1/ex]’ 2 ey Fe + [1/aal/ > 05 


because of (26). But the difference 1/k — 1/(k + 1), where k 2 4 is an integer, 
is less than or equal to } — } = gy. Hence 


ee See ee eR I 
1+ [1/1] tam [1/1] 1+ [1/a] 4 20 


Moreover (29) is true for } < a, S } + gy = .3; therefore we have a > .3 and 


a. > .3 + .05 > 4 because of (28). Thus a2. > 4 + .05 again because of (28), 
and we obtain 


(29) Qa for a, S i 





a +a > 8+ 3+ 05 > Z. 


This contradicts (25). Therefore (27) is valid. 
Lemma 2: Suppose n = 4 andy <1. Denote by vis the lower bound for the 
density of A, + Az + A; obtained by the theorems of this paper. Then we have 


* 
d = ai + a2 + a3 — Yi23 S ay - 
Proor: We write 


1 


_—- —_—_. for vy = 1, 2, 3. 
i+ [lal 


5, = a, 








of 
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Then by VI 


(30) ds _ (8. + 4). 
It follows from Theorem 2 that the density a2 of Ai + As satisfies the inequality 
(31) ay = a + $a. 
On the other hand we have by I, II, andy < 1 
(32) ay + Zaz; < 1, 
hence by (31) 
(33) 2a3 + a2 + fa < 1. 

We have now to distinguish between some cases. 

1) : a, = $40- 
Because of Coroliary 4 of Theorem 1 we have a + a2 + as < } and by II 

d S a + a2 + a3 — 38a < soo 
Therefore we may assume 
a < $33 < 35, 

(34) di S ao. 

2) wo Sst+ae=H- 


We have by (30) and (34) 
dsh+isS a+ do = vo 


Hence we may assume 


(35) a2 > 

and because of (33) 

(36) a3 < (1 — a2)/2 = #. 
3) as > 3. 


It follows from (33) and (35) that 
a, < $(1 — 2as — ae) < $11—%-—#) = #5 <3. 


Therefore we have & < #y and 6; < #4 — 4 = ds because of (36), hence 
d < gy because of (30). Therefore we may assume 
































at ninanpsneannrwentt Ti 





- 5 i 
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4) a2 = +2 or a3 — #. 
We have by II, (37), (35), and (34) 
dsSa—-metisS&et+a =: 


Hence we may assume 


(38) a2 < #, 
(39) as > 28 > i. 
5) aSitt+dz. 


We have by (34) and (39) 
d@dsit+6 Soo t+ & = vw. 


Hence we may assume 


(40) as > 7s°o- 
6) .. a S ys. 


We have 6; S 35 and & S 35 because of (38). Therefore we may assume 
a> ss 
and obtain by VI 
aw 2 a2 + 3, 
a2+t2es > §+tigpt+ = 1 
because of (35) and (40). This contradicts (32) and Lemma 2 is proved. 


5. Estimates for the sum of the densities in the cases n= 3 and n = 4 
THrorEM 3: Let n = 3. If Ai + Ao + Az is not the set of all positive 
integers, then we have 
(41) Qi ao Qe + a3 < 1.05. 


Proor: Let yi2 be the lower bound for the density of A; + Ag obtained by 
II and VI. Because of Theorem 1 we have a; + az < 3. Therefore it follows 
from Lemma 1 that 


(42) a + a2 — yin < .05. 
On the other hand we have by I 
(43) vi2 + as <1. 


Adding (42) and (43) we obtain (41). 
THEOREM 4: Letn = 4be. If Ay + Ap + Az + Ag is not the set of all positive 
integers, then we have 


(44) a1 + a2 + as + amy < 3% < 1.0778. 








ve 


vs 


é 
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Proor: Let yiss be the lower bound for the density of A; + A: + A; obtained 


by the theorems of this paper. It follows from Lemma 2 that 


(45) a + a2 + as — vis < oy 
and from I that 
(46) : vias + om <1. 


By the addition of (45) and (46) we obtain (44). 
6. Improvement of the Theorems V, X, and XI 








TurorEM 5: If the densities a, S ag S +--+ S a, Of Ai, Ao, +--+, An satisfy 
the condition 
(47) An = 1- Noy , 
then we have 
n- 1 an 
> es Set 
1=— + th 
if 
(48) a 21 — no, 
then : 
n—1 a 
> = 
1? n + n 


Proor: If (47) is satisfied, we set 
(49) a = (1 — a,)/n, 
then a < 1/n and by (47) 
a 2am 2 (l—a)/n=a 


Qn, = 1 — na. 


It follows that for s = 1, 2, --- 


A,(z) = aw = ax = ax — (v—1)/n (v= 1,2,---,n— 


A,(x) = (1 — na)z. 
Applying III for » = 0 to the sets Ai, Az, --- , An we obtain by (49) 





Lae mal, ae 
n 


y2l-aea=l1- = 


Suppose now that (48) is satisfied. Here we set 
(50) a= (1 a a) /n. 


2,3,++5,n— 1), 
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iH ; | | Then we have a < 1/n and hen 
| } a 2am 2 (l—m)/n=a (» = 3, 4, +++, n), 
gee SU a = 1— na. 
Bae Ae : Th 
is [' ‘ Applying III to the sets Az, As, --- , An, Ai we obtain by (50) sa 
4 velo 715. te | 
| By means of Theorem 5 it is possible to improve XI. First we consider the By 
Ai case n = 2. (58 
; TuroreM 6: For n = 2 we have y = (a1 + ae). 
| . Proor: We have to distinguish between certain cases: On 
' 4 1) or S te 
Bee G It follows from VII that he 
a y 2a + fa 
) a and from IT that 
id y = 2m, Bi 
: hence Y 
i { 10y + y = 10(a1 + ax), 
: : R y = tila + a2) > fo(ar + az). 
: Therefore we may assume that It 
(51) 4>a,> 7. 
2) a, 2 Pro. 1 
We deduce from II 
y = 2a. = foo + Hou = Pola + a). 
Hence we may assume that 
(52) a1 < rae : 
( 


and, because of (51) 


(53) ag > Ab. 5 = BS. 
3) 9a; + 4az < 5. 


It follows from (51) and (53) that 


2a, + oc = #4} > 1, 





he 
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hence we have because of Theorem 5 for n = 2 
Y 24+ Fz fom + woo + far = sola + a2). 


Therefore we may assume 


(54) 9a; + 4a. > 5. 
4) a, S }. 
By VI and (51) we have 
(55) yZ2tt+a= i+ pom + oo. 


On the other hand, it follows from (54) that 
Toa > § — Fou, 
hence by (55) 
y = $— foo + oar 2 Far — Foo + Boor = volar + an). 

5) <a < #. 
By VI and (52) we have 
YZ t+ a2 = 3 + poor + Boor 2 ¥ + doa + Yoo 

> far + $ha1 + oor = olor + ay). 


6) a, 2 F. oe | 
It follows from (52) that ag > $4. Because of IV we have | | 
Qe 11.7 . ‘ | 
YE 7-7 a? > Toler + om). 


This proves Theorem 6. 
THEOREM 7: y = ai + $a2. 
Proor: It follows from Theorem 6 that 


Y = Yoo + oor = a1 + Gare 
if ag = $a,. Therefore we may assume 
(56) a2 < $a. 
2) It follows from II that 


y = 2a, = a + Far 





if a2 S $a; ; hence we may assume 


(57) a2 > $a . | : | 














eee et 


> ae a ae an 2 
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3) Theorem VI implies 
yZo+ Bat fos 


if a2 => 6ai/(1 + a). Therefore we may assume 
6ai/(1 + a) > a2 > gay 


because of (57), hence a; > }. 
4) Since a; > }, we have 


y¥2a+ ft 2 a + Far 
if ag 2 6a, — $. Therefore we may assume 
6a. — $ > ae > Say 


because of (57), hence a; > 3%, a2 > 2. 
5) Now we have 2a; + a: > 1, hence by Theorem 5 
Y 23+ fa. = a + Jae 
if ag S $ — 3a,. Therefore we may assume 


$ — 38a; < ae < $a; 


because of (56), hence a, > 4. 
6) Since a; > 3, we have 


Y¥2Za+52 a+ Far 
if a, S ja: + 3. Therefore we may assume 
$m + H< a < $a 


because of (57), hence a2 > 3. 
7) Since a: > 3, it follows for a, < ? that 


Y¥2u+ 32am + Far. 


Hence we may assume ap > ? and a, > # because of (56). This gives a con- 
tradiction to I, and our theorem is proved. 

Before improving XI for n > 2 we have to prove the following 

Lemma 3: Suppose n = 3 and 


(58) a3 = ae = Qi ~ .24 


If vies , d, and 8, have the same significance as in Lemma 2, then we have d S #¥s- 
Proor: Let ya, be the lower bound for the density of A, + Ax (x # d) ob- 
tained by the theorems of this paper. We set 


dn = %& +a— Yn. 
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Since a; + 2a, < 1, we obtain from (58) 
(59) a2 < .38. 
We have again to distinguish between several cases: 
1) 3 < a < .38. 
Suppose first a, > 3. Then we have by Theorem 1 for m = 2 
dSit+& Sa— t+ a2 — $= a+ a2 — yy S 3 — ty < Ts. 
Suppose next a < 4; then by (59) 
d St: + & < got rho = Ws < we. Baer 
Because of (58) and (59) we may assume 
(60) .24 < ae S }. 
2) a3 = feo. 
Because of (58) we have vi2 => 2a, > .48 and 
vis = 2 min (yi2, as) = 2 min (3485, seo) = $85. 
On the other hand we have by Theorem 3 


a + a2 + az < 1.05, bith 
hence 


d < 1.05 — $33 = ves. 


Therefore we may assume 


(61) as < Pee0- 
3) a Sf. 
a) a3 5 3 + DOU: 


Then we have, because of (58), 
5: S max (py, os) = vos «Sd Sma Srte; €Sdet+ ds S Hes. 
b) as > § + soo 
Because of (58) and (61) we have yz = 2a: > as, hence yizs = 2as, and 
d Sa + a2 + a — 2as S ox — a3 < 3 — B50 = vou < as 
Therefore the case 3) is also proved and we may assume that a: > j. 





4) <a S44 deo = oes. 
We have d: S #485; 51 S dy} d S os. Hence we may assume az > ays. ae § 
5) gos < a2 S «3. : . i 
a) as S $S3. } faa, 








cenpumihcnicer’ Spine 
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If as < 4, we have des S as — o2 < geo. If as > 3, we have doy.< 5; = 343 — 
4= #3. Hence 
d 55+ dy S oo + veo = Hes, 
since a, S a2 S 75. Therefore we assume 
(62) as > $$3- 
b) aS} and as 53+ 7. 


From (58) and (62) it follows that a, + 2a; > 1. Hence we obtain by Theorem 
5 


vis 2e+ 3m 
and by IV and (58) 


* 
vig > TB > Lt 5 124-225 _ 279 
= 1— a ~ 2(1—m) ~ 2-158 ~ 316 


dsatamta—-#H <i + H+34+ % — H = Hi — HE < Hs. 
c) oa Si and as >t. 
We have 





2aa+as> $$ +3+75>1, 

hence by Theorem 5 and by (58) 

vis = 4+ ds + 3, 

d = on +2 + a3 — yin S$ + + Ss — 4-4 = Sele < Hs 

because of (61). 

d) i<a Sit vo. 
We have 

i Svc, & Sv, dS ais. 

e) a >i+ Ad = fs and as; S 45 + des. 

It follows similarly as above in 5b that 


* 1+ai > 8 


Yi2 = 


2(1 — a2) ~ 79’ 
d Sa + a2 + a3 — $8 < vo t+ oo + 358 + As — 1 = Bio 
f) a > ss and az > $38 + so. 
We have 


Joe tos > HH +3 + He = H+ > HHT DO) 





hence 
and 
Thet 
(63) 
6) 
It fc 
hen 
The 
(64 


and 


(65 


Be 


F¢ 


F 





m 
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hence by Theorem 5 
Mis 24+ fast} 
and by (61) 
d<§ + deo0— t = soo < ahs. 


Therefore the lemma is proved also in the case 5) and we assume 


(63) to < a S 3. 
6) a + a S$ + ses = 7. 


It follows from (63) and (58) that 
viz 2 a2 + $ > 3; 
hence, because of VI, 
vis 2 as + 4, 
d = a1 + a2 + os — vies S 4+ vs + 03 — os — 4 = oie. 


Therefore we may assume 


(64) a1 + a2 > 783 
and, because of (63), 
(65) oa, > 225 — 3 = 1 > i. 
7) as S }. 
a) a 2 aos. 


By II we have 
d S a + a2 + as — 3a, S 2az3 — 2a S ¥ — $33 = Fes. 
b) a1 < ofs’s. 
Because of (65) we have 
bi < sob, des S a3 — a2 S 3 — Wo = Fo; d < gis < ses. 


Therefore we may assume a; > }. 


8) B< a3 534+ 0s = Wd. 
For a < } + a we have by (65) 
(66) dy S i S vy. 
For a; > } + yy the inequality (66) is also valid, since we have 


dy S a2 — a S$ — oy = He. 
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Hence we obtain 


ee os 
LO a RP IE i Hattie se 














4 dSdut+ts Sat + wees = dis 
{ i en, yf and we may assume 
en (67) ort il 
| | 9) It follows from (66) and IV that 
it viz 2 a1 + a2 — dy, 
1 | vis 2 (a1 + a2 — #x)/(1 — a3), 
| igut+ata-Stae 
(68) 1 — as 
a a_i a i F< as — (8$f08 — ve) — a) 
J 7 because of (64). If we write 
af fen) oo iin GOR Saas 
oe | | we have 
i ‘ ' f'(os) = 1 — {385 (1 — a2) + 288 as — ie}(1 — os)* = 1 — 3868 (1 — oe). 













Therefore f(a3) has its maximum in the interval 0 S a; < 1 for 


ag =1—(290j' <1-B< TOL | 


ui Hence f(as) is decreasing in the interval 7235 < a3 < 1 and it follows from (67) 
ti and (68) that 


701 (am 269 :) 1800 


1800 450 24/1099 


_ 701-1099 — 701-1076 + 75-1800 _ 701 + 5400 22 + 


1800-1099 < 7800-40 ~ 225 





ie ee dl 
4 = i300 





This proves Lemma 3. 
Using this lemma we can improve XI. 
THEOREM 8: Write a; + as +--+ + a, = on; then we have 


Y 2 10%; vy = $403 > .88040; ; y = eo > 87010; 
vy = $5365 on > .86790,, forn 2 5. 
Proor: The case n = 2 is already proved by Theorem 6. 
1) n= 3 


a) a, S os. 


Deno 


henc 


(69) 


(70) 


and, 


Sup] 
(71) 
The 





Ma 


DENSITY, OF THE SUM OF SETS 


Denote by a23 the density of A, + A;. It follows from Theorem 6 that 


23 = to (2+ as), 
hence from Theorem VII for k = 6 and from II 


(69) vy = Yo (a2 + as)-+ $a, 


(70) 7 = 3a, 
and, because of (69) and (70), 
Wy + 27 2 81 (a2 + as) + 75a; + 6a; , 


72 Hos. 
b) a> os. 
Suppose 
(71) v < tos. 


Then we have 
3% < 3a. 5 7 < os, 
(72) os > +. 
On the other hand it follows from Lemma 3 and (71) that 
os — $85 S ys S 7 < fos, 
$3 93 < as, 
os < $. 


This is incompatible with (72). Therefore the supposition (71) is impossible 


and in both cases we have 
(73) y 2 Hos. 
2) n = 4. 


It is possible to treat this case as we have treated the case n = 3. But the proof 
of the lemma analogous to the Lemma 3 is troublesome. Therefore we use a 
method which is simpler, but less sharp. Denote by az the density of 


A; + A; + Ag. It follows from (73) that 

oom = $4 (a2 + as + ox), 
hence from VIII and from II 
(74) y = $3 (ae t+ as t+ ou) + $a, 
(75) vy = 4a. 











a a ile ee 


scalp Stossel ee arp a gm 
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Therefore we have by (74) and (75) | at 
1104y + 137 = 972 (a2 + as + ax) + 92001 + 52a, 


7,2 97 O4. 





h 
3 n = 5. 
) ( 
In similar way we obtain 
I 
390957 + 102y 2 39095 {5 (ae + as + a4 + as) + $ a} + 510a:, ir 
y = $5187 95. 
4) n> 5. 
It follows from VIII that 7 
34020 7 n+l 
y = B88 (an + ani + Ong + tn—3 + Ons) + Fans +--+ nko” 
hence, because of $4937 < ¢, ' 
y = 35157 On. 
7. Estimates for the sum of the densities for n = 5 
In order to obtain an estimate for the sum of the densities for n = 5 we could 
apply a similar method as in 5). But the proof of the lemma analogous to the 
Lemmas 1 and 2 would be very complicate. Therefore we are content to prove 
the following 
THEOREM 9: Suppose that Ay + Az +.--- + A, ts not the set of all positive 
integers. Then we have 
( 
39197 
< # < 1.102 " 1.1522 n> 5. 
os < #§ < 1.1026 ando < 33020n 45177 < for 
Proor: For n = 5 we obtain from Theorem 2 for k = 2 and! = 1 ( 
(76) ae 2 a+ Fa i 
and from II and I 
(77) aus = 3a3 , 
(78) a2 + ays < 1, { 
hence, because of (76), (77), and (78) 
(79) $a1 + ae + 3a3 < 1. | 
Moreover we have 
(80) a + 4ae < 5, 


(81) 2a, + 3a3 < 1, 


uld 
the 
ove 


tive 
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and finally by Theorem 2 
um 2 a4 + Fas + Far + Far, 
hence, because of I 
(82) as + a4 + $03 + Fae + $a1 S a5 + any < 1. 


If we multiply (79), (80), (81) H(82) by ro; s's‘c, sev, 1 respectively and add these 
inequalities, we obtain 


a + a + a + a4 + os < rhe + aos + soe + 1 = $8 < 1.1026. 


For n > 5 we are content to prove an inequality less sharp. It follows from 
Theorem 8 and from II that 


$6338 (a1 + a2 + pre® + an—1) + an < a, 
and because of a, = (a1 + az +--+ + a,)/n 

















34020 5177 a1 + ae + eee + Qn 
39197 (a1 + a2 + +++ + n-1 + an) + 30197 = <€%, 
39197n 
1+ agt--- tan < 34020n + 5177 < 1.1522. 
8. Improvement of a theorem of Schur 
TuErorEeM 10: If we set co’ = n and form > 1 
2)c"3 P (m—1) n oa 1 
(83) cy” = win + 2)cs if c=;” > , 
(n+ 2)? +n? +n-1 ' “n+2 
—— 1 
(84) c™ = oi” fs” < _ 3. 


then we have 
y = (ar + a2 + +++ + am). 


Proor: For m = 1 the assertion follows from II. Therefore we may assume 
that the theorem is proved for m — 1 and every n. Denoting the density of 
A,+A;+... + A, by B we have 


(85) B= cz” (aa + as + +++ + am). 
We have now to distinguish between two cases: 
a) (m1) — N+1 
Cn—-1 s n+ n+ 2° 
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ae a 
| | hi It follows from VIII and from (85) that 
ee ae n+1) i (m—1) n+l. th 
oe a eee f = = Ch— + + : Am 
ae aa y2BrH+ s+s 1 (a2 + ag am) + ——— n+2° P 
ki ; i : = e&;” (ar tat... + Om), ‘ 
f 1 i hence, because of (84), 
eee waue: - § 
i iit i, i eS ™ (an + afters + Om). ( 
' f Pie 
ee Bi: | we n+1 
7 b) ip eee 
4 If we set 
Le ih aide n(n + 2) (: 
Hae cy (n+2)+n7+n—1’ y 
ae y rt | we have 
a at n(n + 2) a | 
i” airy ss So ey os ie F 
: ! Therefore applying IX we obtain 
n+n-—1 
> PO IM SP BI 
i 2 08 + oun n+2 a} T 
ih n(n + 2)8 n(n? + n — 1) ({ 
Fe = "(ml 2 + ayn — on 2 
iA Cra (n+2)+n+n-1 Cra (n+2)+n +n-1 F 
n (m—1) iN 
a n+2 Crna (n+2 
=n pa) pwanei + 2)B + arena ( )} 
n(n + 2)c6"” 
=a aen deci at et + am) 
because of (85). Hence Theorem 10 is proved. 
Corouuary: If A; + A, + --- + Ants not the sum of all positive integers, we 
have ; 
a, + ae + . - + am < afk. 
The constants c’” can be determined successively by (83) and (84). We | 
have cy” = n, 
c™ = n 
" 2+ 1/(n — 1)(n+ 2)’ 
and so on. 


We want to obtain estimates for c’”. To this end we prove 








On), 
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THEOREM 11: Setn —m=dforn>m. For a fixed value of d we denote by z 


the greatest integer such that 


(86) log (@ — 1) + Sd+tlogd +2. 
Then we have 
(87) cr) > n+1 





PS zZ + 1 ett” +1 
- 7427 Mate 


Proor: First we assume that 





(88) 








n—d-+logn — logd 


ford+2<5 nz, 


for n = z. 





(m—1) n+1 
(89) Cn-1 > n + 3° 
We maintain that then 
(m—2) n 
(90) Cn—2 > n + 1 . 
For, if c6"3” < n/(n + 1) it follows from (84) that 
(m1) _ gimo) < _” n+1 
ic detieeliees e Ss teres | 


This contradicts (89). Therefore (90) is proved; we infer by induction 


_ 2 
91 (m=) n-et2 
( ) c a > n— pb + 3 
if (89) is satisfied. Because of (91) we obtain co mso,c emis, «++, cf 


ively from (838). 


for p = 2,3, ---,m 


We set y&” = 1/c. It follows from (83) that 











im 2 +n—1 yng? (m—1) 
, 8 ——— Ja- 1 o 1, 
ny n+2 e +i< ans 9 : + 
hence 
(n + 1)yk” < nya oer. 
Applying this formula successively we obtain 
(n + 1)y <(n — 1)y™? + — whee 
n—-—1 n 
ne (1) n—-m+3,n—m+4 
<u — m+ 2)y nm + — 5 tam +8 
me 1 
_ 7 mr2in —m+3 =n 





—n—-m+ti1 age 
=m+ > tem + 


yan—mtl1 V n—m 





n 


ME we ot Hog - 
x n— 


+. 


m) 


~e ' 








m* 











we : 
BYE PE SIRF 
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Therefore we have ( 


n+1 


(m) 
(92) villa m + log n — log (n — m) 





if (89) is satisfied. 
Next we want to prove that (89) is satisfied if 








d+2sn82z I 
where z is defined by (86). To this end we prove that 

(93) ee ee ee ’ 

if the condition 

(94) d+2<d+rsz-1 : 
is satisfied. 
We have 

ca = d+1> (d+3)/(d + 4), | 

hence it follows from (92) that | 

eb > sry aia > 1 > TES : 


since 
d+324>2+log3 z 2+ log (1 +3) = 2+ log d +2) — toga } 


Therefore (93) is proved for r = 2. We assume it to be proved by induction | 
forr = 2,3, +--+, — 1 where 





(95) d+p-—-152-2. 
We then have 
of), > ta. > Etat! 


p—1+log(d+p—1)—logd ~d+p+2 

Hence the condition (89) is satisfied for n = d + p and it follows from (92) that 
(96) o> d+pt+l1 , 

are <p + log (d + p) — logd 


On the other hand, it follows from (95) thatd +p +1 32 and therefore 
from (86) that 





: <d+logd+2. 


log (d + 0) + 7= 3 * 





‘ion 


hat 


ore 
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Consequently we have 
1 





d+ pt 2— Feo = 0 t log d + 0) — loga, 
d 1)(d 3 
\ Fog eret ) > p+ log (d + 5) — logd, 
hence by (96) 
o®, > d+p+1 ~atpt2 





p+ log (d+ p) —logd ~d+p+3° 


Therefore (93) is proved also for r = p and hence by induction for each r satis- 
fying (94). It follows from (93) ford + r = z — 1 that (89) is true for n = z. 
This proves (87) because of (92). 

Now we have to prove (88). Let s be the greatest integer such that 


(-lte-d) 2 t3tl. 
oe. - et 8! 


then we have s = 0 because of (93). It follows similarly as above that 


Gaited 5 @totliztl 


(97) Cs-i+e thobd 243 foro =0,1,---, 8. 





Furthermore we have 


(-lte-d)  @ tot] ing DORE 
Cz-1+0 ee es ro2e2-+1, 
hence by (84) 
(98) ee an ee «ss yo foro >s +2. 


Finally we have to consider the case n = z + s. Denoting the density of 
A, + Az; + .--- + Ags by B we obtain from VIII 


1 het z+s+1 
y¥2 p+ ieee a = P on tad (a2 + a3 + “or + 242-4) 42S a 
> 2 (a + an + see + Or+s—d) 
because of (97); therefore we have 
99 (z+s—d) < * 1 
( ) Cz+s > z+ 9° 


It follows from (98) and (99) that 


i foro >s+1. 


(100) (ettend) 5 2 + 
Cz-i+¢ > + 





be 


x 


| 
i} 
ie 
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Moreover, the condition (86) aa 
log z + —— 

(101) . 4 2+2 

z2> ed. 

Now (88) follows from (97) and (100). Hence Theorem 11 is proved. 


The inequality (88) can be improved a little. Since d 2 1, it follows from 
(101) that 


>d-+ logd + 2, 


log z + —— => > 3, 


(102) z = 20, 


hence we obtain from (101) 
logz > d + logd + $3, 
gra : Z + 1 ieee 1 


a? Ham TS we 


IV 
.o 





I. Schur has proved that 
em (ay + a2 + eee + Qm) 
where the constants Pots are defined by 


n 
1 + (n® — n)*/gi” 
a _ 


For m = 1 we have c,’ = gn = 





(103) g =n, g”™ = for m > 1. 


(m) (m) 


We want to prove that c,;” 2 g, 
Furthermore we have for n = 2 


(n® — n)(n + 2)? = né + 3n® — 4n > n‘ + 2n’ — nr? —2n +1 = (nv? +n — 1), 
hence 


2 
swe 8 POs 
(n dlrs ; 


Therefore it follows from (103) that we have c”” = g” for all those ce which 
are defined by (83). 

From the proof of Theorem 11 we deduce that we have to apply (83) certainly 
as long as n S z for a fixed value of d. Therefore we may assume now that 


nez2+1> ed +1. 
It follows from (88) that it is sufficient to prove that 


d+1 
oie ae ze forn > &d +1. 








from 
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From (103) Schur obtained 
4 





(105) go? = = —_ a 
(d+1)*+(d@+2)7+...+%n 
We have 
n+l ; 
(@+1)?*+@+2)?+...+n7> a? dx 
(106) d+1 


= 2(n + 1) — 24d + 1)' > Qn? — 2 (ad + 1)!. 
Because of (104), (105), and (106), it is sufficient to prove that 


etd+i " nt 
eHd+2° an — 2d+1)' 





This is satisfied if 
ednt > 2(e*"'d + 1)(d + 1)}, 

n' > 3(d + 1)', 

n > 9(d + 1). 


This, however, is true for d = 1 because of (102), and for d > 1 because of (104). . 

Hence we have c&” = go” and Theorem 10 is sharper than Schur’s theorem. tog 
THEorEM 12: Let € be any positive quantity. For every fixed m and all suffi- 

ciently large n we have 


n 
—~=—o" <-e 


Proor: Let m be fixed. We choose n so large that the following conditions 
are satisfied 


(107) log (n — 1) + 25 <n— m+ log (n— m) +2 
and 
(108) n > Max (2m, 2/e). 


Then it follows from (107), (86), and (87) that 
n+1 





(m) 
s > m+ logn —log(n—™m)’ 
1 
Ze ian igi sae Se n+ 





m m+log(1+m/(n—™m) 
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Because of (108) we have m/(n — m) < 1, hence 
n+1 
m+ m/(n — m) 


_n_(n+)In—m _ 1 2 
m mn—m-+ 1) ioeei ~.«** 


n n 
“_ =e < — os 
m ™m™ 
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Let 1 < a; S & S --- be asequence of integers. Denote by f(n) the number 
of representations of n as the product of the a’s, where two representations are 
considered equal only if they contain the same factors in the same order. As 
far as I know the first papers written on the subject are those of L. Kalmar,’ 
who proved by using the methods of analytic number theory that if a, = k + 1 . | if 
then 


n pe 
(1) F(n) = ) fr) = - 

r=1 pt (p) 
p is defined as the unique positive root of {(p) = 2. He also gives estimates 


for the error term. 
Another paper on this subject is that of E. Hille.” He obtains among others 








[1 + o(1)], 






the following results: Let p, < po <--- be a sequence of primes and 
a; < @ < +--+ the sequence of integers composed of these primes, then 
(2) F(n) = en*{1 + o(1)], 






1 
where > a 1, > 0. Hille uses the theorem of Wiener and Ikehara. 








1 
In the present paper we assume that >> qi converges for every e and that 





the a’s are not all powers of a; , then we prove that 
(3) F(n) = en*[1 + o(1)], 





1 
where > ga ie> 0. The proof will be elementary. 





First we need 2 Lemmas. 
Lemma 1 


(4) F(n) = © F[2| +1. 


Proor. Follows immediately by considering those products in which a; is 
the first factor, and summing for a; . 


'L. Kalmér, Acta Litt ac Scient. Szeged, Tom. 5 (1930) p. 95-107. 
= Hille, Acta Arithmetica Vol. 2 (1937) p. 134-146. 
The use of this identity was suggested to me by L. Kalmar, 
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te 990 
te . Te See / 
de Be Lemma 2. 7 
eh a 
eo RL (5) 0 <lim*™ < im oe m 
VACk ae i 7 
ee ‘a Proor. Put F(n) = cyan*. We have from - (7) 
Hae if Cnn? < max ¢ >. — rs Not 
H ae -—” aK ak, 
‘| Se % 
| { | hence 
) | Cn < = G+ rot Th 
/ “ss 
eee: t (9) 
Lae fee Thus by induction 
H nS 
ee ae 1 Sim 
Bee ws. | Fa 
b at hig ais 1+ 2, 2m - ™ 
‘ful | I i of which proves the first half of (5). (10. 
REG ae ae The proof of the second half of (5) will be slightly more complicated. Put h 
et kag wh 
ne 7 F(n) = c,(n + 1)’. It suffices to prove that limc, > 0. From B 2 twc 
AES He ee . 
nt que 
| 2+) 4 we obtain by 
ae! e ax 
: , p ° , (n + 1)° ° , p 1 
c,(n + 1) > mine; 2, —— = min ei(n + 1) i- >} =). 
aepan ak 3% ap>n ak Th 
“ —" ove 
Thus 
eit satis 1 ” 
Cn > mine; {1 — p he “= Be 
i<” az>n A for 
ss 
, ; nov 
Hence by induction as 
1 
c,> II (1 - 2 ay 
2m—len a,>2™ Ay 


The product on the right side . extended to infinity) converges since 


co ly 


ae 
sd "<e ys ait v: 


converges. This proves lim c, > 0, and asia the proof of Lemma 2. 
Now we can prove our theorem. Suppose that (3) does not hold, denote 


” . 





m=1 a,>2™ ae 


oo 


” = _, _F(n) F(n) . 
(6) 0<c=lim —~ = lim 31 < lim a = fm eee = C < 
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Let m be sufficiently large and such that F(m) > (C — 6)(m+ 1)’. Clearly 
a fixed k exists (depending only on ¢ and C) such that for every z satisfying 
msz<smil+k) 

F(z) C+e 
(7) (x + 1) nr ale 


Now let a; be the least a which is not a power of a,. Consider any z satisfying 


ma, < « < ma,(1 + k). We have by (4), (6), (7) and |= | ¢i1a° _ : 


(8) F(x) > > Fl 2|> |> abe TO Ke a e+e — oe". 


ajsz 2 a. aj>a 











Thus (2) 
F(a 
) (x + 1) 





Similarly we obtain that for the z satisfying ah Z2zs a*aim(1 + k) 


F(z) 
(x + 1)° 
where 5,,3 depends only upon a and 8. It is well known that the quotient of 


two consecutive integers of the form a%a; tends to 1. Thus there exists a se- 
quence of integers A; < Ap <--- < A, all of the form acai and satisfying 


Ais 
Ay 
Thus by (10) and since the intervals [A ym, Am(1 + k)] and [Agim, Aiym(1 + &)] 
overlap we have for Aym S x S aAym 
F(z) 
(x + 1)° 
for sufficiently large m, where 6 is fixed and depends only on c and C. Consider 


now the integers x satisfying a,Aym S x S ajAym by (4), (6) and (11) we obtain 
as in (8) and (9) 


F(z) in 
Et? C+8 5 +e X 4 - ol) =e+a(1- =) o(1). 


(10) > ct baz; 


r—i1 and A, > mA. 


<i+k t=1,2,... 


(11) > c+ min bz, = c+ 4, 


(ic. = liesin [Aym, Aym(1 + i). Similarly for the integers satisfying aiAym Ss 
1 


3 
© S aAym we have 


_ F(z) | | ‘| 1 1 
ery? [t8(t- 2S) Bat? Raa 


nay >e4o(.- B.3) (0-8) 
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~ _ — - 
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Finally we obtain for aj Ayn < x S ajAym (k fixed, m sufficiently large) and tl 
My octt- Ea) 

12 >c+6 1— —)-— o(1 

(12) Steet I xg) ~ 

Denote As Is 
i , formu 
II (1 er | 1) = 1. 
rl aj>a, a; T 


The product converges since >> = converges. From (12) we have for 
a; 


k 
Awm S x S ajAym 


F(z) 


sit @+Iy 


dn 
>c+ 3° 
Now choose k so great that 


(14) nt isch. 


T>k aisaf ay c + 36n 





Then from (13) and (4) we have for Aiaim < x < A,ai‘'m 


Fa) > > F|2| > (c+ 3) ote +1) 


aj<aktl at 
Similarly for any 7, in the interval A,ajm S x < A,a{*'m we have by (14) 


F(a) ( ) (ce +1) _ c+ 4 
> pee. ‘ 
(x + 1) 7 Il 2 p ” 4 

' F(z) . : 
Thus lim G+) > c. This contradicts (6) and completes the proof of our 
theorem. 
It is easy to see that in our theorem, we can replace the assumption that 





1 , 
Z git! converges _ the following ~~ more general one: There exists 





ak > Osuch that rs gi converges, and > 


Let a, = k + 1. oS using Lemma 2 we can prove that constants ¢; and ¢2 
exist, 0 < cz < ¢; < 1, such that for infinitely many n 


* converges too. 


f(r) > = 





teas n)*1 
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and that for all m > mo 


n? 4 
Sin) < Teeayes 


As I shall show in another paper the methods used here yield some asymptotic 
formulas in the theory of partitions. 


Tue UNIVERSITY OF PENNSYLVANIA 





‘E. Hille proved that f(n) > n?~* for infinitely many n (ibid). 
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CONCRETE REPRESENTATION OF ABSTRACT (M)-SPACES 
(A characterization of the space of continuous functions) 


By Suizvo KaxkvuTani 
(Received December 23, 1940) 


Introduction 


A Banach space is called an abstract (1/)-space if it is a linear lattice, and if 
it satisfies, besides the usual axioms of Banach lattices, the following condition: 


220, y2O — imply ||x V y|| = max (|| 2]|I, || y]I). 


The principal purpose of the present paper is to show that every such abstract 
(M)-space can be concretely represented isometrically and lattice isomorphically 
by a subspace of the space C(Q) of all continuous real valued functions defined 
on a certain compact Hausdorff space 2." This may be viewed as a characteriza- 
tion of the subspace of the space of continuous functions, which is closed both 
in a sense of topology and lattice. Furthermore, this problem has close rela- 
tions with the problems of concrete representation of abstract (L)-spaces, dis- 
cussed by the author [9], [11] in connection with the general theory of Markoff 
processes and ergodic theorems. 

In Part I, we shall give the definitions and the exact formulations of funda- 
mental theorems (Theorems 1 and 2). We shall also discuss their relations to 
other problems concerning the concrete representation of abstract spaces and 
rings. The proofs of Theorems 1 and 2 will be given in Part II. The main 
idea is to consider a class of functionals (viz., linear- and lattice-homomorphisms 
of a given space to the space of real numbers) and to use the notion of weak 
topology. The last Part III is devoted to the applications of fundamental 
theorems, and the relations with the theory of abstract (L)-spaces will also be 
discussed. 

The principal results and the general outline of their proofs were previously 
announced in [10]. I should like to express my hearty thanks to Professors 
H. F. Bohnenblust, C. Chevalley and J. von Neumann for their kind discussions 
in the course of this work.’ 





1 We use the term “‘compact”’ as “open coverings can be reduced to finite coverings.” 

? After completing the paper, I noticed that the same problem was discussed by Mark 
and Selim Krein (On an inner characteristic of the set of all continuous functions defined 
on a bicompact Hausdorff space, C. R. URSS, 27 (1940), 427-430). In this paper the exist- 
ence of a unit element is always assumed; Theorem 2 was proved by them, but the case of 
Theorem 1 was not discussed. 
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CONCRETE REPRESENTATION OF ABSTRACT (M)-SPACES 


Il. DEFINITIONS AND THE STATEMENT OF FUNDAMENTAL THEOREMS 


1. Definition of abstract (M)-spaces 


A Banach space (AM) is called an abstract (M)-space, if there is defined a 
relation « = y (or equivalently y < x) for some pairs of elements z, y « (AM), 
and if it satisfies the following conditions (2, y, z, we (AM), d: real number): 


(1.1) rezy, y2x imply z= y, 
(1.2) r2y, y22 tply 2 =z, 

(1.3) czy, AZO imply hx = dy, 
(1.4) a2y implies c+z2>y+z2, 


(1.5) To any pair of elements x, y « (AM), there exists a maximum z = x V y 
such thatz = 2,2 2 yandz’ = zforanyz2’ withz’ > 2,2’ 2 y. 

(1.6) To any pair of elements x, y e (AM), there exists a minimum w = x A y 
such thatw S 2z,w S yandw’ S wfor any w’ with w' S 2, w' Sy. 


(1.7) 22 2 Yn, In — x (strongly), Yn — y (strongly) imply x = y, 
(1.8) x 
(1.9) 220, y2O imply ||z V y|| = max (||z|I, || y[l). 


The conditions (1.1)—(1.6) mean that (A M) is a linear lattice (or a vector lattice). 
Such a linear space was discussed by G. Birkhoff [1], H. Freudenthal [5] and L. 
Kantorovitch [12]. The general theory of such linear lattices will be found in 
G. Birkhoff [2]. Here we shall state some of the fundamental properties of 
such spaces, which we shall need in the following discussions: 


Ay=0 ~ implies ||x+y|| = ||z-yll, 





X20 implies (x V y) = Ar V Wy, 


(1.10) 
Mx Ay) =ATA YN, 

bitty (ce Vy) +t2=(e@+2) V (y¥+2), 

(cA y) +2=(4+2) A (¥+2), 
(1.12) (aq Vy)+t(@Ayl=rt+y, 
(1.13) 2=2V0—(—2) V0, (x V0) A ((—2) V0) =90, 
(1.14) (ec Vy) Az=(t Az) V (yA 2), 
(1.15) (@Ay)Vze=(@ V2 Ay V2). 


We shall make use of these properties without any reference to them. 

Among all conditions (1.1)-(1.9), the last condition (1.9) is the most im- 
portant, although, as is easily seen, the condition (1.8) is also indispensable in 
the following discussions. 


ie 
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It is clear that (1.9) implies: 
(1.16) z=>y2O0 implies ||x|| = || y|| = 0, 
(1.17) xt Ay=0 implies ||x V y|| = max (|||, |] y |). 


These conditions were introduced by H. F. Bohnenblust [3]. But we do not 
know whether or not, conversely, the conditions (1.16) and (1.17) together imply 
1S Naa 


2. Examples of abstract (J/)-spaces 


The foremost example of abstract (M)-spaces will be given by the space 
C(Q) of all bounded continuous real-valued functions x(t) defined on a Hausdorff 
space 2 where || z || = 1.u.b.x0| 2(é) | and x 2 y if and only if x(t) = y/(é) for 
any teQ. If we now take an arbitrary set 2 and consider it as a discrete space, 
then the space C(Q) is nothing but the space M(Q) of all bounded real-valued 
functions x(t) defined on 2 (with the same norm and partial ordering as in the 
case of C(Q)). 

Moreover, if we consider a subspace M(Q; m) of M(Q) consisting of all bounded 
measurable real-valued functions x(t) defined on 2 (where measurability is with 
respect to a measure m(F) defined a priori on Q), then this is also an example 
of abstract (M)-spaces. Furthermore, a space of the same kind will be obtained 
if we neglect some class of subsets of 2. For example, in the case of M(Q; m), 
if we neglect sets of measure zero of Q, then the space M’(Q; m) thus obtained 
is again an example of abstract (M)-spaces. It is clear that in this case we have 
to put || x || = ess. max.;o| 2(é) |* and x = y if and only if x(t) = y(t) almost 
everywhere on 2. (Two functions which differ from each other only on a set 
of measure zero are considered as the same element of M’(Q; m).) 

Another important example of abstract (M)-spaces will be obtained by con- 
sidering a special subspace of C(Q). Indeed, if we consider only those functions 
x(t) of C(Q) which vanish at a given point f €@, then the space C(Q; t) of all 
such functions z(t) will be an example. More generally, if we consider the 
subspace C(Q; to, to ; Ao) of C (Q) consisting of all functions a(t) « C(Q) which 
satisfy the relation: 


(2.1) x(t) = dox(to), 


where f , to «2 and 0 S 2» < 1, then this is again an example. Furthermore, 
it will be easily seen that the spaces of the same kind will be obtained if we 
replace the point & of the former example by a closed set F, and if we replace 
the relation (2.1) in the latter example by the system of relations: 


(2.2) (te) = ret(ta), ae, 





8 See the following paper. 


# ess. max.teo | x(t) | means the greatest lower bound of all a > 0 such that mle: | x(t) | > 
a] = 0. 





where 
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It i 
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where ty , ta €2, 0 S Aw S 1 and Mis a set of indices a of any power. We shall 
denote these spaces by C(Q; F) and C(Q; ta, te j Ne | @ € M) respectively. 

It is to be noted that, if in the case of C(Q; F), the closed set F consists of more 
than one point, then we can identify all points of F, and that we can thus re- 
duce the space C(Q; F’) to the case of C(Q; t). This fact is also true for the 
spaces C(Q; ta , ta j Aq; @ €M) if there exists a \. with A. = 1. 


3. Unit element 
If there exists an element 1 such that 
(3.1) 12 0, | 1 || = 1, 
(3.2) l|2|| $1 implies x <1, 


then 1 is called a wnzt element. 

It is clear that there exists at most one unit element. But the existence of a 
unit element, is not assumed in abstract (M)-spaces. Indeed, among the 
examples given in section 2, the spaces C(Q2), M(Q), M(Q; m) and M’(Q; m) 
have unit elements (in this case, x(t) = 1 is a unit element), while this is not 
the case for C(Q; t) and C(Q; ty , to ; Xo) if the point f is not isolated in Q. 

RemarK 1. The existence of a unit element together with the condition 
(1.16) will imply (1.9). Indeed, given x 2 0,y 2 0, we have, by (3.2), 


tS ||x||-1, y S ||y||-1, and consequently z V y S max (|| 2||, || y||)-4, 
which in turn implies ||z V y|| < max (|| ||, || y ||) by (3.1). The inverse 
relation || 2 V y|| 2 max (|| 2 ||, || y ||) is clear from (1.16). 


Remark 2; It will be easily seen that 1 is also a unit element in the sense 
of H. Freudenthal [5] (notation: F-unit) which is defined by the following 
condition : 


(3.3) z>0O implies tA 1> 0. 


Indeed, in case || x || S 1 this follows directly from (3.2), and if || z || > 1, then 
tA12||z2\["’-2 A1=|[2|["-2>0. 

Moreover, an F-unit can exist even if the unit element in our sense does not 
exist. For example, consider the space C(% ; 0) or C(% ; 0, 1; 3), where % 
is the closed interval 0 < t < 1. These are the spaces of all continuous real- 
valued functions x(t) defined on 0 S t S 1 such that z(0) = 0 or z(0) = }a(1) 
respectively. It is easy to see that there exists an F-unit in these spaces, while 
there is no unit in our sense at all. This fact is also true for general spaces 
C(O; t) and C(Q; t, to ; Ao) (Ao < 1) if the point & in question is not isolated 
in Q, and if the topology of @ satisfies the first countability axiom at t = bh. 
But in a more general case when the topology of @ does not satisfy the first 
countability axiom at t = t&, this is no longer true. Indeed, let us consider 
the space D(Q) of all bounded real-valued functions x(t) defined on Q such that 
the set of points at which we have | x(t) | > « is finite for any « > 0. Then 
D(Q) is an abstract (M)-space if we define the norm and the partial ordering in 
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the same way as in the case of C(Q). It is easy to see that there exists no F-unit 
in this (M)-space, and it is not without interest to notice that, if we adjoin a 
new point & to & and if we introduce a topology of 2* = Q + (é) in the following 
manner: 

(3.4) Every point of Q ts isolated, 

(3.5) Every neighborhood U (to) of to is a set of the form: U(t) = (th) + (2 — A), 
where A is an arbitrary finite subset of Q, then Q* is a compact Hausdorff space 
and the space C(Q; t) is the space D(Q) in question. 


4. Fundamental theorems 


After the preliminaries given above, we shall now state the fundamental 
theorems. 

THEorEM 1. For any abstract (M)-space (AM) (with or without a unit element), 
there exists a compact Hausdorff space 2 and a system of pairs of points {t.}, 
{ta} (ta €Q, a eM) and real numbers {ra} (O S rw < 1) (a € M) such that (AM) 
is isometric and lattice isomorphic to the space C(Q; ta , ta ; ka ; @ € M) of all bounded 
continuous real-valued functions x(t) which are defined on Q and which satisfy the 
following relations: 


(4.1) t(te) = Aet(te), a e MW, 


where I is a set of indices a whose power can be arbitrarily large. 

This theorem is complicated, and the reason for this is that we do not assume 
the existence of a unit element. If we assume the existence of a unit element, 
then it becomes simpler: 

THEOREM 2. For any abstract (M)-space (AM) with a unit (see section 3), 
there exists a compact Hausdorff space 2 such that (AM) is isometric and lattice 
isomorphic to the space C(Q) of all bounded continuous real-valued functions x(t) 
defined on 2." 

Proofs of Theorems 1 and 2 will be given in sections 7 and 11 respectively. 
We can also prove that the compact Hausdorff space @ is uniquely determined 
up to a homeomorphism. This problem will be discussed in section 13 
(Theorem 6). 


5. Relations to other problems 


As is easily observed, this problem has close relations to the problems discussed 
by I. Gelfand [6], I. Gelfand—A. Kolmogoroff [7], J. von Neumann [13], G. Silov 
[16], M. H. Stone [17], [18], and K. Yosida [19]. In all cases discussed by these 
authors, the Banach space in question was always considered as a ring, and they 
have obtained a concrete representation of such Banach rings. In our case, 
however, the space in question is a lattice instead of being a ring, and we can 
also obtain a concrete representation of such Banach lattices. 

Further, it is to be noted that the existence of the unit element (which is 





‘It is not difficult to see that © satisfies the second countability axiom of Hausdorff 
(and hence metrisable) if and only if the given (AM) is separable. It is also obvious that 
© consists only of a finite number of points if and only if (AM) is of finite dimension. 
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necessary in the case of a ring) is not assumed in Theorem 1. H. F. Bohnen- 
blust [3] has recently discussed the characterization of L, spaces (1 < p S ©), 
and the case p = © corresponds to our problem. He has only assumed the 
conditions (1.16) and (1.17), and has obtained a concrete representation of such 
Banach lattices. But the existence of an F-unit is assumed in his paper, and 
moreover, besides the separability of the space in question, he assumed that 


(5.1) 05% S$ % S +++ SX S++ S F implies the existence of supnrn, 


where 2’ = SUPnZn is an element such that z, S 2’ forn = 1,2,---, anda’ S 2” 


for any x” with z, S x” forn = 1, 2,---. This condition (5.1), which is also 
assumed by J. v. Neumann [13] and M. H. Stone [18] (these authors introduced 
the notions of both ring and lattice), is not satisfied even in the case of the 
space C'(Q) of all continuous real-valued functions x(t) defined on % : 0 S$ ¢ S 1. 


Indeed, for example, the sequence of functions z,(t) (n = 1, 2, ---), where 


0, 0s? 3}, 


n(t ~ 2), 


Ln(t) 


= |, 





\ 


satisfies (5.1) with #(t) = 1, while there exists no such continuous function 
z'(t) which corresponds to the element x’ = sup,%n. 

Finally, as will be seen from the papers of J. v. Neumann [13], M. H. Stone 
[18] and K. Yosida [19], our problem has also a close connection with the theory 
of spectra for operators.” 





* As was remarked by Professor Stone, our problem has close connections with the theory 
of harmonic functions. Indeed, let D be an arbitrary domain in the Gaussian plane (we 
do not assume that D is simply connected), and let H(D) be the space of all real valued 
bounded harmonic functions u(z) defined in D. H(D) is an abstract (M)-space with respect 
to the norm || w || = supzep | u(z) | and the partial ordering u 2 v: u(z) 2 v(z) for all zeD. 
It is to be noticed that w = u V v is not equal to the max. (u(z), v(z)) in the ordinary sense 
(maximum taken at each point of D), but w(z) is the smallest harmonic function which 
satisfies w(z) = u(z) and w(z) = v(z) for allzeD. (The existence of such w(z) follows 
from the well known principle in the theory of harmonic functions). If, in particular, D 
is the interior of the unit circle, then every u(z) « H(D) can be expressed by the Poisson 
integral: 


7 as on 
(*) vid wet =f (1 — r?)x(t) dt 


1 — 2r cos (@ —t) +r?’ 





where z(t) is a bounded measurable function defined on the periphery I of the unit circle. 
It is not difficult to see that, if we consider the space M’(I', m) of all real valued bounded 
measurable functions z(t) defined on I (with respect to the ordinary Lebesgue measure m 
onl’; we consider two functions which differ on a set of measure zero to be the same element 
of M’(I', m); see section 2), then M’(I’, m) is isometric and lattice isomorphic to the abstract 
(M)-space H(D), and this isomorphism is given by (*). It is to be noticed that in this case 
both H(D) and M’(I, m) satisfy the condition (5.1), and that the representation (*) is 
‘somorphic even with respect to the operation supp Zn . 
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II. Proors oF THE FUNDAMENTAL THEOREMS 


6. Weak topology of Banach spaces 


Before going to the proofs of the fundamental theorems, we shall first enter 
into some elementary considerations on the weak topology of Banach spaces. 

Let E be a Banach space and let E* be its conjugate space, i.e., the Banach 
space of all bounded linear functionals f(r) defined on E with ||f|| = 
L.u.b.))211<1| f(z) | as its norm. 

We shall introduce a weak topology’ into E*. For any fy ¢ E* its weak 
neighborhood U(fo ; 41, 2, +++, Yn; €) is defined as the totality of all f « E* 
such that | f(x;) — fo(xi) | < efor7 = 1,2, --- , nm, where {2z;} (¢ = 1, 2, --- , n) 
is an arbitrary system of points from E and e > 0 is an arbitrary positive number. 
The system of all such weak neighborhoods U (fo ; 71 , 22, --+ , tn ; €) determines 
a Hausdorff topology on E*, and this topology is called the weak topology of E* 
(as functionals). 

We shall list here some fundamental lemmas on weak topology, which we shall 
need in the following discussions:’ 

Lemma 6.1. For any fixed 1 € EF, xo(f) = f(x) is a continuous function (even 
a bounded linear functional) defined on E*, with respect to the weak topology of E*. 

Lemma 6.2. The unit sphere: ||f || < 1 of E* is compact with respect to the 
weak topology of E*. 

Lemma 6.3. Let ®(a,, a2,--+, an) be a continuous function of n variables 
G1, 2, +++, On, and let x1, X2, +--+, Xn be a given system of points of a Banach 
space E. Then the totality of all f « E* such that ®(f(a1), f(a2), --- , f(tn)) = 0 
is a closed subset of E*. 


7. Outline of the proof of Theorem 1 


Let us consider a (real-valued) bounded linear functional f(x) defined on (AM) 
which satisfies the following conditions: 





* Weak topology was first introduced by J. von Neumann, Zur Algebra der Funktional- 
operatoren und Theorie der normalen Operatoren, Math. Ann. 102(1930), 370-427. See 
also: L. Alaoglu, Weak topologies of normed linear spaces, Annals of Math., 41(1940), 
252-267; N. Bourbaki, Sur les espaces de Banach, C. R. Paris, 206(1938), 1701-1704; S. 
Kakutani, Weak topology and the regularity of Banach spaces, Proc. Imp. Acad. Japan, 
15(1989), 169-173; A. E. Taylor, Weak topologies of Banach spaces, Proc. Nat. Acad. Sci. 
U.S. A., 25(1939) , 438-440; A. Tychonoff, Uber die topologische Erweiterungen von Raumen, 
Math. Ann., 102(1930), 544-561; A. Tychonoff, Uber einen Funktionenraum, Math. Ann., 
111(1935,) 762-766. 

7 Lemmas 6.1 and 6.3 follow directly from the definition of weak topology. Lemma 6.2 
is a consequence of Tychonoff’s theorem that a topological product of an arbitrary (finite 
or infinite, not necessarily countable) number of closed intervals is compact. (See the 
papers of A. Tychonoff cited in footnote 6). A simpler proof of this theorem may be found 
in the following papers, where the result is extended to the case of the topological product 
of an arbitrary number of compact spaces: J. W. Alexander, Ordered sets, complexes and 
the problem of compactification, Proc. Nat. Acad. Sci. U. S. A., 25(1939), 296-298; H. 
Wallman, Lattices and topological spaces, Annals of Math., 39(1938), 112-126.. See also 
E. Cech [4]. 
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Pal = 1, 





il) 
(7.2) f(z + y) = f(z) + fly), 
(7.3) faz) = A(z), ASO, 
(7.4) x20 implies f(x) = 0, 
(7.5) ztAy=0 implies f(x) =0 or fly) =9, 
(7.6) f(z V y) = max (f(z), f(y), 
(7.7) f(x A y) = min (f(z), f(y)). 


These conditions are clearly not mutually independent. But it is not neces- 
sary to discuss their independence. We shall only notice that the conditions 
(7.6) and (7.7) follow directly from the other conditions. This fact is needed 
in the following. 

If we consider the space of real numbers as an abstract (M)-space (this isin- 
deed the simplest non-trivial example of abstract (M)-spaces), then these 
conditions mean that z — f(z) is a continuous homomorphic mapping of a given 
space (AM) onto the space of real numbers. (For the general principle of the 
proofs of such theorems see [10].) Indeed, (7.1) implies that x — f(x) is con- 
tinuous; (7.2) and (7.3) mean that x — f(z) is a linear homomorphism; and 
lastly, (7.4), (7.5), (7.6) and (7.7) mean that 2 — f(z) is a lattice homomorphism. 

Let us now consider the totality 2’ of all bounded linear functionals f(x) de- 
fined on (AM) which satisfy the conditions (7.1)-(7.7). ’ is a bounded set 
contained in the unit sphere of the conjugate space (AM)* of (AM). Conse- 
quently, by Lemma 6.2, the closure 2 = 0’ of 2’ with respect to the weak topology 
of (AM)* is compact, and it is easy to see that every f € 2 satisfies the condition 
(7.2)-(7.7). This is a direct consequence of Lemma 6.3. But, in general, the 
condition (7.1) is not necessarily satisfied, and we can only say that we have 
\|f|| S$ 1 for any feQ. If there exists,’indeed, an element fi eQ with || f || = 
\ < 1, then we have f = Af’ for some f’ «Q’. Let us denote all such relations 
which exist among the elements of 2 by: 


(7.8) fa = Nefas a e M, 


where f, €Q, fy €2’, 0 S Ae < 1 and M is a set of indices a which can be finite, 
denumerably infinite or even non-denumerable. 

We shall next consider the functional x(f) = f(x) defined on @ (z being fixed). 
For each 2p € (AM), by Lemma 6.1, 20(f) is a bounded continuous real-valued 
function defined on Q, and it is clear that the conditions: 


(7.9) t(fa) = ret(fa), weM, 


are all satisfied. Consequently, for each 2 ¢ (AM), the function x(f) can be 
considered as an element of C(Q; fx, fa ; Aa} «€ M) and the conditions (7.2)- 
(7.7) imply that z = x(f) is a continuous (linear and lattice) homomorphism of 
(AM) into the space C(Q; fa, fa j ej @€M). 
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II. Proors oF THE FUNDAMENTAL THEOREMS 


6. Weak topology of Banach spaces 


Before going to the proofs of the fundamental theorems, we shall first enter 
into some elementary considerations on the weak topology of Banach spaces. 

Let E be a Banach space and let E* be its conjugate space, i.e., the Banach 
space of all bounded linear functionals f(x) defined on E with ||f|| = 
L.u.b.))2)}<1| f(z) | as its norm. 

We shall introduce a weak topology’ into E*. For any fy ¢ E* its weak 
neighborhood U(fo ; 21, 42, +++, %n 3 €) is defined as the totality of all f « E* 
such that | f(x;) — fo(zi) | < efor? = 1, 2, --- , n, where {z,} (¢ = 1,2, --- ,n) 
is an arbitrary system of points from E and ¢ > 0 is an arbitrary positive number. 
The system of all such weak neighborhoods U (fo ; 21 , 22, --+ , Xn ; €) determines 
a Hausdorff topology on E*, and this topology is called the weak topology of E* 
(as functionals). 

We shall list here some fundamental lemmas on weak topology, which we shall 
need in the following discussions:’ 

Lemma 6.1. For any fixed x) € E, xo(f) = (x0). is a continuous function (even 
a bounded linear functional) defined on E*, with respect to the weak topology of E*. 

Lemma 6.2. The unit sphere: ||f || < 1 of E* is compact with respect to the 
weak topology of E*. 


Lemma 6.3. Let ®(a;, a2,--+, an) be a continuous function of n variables 
Q1, 2, +++, On, and let x, %2, +--+, Xn be a given system of points of a Banach 
space E. Then the totality of all f « E* such that ®(f(2x1), f(ae), --- , f(an)) = 0 


is a closed subset of E*. 
7. Outline of the proof of Theorem 1 


Let us consider a (real-valued) bounded linear functional f(x) defined on (AM) 
which satisfies the following conditions: 





° Weak topology was first introduced by J. von Neumann, Zur Algebra der Funktional- 
operatoren und Theorie der normalen Operatoren, Math. Ann. 102(1930), 370-427. See 
also: L. Alaoglu, Weak topologies of normed linear spaces, Annals of Math., 41(1940), 
252-267; N. Bourbaki, Sur les espaces de Banach, C. R. Paris, 206(1938), 1701-1704; S. 
Kakutani, Weak topology and the regularity of Banach spaces, Proc. Imp. Acad. Japan, 
15(1939), 169-173; A. E. Taylor, Weak topologies of Banach spaces, Proc. Nat. Acad. Sci. 
U.S. A., 25(1939) , 438-440; A. Tychonoff, Uber die topologische Erweiterungen von Raumen, 
Math. Ann., 102(1930), 544-561; A. Tychonoff, Uber einen Funktionenraum, Math. Ann., 
111(1$35,) 762-766. 

7 Lemmas 6.1 and 6.3 follow directly from the definition of weak topology. Lemma 6.2 
is a consequence of Tychonoff’s theorem that a topological product of an arbitrary (finite 
or infinite, not necessarily countable) number of closed intervals is compact. (See the 
papers of A. Tychonoff cited in footnote 6). A simpler proof of this theorem may be found 
in the following papers, where the result is extended to the case of the topological product 
of an arbitrary number of compact spaces: J. W. Alexander, Ordered sets, complexes and 
the problem of compactification, Proc. Nat. Acad. Sci. U. S. A., 25(1939), 296-298; H. 


Wallman, Lattices and topological spaces, Annals of Math., 39(1938), 112-126.. See also 
E. Gech [4]. ot eae 
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71) fll = 1, 

(7.2) f(z + y) = f(z) + fly), 

(7.3) fdr) =H), AZO, 

(7.4) x20 implies f(x) = 0, 

(7.5) xAy=O0O implies fix) =0 or fly) =9, 
(7.6) f(z V y) = max (f(z), f(y), 

(7.7) f(z A y) = min (f(z), f(y). 


These conditions are clearly not mutually independent. But it is not neces- 
sary to discuss their independence. We shall only notice that the conditions 
(7.6) and (7.7) follow directly from the other conditions. This fact is needed 
in the following. 

If we consider the space of real numbers as an abstract (M)-space (this isin- 
deed the simplest non-trivial example of abstract (M)-spaces), then these 
conditions mean that 2 — f(x) is a continuous homomorphic mapping of a given 
space (AM) onto the space of real numbers. (For the general principle of the 
proofs of such theorems see [10].) Indeed, (7.1) implies that x — f(x) is con- 
tinuous; (7.2) and (7.3) mean that x — f(z) is a linear homomorphism; and 
lastly, (7.4), (7.5), (7.6) and (7.7) mean that x — f(z) is a lattice homomorphism. 

Let us now consider the totality ©’ of all bounded linear functionals f(x) de- 
fined on (AM) which satisfy the conditions (7.1)—(7.7). is a bounded set 
contained in the unit sphere of the conjugate space (AM)* of (AM). Conse- 
quently, by Lemma 6.2, the closure 2 = 9’ of 2’ with respect to the weak topology 
of (AM)* is compact, and it is easy to see that every f € & satisfies the condition 
(7.2)-(7.7). This is a direct consequence of Lemma 6.3. But, in general, the 
condition (7.1) is not necessarily satisfied, and we can only say that we have 
|f|| S$ 1 for any feQ. If there exists,indeed, an element fi eQ with ||f|| = 
\ <1, then we have f = Af’ for some f’ €2’. Let us denote all such relations 
which exist among the elements of & by: 


(7.8) fa = a ; a eM, 


where f. €2, fa € 9 , 0 S re < 1 and M is a set of indices a which can be finite, 
denumerably infinite or even non-denumerable. 

We shall next consider the functional z(f) = f(x) defined on © (x being fixed). 
For each 1 ¢€ (AM), by Lemma 6.1, x0(f) is a bounded continuous real-valued 
function defined on @, and it is clear that the conditions: 


(7.9) x(fa) = ret(fa), awe M, 


are all satisfied. Consequently, for each 2 ¢ (AM), the function 2(f) can be 
considered as an element of C(Q; fa, fa j te ; 2 € Mt) and the conditions (7.2)— 
(7.7) imply that z > az(f) is a continuous (linear and lattice) homomorphism of 
(AM) into the space C(Q; fa, fa j Maj aE M). 
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Thus, all that we have to do in order to prove Theorem 1, is to show that 
this mapping + — 2(f) is an isometric mapping of (AM) onto C(Q; fa , fa jhe: 
ae). It will be easily seen that we have, for this purpose, only to prove 
the following lemmas: 

Lemma 7.1. For any x) ¢€(AM), there exists an foe such that | fo(xo) | = 
|| 20 ||. 

Lemma 7.2. For any continuous real-valued function Xo(f) ¢C(Q; fr, fi; 
Aa ; a € M), there exists an x € (AM) such that f(x) = Xo(f) for any f €Q. 

These are the fundamental lemmas, to whose proofs the remaining part of 
Part II is devoted. The final proofs of these lemmas will be given in sections 
9 and 10 respectively. 


8. Lemmas on abstract (J/)-spaces 


Let x» « (AM) and let f(x) be a bounded linear functional defined on (AM). 
Lemma 8.1.° 2x = 0, || 20 || = 1, f(a) = 1, || f || = 1 imply f(y) = 0 for any 
y = 0; 2.e., f(x) is a positive linear functional. 


Proor. Without loss of generality, we may assume ||y|| = 1. Then, 
0 S (xo — y) V 0 S 2 implies || (w% — y) V 0|| S || ao|| = 1, andO S (y - 
Zo) V 0 S y implies || (y — m) V 0|| S ||y|| = 1. Hence, ||» — y|| = 
[| — y) VO -— (y — a) V O|| = || @o — y) VO+ YY — m) VO||= 


max (|| (v% — y) V O]l, || (y — a) V O||) S 1, and consequently 1 — f(y) = 
fla) — fly) = fla — y) S ||f]l-l] 20 — y |] S 1, or equivalently f(y) > 0. 

Lemma 8.2. 2% 2 0, || 20|| = 1, f(a) = 1, ||f|| = 1,y 29, || a A y|| <1, 
imply f(y) = f(ao A y) <1. In particular, x A y = 0 implies f(y) = 0. 

Proor. Putz = (1 — A)(ao A y) + Ay, Where0 <A <1. ThenymAyS 
z <y and, for sufficiently small }, we have ||z || S (1 — A) || a A y|| + 
Ally || <1. Hence, 2% A z= 2% A (y A 2) = (to A y) A 2 = 2% A y, and, 
since by lemma 8.1 f(x) is a positive linear functional, 1 = f(x) S f(ao V z) S 
WF |l-l]eo V z|| = [lf ||-max (|| 2o||, || z ||) S$ 1, or f(~ V 2) = 1. Conse- 
quently, f(t» A y) = f(zo A 2) = f(ao +2 — a V 2) = f(xo) +f) — f(a V 2) 
= 1+ f(z) — 1 = f@), ie, flzo A y) = fz) = (1 — Af(eo A y) + MY). 
Since \ > 0, we must have f(a A y) = f(y). 

Lemma 8.3. For any % = 0 with || xo || = 1, and for any system 2 = {1, 


t2,+++, Xn} of positive elements of (AM), there exists a yo € (AM) and another 
system (yi, Y2, +--+, Yn} of positive elements of (AM) such that 

(8.1) 0fSyS%, || Yo || = |, 

(8.2) llyo A Ay || <1 forany °X>O andfor i=1,2,---,n, 

(8.3) ri A2;=0 implies tr: =y; or T= Y;- 


Proor. We shall define z; and y; (i = 1, 2, --- , n) by mathematical induc- 
tion. Putz = 2, and let us assume that z;_, = 0 with || z;1 || = land yi 2 0 





* Lemmas 8.1 and 8.2 are due to Professor Bohnenblust. By virtue of these lemmas, 
the proof of Lemma 7.1 became simpler. The original proof of the author was complicated. 
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that are already defined. Then, if there exists a \; > 0 such that || zi. A Asi || = 1, 

















ha} putz; = 2:1 A Awsandy; = 0. In other cases (i.e., if we have || 2:1 A Ax; || <1 
‘ove for any \ > 0), put 2; = 2:1 and y; = z;. Thus 2; and y; are determined for 
j= 1,2,---,n. If we now put y = z,, then this y and the system {y;, 
|= yn, +++ Yn} thus obtained are the required ones. 
Indeed, (8.1) is clear. (8.2) is also clear, since y; > 0 implies y; = 2; and 
fa consequently || yo A Ay || = || yo A Awe || S |] ein A Aas || < 1 for any A > 0. 
In order to prove (8.3), assume x; A 2; = Oandi <j. Then 2; ¥ y; implies 
of 2; = 21 A a; for some A; > 0, and consequently 0 S 2-1 A Az; S 2: A Aa; = 
ons (2:1 A Ai) A Adz S Aes A Aa; = 0 for any A > 0, which in turn implies 2; = y;. 
Lemma 8.4. For any % 2 0 with || xo || = 1 and for any system 2 = {x , 22, 
.++, tn} of positive elements of (AM), there exists a bounded linear functional 
f) fo(x) defined on (AM) such that : 
w B64 fila) = 1, fell =1, iq 
* (8.5) fey) 20 forany y20O, i 
‘ei (8.6) xi A t= 0 implies fz(x;) =0 or f(2;) = 0. 
Proor. Let yo and a system {y1, ye, --- , Yn} be defined as in Lemma 8.3. 
i If we consider a bounded linear functional fs(x) which satisfies 
(8.7) fey) =1, = || fel] =1 






(the existence of such fe(x) is an easy consequence of the Hahn-Banach extension 
theorem), then this fs(x) is the required one. Indeed, (8.5) is clear by Lemma 
8.1, and consequently (8.4) becomes also clear since 1 = fs(yo) S fz(xo) S 
\|fz|| - || ao || = 1. In order to prove (8.6) we observe that, by Lemma 8.3, 
we have either 7; = y; or z; = y;. Let us assume #; = y;. Then, by (8.2) 
we have || yo A Aa; || < 1 for any \ > 0. Consequently, Lemma 8.2 implies 
fo(z;) = NX “fe(Aa;) < A’, and since \ > 0 is arbitrary, we must have fz(x;) = 0. 
Since the case 2; = y; can be treated in the same way, we have proved (8.6), 
and the proof of Lemma 8.4 is completed. 


9. Proof of Lemma 7.1 


First we observe that we may assume 2% = 0 and || 20|| = 1. This follows 
easily from the fact that we have || xo || = || zx V 0 — (—20) V O|| = ||% VO+ 
(20) V 0|| = max (|| 2 V 0||, ||(—20) V 0||). Indeed, it is clear that we may 
assume || x || = 1, and in this case we have either || 2» V 0 || = 1 or ||(—20) V 
0|| = 1. Let us assume || 2 V 0|| = 1. If we now assume that Lemma 7.1 
is proved for a9 = O with || x || = 1, then there exists a bounded linear func- 
tional fy ¢@ such that fo(zo V 0) = land || fo || = 1. Since (a V 0) A ((—20) V 
0) = 0, we must have fo((—xo) V 0) = 0 by. Lemma 8.2, and consequently 
fo(%) = foto V 0) — fo((—20) V 0) = fo(zo V 0). Since the case ||(—20) V 
0|| = 1 can be treated analogously, we have to prove Lemma 7.1 only for the 
case X = 0, || 2 || = 1. 
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Let now 2 = 0 be a positive element with || x || = Then, for any system 
z= {x1,%,---,2n} of positive elements of (AM), there exists by Lemma 8.4, 
a bounded linear functional f(x) which satisfies the conditions (8.4), (8.5) and 
(8.6). Let Q: be the set of all such functionals fe(x). (Qz is not necessarily a 
subset of 2.) Then Qs is a non-empty compact set with respect to the weak 
topology of (AM)*. (See Lemmas 6.2 and 6.3.) Moreover, the family {0} 
of all such Qs for all choice of = has a finite intersection property. This follows 
directly from the fact that we have [ [7-1 22; D Q,43,4...42, ¥ 0 for any 2; (i = 
1,2, ---,m). Hence there exists, by a well known argument concerning com- 
pact sets, a bounded linear functional fo(z) which belongs to all Q3. We shall 
show that this fo(x) is the required one. Indeed, it is easy to see that fo(x) has 
the properties (7.1)-(7.5) (see Lemmas 8.1, 8.4. (7.1) follows from the fact 
that fo(x) = 1 and || fo || S$ 1), and since both (7.6) and (7.7) are the direct con- 
sequences of (7.1)-(7.5), the proof of Lemma 7.1 is completed. 


10. Proof of Lemma 7.2° 


Let Xo(f) be an arbitrary bounded continuous real-valued function of C(Q; 
fa fa ja; aeM). We shall first prove that for any pair of elements fy and go 
of 2 there exists an element y ¢ (AM) such that 


(10.1) So(yo) = Xo(fo),  — go(Yo) = Xo(go). 


Indeed, this is clear if there exists an a e J? such that fo = Sa » Jo = fa (or fo = 
fu, 90 = fa). In other cases, there exists a pair of points yo, yo € (AM) such 
that 


5 = fo(yo)go(yo) — folyo)go(yo) ¥ 0. 


Hence, if we put a = 6° "(go(yo) Xo(fo) — folyo )Xo(go)), B = o" (go(yo) Xo(fo) — 
fo(yo)Xo(go)), then (10.1) is clearly satisfied by yo = ayo _ Byo - 

Thus it is proved that there exists, for any fo, go € 2, a point yo € (AM) such that 
(10.1) is true. Consequently, for any « > 0, there exists a neighborhood U (fi) 
of fo such that f(yo) > Xo(f) — ¢ for any f e U(fo). Let us now consider fo as a 
variable (go « 2 and e > 0 being fixed). Then there exists, by the compactness 
of Q, a finite number of elements f; « Q (i = 1, 2, --- , m), their corresponding 
points y; e (AM) (¢ = 1, 2, --- , m) and a system of neighborhoods U(f;) (7 = 
1, 2, --- , m) such that go(yi) = Xo(go) (¢ = 1,2, ---,m),Q2¢ yin U( U(f;) and 
S(yi) > Xo(f) — ¢ for any f « U(f;). Consequently, if we put 2 = yi V we V 
-++ V Ym, then we have go(zo) = maxicicmgo(yi) = Xo(go) and f(%) = 
MAXi<i<mf(yi) > Xo(f) — efor any f €Q. 

Thus we have seen that there exists, for any go e 2 and for any ¢ > 0, a point 
zo € (AM) such that go(zo) = Xo(@p) and f(z) > Xo(f) — eforany fe. Clearly, 
there exists a neighborhood V (go) of go such that f(zo) < Xo(f) + ¢ for any fe 
Vigo). Let us now consider go as a variable (e« > 0 being fixed). Then there 





* The proof of Lemma 7.2 became simpler by a suggestion of Professor Chevalley. 
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exist, again by the compactness of ®, a finite number of elements g; ¢ Q(j = 1, 2, 
...,n), their corresponding points z; « (AM) (j = 1, 2, --- , n) and a system of 
neighborhoods V (gj) (j = 1,2, --- ,n) such that@ & 9°7_; V(g;), f(z) > Xo(f) — 
efor any f « 2 and f(z;) < Xo(f) + ¢ for any f « V(g,;). Consequently, if we 
putz, = 2 AZ A+++ A an, then we have Xo(f) — ¢ < f(a.) = mimejenf(z;) < 
Xi(f) + ¢for any f €Q. 

Thus we have proved that there exists, for any « > 0, a point x, « (AM) 
such that | f(z.) — Xo(f) | < «for any fe. Let us now consider a sequence 
ix,,} (n = 1, 2, +++ ), where en > 0, €,-+0. Then we have | f(x.,, — %,) | < 
|flaten) — Xo(f) | + | f(x.) — Xo(f) | < €m + € for any f ¢ Q and for any m 
and n. Consequently, by Lemma 7.1, we must have || 2, — 22, || < em + 
¢,forany mand n. Thus {a,,} (n = 1, 2, --- ) is a fundamental sequence in 
(AM), and it is clear that x = limn..%., will satisfy f(x) = Xo(f) for any f ¢ Q. 
The proof of Lemma 7.1 and consequently the proof of Theorem 1 is completed. 

Remark. It will be easily seen that we can also state Lemma 7.2 in the 
following form: 

THEorEM 3. Let 2 be a compact Hausdorff space, and let E be a linear subspace 
of the space C(Q) of all bounded continuous real-valued functions defined on Q, 
which is closed in C(Q) both in the sense of topology and in the sense of lattice. 
(E is closed in C(Q) in the sense of lattice if x(t), y(t) « E imply max (x(t), y(d)), 
min (x(t), y(t)) «E.) If we now denote by {ta, ta; Aa; @ € Mt} (where ta € Q, t,, €Q, 
05. 51, (a e M), and M is a set of indices a whose power can be arbitrarily 
large) the system of all pairs ta , tz , Xa such that 


(10.2) (ta) = Aex(te), 


for all x(t) € E, then conversely, every function x(t) « C(Q) which satisfies (10.2) 
for any a € Mt belongs to E; i.e., E is the subspace C(Q; ta , te ; Aa 3 a € M). 


11. Proof of Theorem 2 


Lemma 11.1. For every positive bounded linear functional f(x) defined on an 
abstract (M)-space with a unit element 1, we have || f || = f(1). 

Proor. Let « > 0 be an arbitrary positive number. Then there exists an 
t €(AM) such that || x || = 1 and f(x) > ||f|| — « Since || z || = 1 implies 
« S 1 by definition, we have, by the positiveness of f(x), ||f || — « < f(x) S 
= S \|f || - |{1]| = || f ||. Since « > 0 is arbitrary, we must have || f || = 


Now we shall proceed to the proof of Theorem 2, which is quite easy. We 
have only to show that, if there exists a unit element 1, in the given abstract 
(M)-space (AM ), then there exist no relations of the form (7.8). Indeed, we 
can prove more precisely that, under the same assumption, we have 2 = 0’ 
Le., 2 itself is compact with respect to the weak topology of (AM)*. 

By Lemma 11.1, every bounded linear functional f(x) ¢ 2’ satisfies f(1) = 1. 
Hence, by Lemma 6.3, every bounded linear functional f(x) «2 = © must also 
satisfy f(1) = 1 and this-in turn implies (again by Lemma 11.1) || f|| = 1 for 
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any f(x) « 2. Consequently, by the definition of 2, we must have 2 = Q’. 
The proof of Theorem 2 is completed. 

We can also state the following 

TuHErorEM 4. Let Q be a compact Hausdorff space, and let E be a linear subspace 
of the space C(Q) of all bounded continuous real-valued functions defined on Q 
which is closed in C(Q) both in the sense of topology and lattice (see Theorem 3). 
If, moreover, E contains a constant function, and if there exists for any t:, te € Q, 
t, ¥ t, , a continuous function x(t) e E such that x(t) # x(t), then E must be identi- 
cal with the entire space C(Q). 


III. AppLicaTIONS 


12. Theorem of E. Cech 


A Hausdorff space © is called completely regular if there exists, for any point 
t) « 2 and for any neighborhood U(t) of é& , a continuous real-valued function 
x(t) defined on Q such that x() = 1 and x(t) = 0 for any té U(t). 

THrorEeM 5. For any completely regular Hausdorff space ’, there exists a 
compact Hausdorff space Q which contains Q’ as a dense subset and such that every 
bounded continuous real-valued function defined on 2’ can be uniquely extended to a 
continuous function defined on . 

This theorem is due to E. Gech [4]. 

Proor. Consider the space C(Q’) of all bounded continuous real-valued func- 
tions x(t) defined on Q’. C(Q’) is an abstract (M)-space with respect to the norm: 
\| x || = lub.teq | x(f) | and the partial ordering x = y: if and only if z(t) = 
y(t) for allt €Q’. Moreover, z(t) = 1 is a unit element of C(Q’). Consequently, 
by Theorem 2, there exists a compact Hausdorff space 2 such that C(0’) is iso- 
metric and lattice isomorphic to the space C(Q) of all bounded continuous real- 
valued functions x(f) defined on 2. (We denote elements of Q’ and © by ¢ andf 
respectively.) 

We shall show that 2’ can be homeomorphically embedded into 2. To prove 
this, let t& be an arbitrary point of 2’, and put fo(z) = x(t) for all x(t) « C(0’). 
Then f(x) is a bounded linear functional defined on C(Q’) and clearly satisfies 
the conditions (7.1)—(7.7) stated in section 7. Hence fo(x) can be considered as 
a point of 2. Thus the mapping t — g(t) = fo of 2’ onto o(2’) € @ is defined, 
and all that we have to do is to prove that ¢(’) is dense in 2 and that the map- 
ping 2’ < ¢(0’) is a homeomorphism. 

In the first place, it is clear that this mapping t > g(t) = f is continuous. 
Indeed, let U(fo ; 21, 42, --+ , tn; €) be an arbitrary neighborhood of a point 
fo = y(t) € o(Q’), where x; € C(0’) fori = 1, 2,--:,n,ande > 0. (See the 
definition of weak topology given in section 6.) Since every 2;(¢) is continuous 
on 0’, there exists a neighborhood U ;(t) of tp such that t « U;(to) implies | x:(¢) — 
ri(to) | < «. Consequently, if we put U(t&) = []?-1 Us(to), then ¢ ¢ U(t) implies 
| x:(t) — xs(to) | < efori = 1,2, --- , n, or equivalently f = g(t) e U(fo; 21, 22; 
+++ ,2%n ; €), Which means that the mapping t > g(t) = f is continuous at ¢ = 4. 
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Next, it is clear that the mapping ¢ — g(t) = f is one-to-one. For, by the 
complete regularity of Q’, there exists, for any two different points & , to € 0, 
 ¥ ty, a bounded continuous real-valued function xo(¢) such that 2o(to) # 2to(to). 
To prove that the inverse mapping f — t = ¢ ‘(f) is also continuous, let U (to) 
be an arbitrary neighborhood of a point & « 2’. Then, again by the complete 
regularity of 2’, there exists a bounded continuous real-valued function zo(t) 
such that 2o(f) = 1 and a(t) = 0 for any t € U(t). Consequently, every ¢ € 2’ 
which satisfies o(t) « U(fo; 20 ; 1), where fo = y(t), must necessarily be inside of 
U(t) (see the definition of weak topology given in section 6), and this fact means 
that ft = (f) is continuous at f = fo. 

Thus we have proved that 2’ <> ¢(Q’) € Q is a homeomorphic mapping. It 
is easy to see that the adjoint mapping x <> g(x) = Z; #(f) = x(¢()) is an iso- 
metric and lattice-isomorphic mapping between C(Q’) and C(Q). In order to 
prove that 9(2’) is dense in Q, let us assume that the closure ¢(’) of g(Q’) is a 
proper subset of 2. Then there exists a continuous function xo(f) which is zero 
at every point of g(Q’) without vanishing identically on 2. This is, however, 
a contradiction, since on the one hand 2o(f) must correspond to a function z(t) 
which is identically zero on Q’ (by the mapping ¢), while on the other hand 2 (f) 
must correspond to a function which is not identically zero on 2’ (by the iso- 
metric and lattice-isomorphic mapping of C(Q’) and C(Q)). 

Thus we have seen that ¢(Q’) is dense in 2. Since the possibility of extension 
and the uniqueness of extension are both clear from our construction, the proof 
of Theorem 5 is completed. 

Remark 1. It is to be noted that in the proof given above we have made no 
essential use of Theorem 2. Indeed, we have only to consider each point t& ¢ 2’ 
as a bounded linear functional fo(x) = x(t) defined on C(Q’). The mapping 
fo > y(t) = fo thus obtained is a homeomorphic embedding of 2’ into the conju- 
gate space C*(Q’) of C(Q’). This can be proved in exactly the same way as 
above, and the closure 2 = ¢(Q’) of the image of ¢(2’) of 2’ with respect to the 
weak topology of C*(Q") is the required compact set. It is easy to see that the 
eatension of bounded continuous functions is possible and that this extension is 
unique. 





Let G be a topological group and let B(@) be the space of all real valued bounded 
continuous almost periodic functions z(t) defined on G. B(G) is a Banach space with 
respect to the norm || x || = supreg| z(t) |. It is easy to see that B(@) is an abstract 
(M)-space with.a unit with respect to the ordinary partial ordering x = y: x(t) 2 y(t) for 
allteG. (In this case z = z V y is exactly the max. (x(t), y(t)) at each point of G). Hence 
by Theorem 2, there exists a compact Hausdorff space G* such that B(@) is isometric and 
lattice isomorphic to the space C(G*) of all real valued continuous functions z(t) defined 
on G*. It is not difficult to see that in this case G* is even a topological group, and that, 
in case G has sufficiently many almost periodic functions, G is a dense subgroup of G*. 
Thus, for every topological group G with sufficiently many almost periodic functions, there 
exists a compact topological group G* which contains G as a dense subgroup and such 
that every continuous almost periodic function defined on G can be uniquely extended to 
4 continuous (and hence almost periodic) function defined on G*. This is also a conse- 
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Remark 2. There are two extreme cases of completely regular Hausdorff 
spaces, which seem to be interesting, namely, the case of compact Hausdorff 
spaces and the case of discrete spaces. These will be discussed in the following 
sections. 


13. Case of compact Hausdorff spaces 


In the arguments given above in section 12, consider the special case when 
the given Hausdorff space 2’ is compact. Then the homeomorphic image ¢(0’) 
of 2’ must also be compact, and consequently 2 must coincide with 9(2’); ice. 
Q is homeomorphic to 2’. This means that, if we start from a compact Hausdorff 
space Q’ and consider the abstract (M)-space C(Q’) of all bounded continuous 
real-valued functions defined on 9’, then the compact Hausdorff space 2 obtained 
in Theorem 2 is homeomorphic to the original space 0’, or in other words: 

THEOREM 6. The compact Hausdorff space Q obtained in Theorem 2 is uniquely 
determined up to a homeomorphism. 

We can also state this theorem in the following form: 

THEOREM 7. Let Q, and Q be two compact Hausdorff spaces. Then, in order 
that the two abstract (M)-spaces C(Q,) and C(Q2) be tsometric and lattice-isomor phic, 
it is necessary and sufficient that Q, and Q, be homeomorphic to each other. 

Incidentally, we have also proved the following 

TuroreM 8. Let Q be a compact Hausdorff space and let C(Q) be a Banach 
space of all bounded continuous real-valued functions x(t) defined on 2. Then, 
every bounded linear functional fo(x) defined on C(Q) which satisfies the conditions: 


(13.1) Il fo || = 1, 

(13.2) x20 implies fo(x) = 0, 

(13.3) xAy=0 implies fi(x) =0 or foly) = 0, 
(i.e., all conditions (7.1)-(7.7)), can be uniquely expressed in the form: 
(13.4) So(x) = x(t), 


where ty is a point of Q. 
Let us now consider a completely additive non-negative set function u(Z) 
defined for all Borel sets Z of 2 such that u(Q) = 1. Then the integral 


(13.5) faz) = [ x(t)u(dt) 





quence of a general duality theorem of Tannaka (Dualitat der nichtkommutativen Gruppen, 
Tohoku Math. Journ., 45(1939), 1-12). The compactification of G with respect to a single 
almost periodic function (in this case we have to take a factor group G/N of G by a certain 
invariant subgroup N of G and then make this factor group G/N into a compact group 
(G/N)*) was discussed by A. Weil (Sur les fonctions presque périodiques de von Neumann, 
C. R. Paris, 200(1935), 38-40) and the general case may be obtained from this by applying 
the idea of uniform space. (As for uniform spaces see A. Weil, Sur les espaces a structure 
uniforme et sur la topologie générale, Actualité, 551, Paris, 1937). It may be noticed that, 
after all, the method of uniform space and that of weak topology amount to the same thing. 
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will define a bounded linear functional f,(x) defined on C(Q). It is easy to see 
that this f,(x) satisfies the conditions (13.1) and (13.2). 

Moreover, we can prove that conversely every such functional is of the form 
13.5); Le., 
| THEOREM 9. Let Q be a compact Hausdorff space, and lei C(Q) be defined as 
usual. Then every bounded linear functional f(x) defined on C(Q) which satisfies 
the conditions (13.1) and (13.2) can be expressed in the form (13.5), where u(E) 
is a completely additive non-negative set funtion defined for all Borel sets E of Q 
such that w(Q) = 1. 

This theorem was proved by S. Saks [15] under the assumption that Q is a 
compact metric space. 
Proor. For any open set O of Q, put 


(13.6) u(O) = Lub. f(x), 


where l.u.b. means the least upper bound for all continuous functions z(t) « C(Q) 
such that z(t) S 1 forte Oand z(t) = OforteQ—O. Itis clear that u(Q) = 
land that O € P implies u(O) S u(P) for any open sets Oand P. It is also not 
difficult to see that we have u(O + P) < u(O) + u(P)” for any open sets O 
and P, where the equality holds if O and P are disjoint. Next, for any subset 
M of Q, put 

(13.7) u*(M) = g.l.b. (0), 


where g.l.b. means the greatest lower bound for all open sets O which contain M. 
It is clear that for open sets O we have u*(O) = u(O). We shall first prove that 
u*(M) is a Carathéodory outer measure and that every open set is u*-measurable 
(in the sense of Carathéodory). Among the axioms of Carathéodory we have 
only to prove that 


(13.8) u*(>oe-1 Mn) S Dotan u*(M,) 


for any sequence of subsets {M,} (n = 1, 2, ---) of @ such that }°%.1 u*(M,) 
< ©. It is easy to see that we have only to prove (13.8) for the special case 
when all M, are open, i.e., 


(13.9) u(>.2-1 On) S Yo2-1 u(On) 


"The proof given below follows the idea of Professor von Neumann. See his lecture 
note on Haar measure [14]. 

* Let ¢ > 0 be an arbitrary positive number. Then there exists an x(t) « C(Q) such 
that f(x) > n(O + P) — e, 2) S$ lforteO+ Pand z(t) = OforteQ— (O+P). Let C 
be the set of all t ¢@ at which x(t) = «. Then C is a closed set containedinO +P. Hence 
C is a sum of two closed (not necessarily disjoint) sets C, and C; : C = C, + C2 such that 
C:C O and C; CP. Consequently, there exist two continuous functions y(t), z(t) « C(@) 
such that y(t) = 1 for? «C,,0S y(t) SlforteO—C., y(t) = Ofort eX — O; 2(t) = 1 
forteC,,0< z(t) S$ lforteP — Cz ,2(t) =OforteQ—P. Thenitisclear that z(t) Ss 
y(t) + 2(t) + efor allt eQ and f(y) < u(O), f(z) S u(P). Consequently, u(O + P) —e«< 
f(t) S fy) + f(z) + eS u(O) +u(P) + €. Since « > Vis arbitrary this proves the required 
Inequality 4(0 + P) S u(O) + n(P). 
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for any sequence of open sets {O,} (n = 1, 2, --- ) such that > 2-10(0,) < ow, 
Indeed, for any « > 0, let O, be an open set such that O, D> M, and u(0,) < 
u*(M,) + 2°"-e. Then we have > %_,0, D >°%_1M, and u*(>2-iM,) 
u(>2-10,) S Dot-m(On) < Dot-w*(M,) + €. Since € > 0 is arbitrary we 
have (13.8). 

Now, in order to prove (13.9), let « > O be an arbitrary positive number. 
Then there exists an x(t) e C(Q) such that f(x) > u( > 2-10,) — ¢, x(t) S 1 for 
te >-*_,0, and x(t) = Oforte2— > %.10,. If we denote by C the set of all 
points t at which x(¢) = «, then C is a closed set contained in }>%_,0,. Hence 
there exists an integer N such that C © 2 aalitd: Let now y(t) € C(Q) be 
such that y(t) = 1 fort eC, y(t) = 0 forte Q — yo nn10n, and 0 S y(t) <1 
elsewhere in 2. Then we have f(y) S u(>>%_,0,) and x(t) < y(t) + « for all 
te. Hence we have u(>0%-i0,) — « < f(x) S f(y) + eS u(>0%0,) +e 
D7-u(On) + ¢ S DF-w(O,) + €. Since ¢ > 0 is arbitrary we have (13.9). 

In order to prove that every open set is u*-measurable, we have only to show 
that 


(13.10) u*(M) 2 u*(M-O) + u*(M — M.O) 


for any open set O and for any subset M CQ. It is again easy to see that we 
have only to prove that (13.10) is true when M is open, i.e. 


(18.11) u(P) 2 w(P-O) + u*(P — P-O) 


for any open sets O and P. Indeed, for any e > 0, there exists an open set 
PD M such that u(P) < uw*(M) + « Then we have u*(M) + ¢« > u(P) 2 
u(P-O) + w*(P — P-O) = u*(M-O) + u*(M — M-O), and since ec > 0 is arbi- 
trary, we have (13.10). 

To prove (13.11), let « > 0 be an arbitrary positive number. Then there 
exists an z(t) e C(Q) such that f(z) > w(P-O) — e, x(t) S lforte P-Oand z(t) = 
0 forte2 — P-O. Let C be a set of all points ¢ at which z(t) 2 «. ThenC 
is a closed set contained in P-O. Let now y(t) e C(Q) be such that f(y) > u(P —- 
C) — «, y(t) S lforteP — Candy(t) = OforteQ — (P — C) = C+ (Q — P). 
Then we have z(t) + y(t) S$ 1 + eforte P and z(t) + y(t) = OforteQ — P. 
Hence we have f(z) + f(y) S u(P) + « and consequently u*(P — P-O) + 
u(P-O) — 2e S u(P — C) + w(P-O) — 2e < f(z) + fly) < u(P) +. Since 
¢ > 0 is arbitrary we have (13.11). 

Thus we have proved that u* is a Carathéodory outer. measure and every 
open set is u*-measurable. Consequently every Borel set is u*-measurable, and 
if we put u(Z) = u*(Z) for Borel sets EZ, then u(Z) is the required measure. 
Since it is clear that u(E) is completely additive and that u(Q) = 1, we have 
only to prove that we have 


(13.12) f(x) = [ w(t)u(dt) 


for any continuous function x(#) ¢ C(Q). 
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Let ¢ > 0 be an arbitrary positive number and let ap) < a < a, < +--+ < ap 










0, 
i< be a system of real numbers such that a < — || 2 ||, an > || 2 || anda; — aja < 
< efort = 1,2, ---,”. Let E; be the set of points ¢ at which z(t) > a,(i = 1, 
rat 9,..,n). Then, each E; is open, and if we put 
= 0, if x(t) < Qi-1, 
er, z;(t) = (as ans ai) (x(t) -~ ai_-1), if Qi-i < x(t) < Qi, 
A = 1 if x(t) > a, 
a 
1ce then a;(t) <1 for t ¢ Hin ’ z;(t) = 0 forte Q — Ein and x(t) = a + Diet 
be (a; — a;1)2;(t). Hence we have (by (13.6)) f(z:) S u(#i) and consequently 
1 (since u(Zo) = 1 and w(E,) = 0) 
4 f(a) = a + Dhalas — a-a)f(ai) | 
). S a + Dhalas — oi-a)u(Ei-a) H 
” = Diimiei(u(Eia) — u(E;)) i 
S Doiei aia(u(Ein) — w(Ei)) + « 
< | x(Ou(at) + « 

ye a 

Since e > 0 is arbitrary, we have f(x) S / x(t)u(dt). Since the inverse inequality 

2 ; 

follows by replacing x(t) by —2x(#), the proof of Theorem 9 is completed. ‘bad ’ 

+ Remark 1. J. v. Neumann [14] started from a set function \(C) defined for ' 






compact sets C, and defined u(O) for open sets O as follows: 
(13.13) u(O) = Lu.b. A(C), 


where l.u.b. means the least upper bound for all compact sets C contained in O. 4 : 
In our case, we can, indeed, define \(C) by 


(13.14) A(C) = g.lb. f(z), 


where g.l.b. means the greatest lower bound for all x(t) ¢ C(Q) such that z(t) = 
1 forte C and 2(f) = Oforte2 — C. Thenitis easy to see that the formula 
(13.13) gives the same value of u(O) as (13.6). 

Remark 2. A completely additive non-negative set-function u(Z) is called 
regular, if there exist, for any Borel set E and for any « > 0 a closed set C C E 
and an open set O D> E such that u(C) > u(E) — «, u(O) < w(E) +. (If u(£) 
is not non-negative, this last condition must be replaced by | «(Z) — u(E’) | < € 
for any Borel set EZ’ such that C € E’ € 0.) 

In Theorem 9, the uniqueness of »(Z) was not discussed. If, however, we 
require that u(Z) be regular, then y(H) is uniquely determined. Indeed, if 
there exist two completely additive regular set-functions y,(Z) and pe(#) which 
satisfy (13.12) for any x(t) eC(Q), then u(Z) = m(Z) — m(£) is also a com- 
pletely additive regular set-function which satisfies 


[ 2(t)u(dt) = 0 
Q 
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for any continuous function x(t) eC(Q). We shall show that we have u(E£) = 0 
for any Borel set E. Let E be an arbitrary Borel set. Then, for any ¢ > 0, 
there exist a closed set C © E and an open set O D E such that 
| «(Z) — »(E’) | < efor any Borel set H’ with C € BE’ CO. Let now z(t) e C(9) 
be a continuous function such that x(t) = 1 for teC, x(t) = 0 for tea — 0, 
and 0 S x(t) < 1 elsewhere in 2. Then, denoting by z,z(t) the characteristic 
function of E, we have 


| u(Z)| = 





we) — f x(a) 
‘ | [, cal — xo)a(aa| 
s [|x - 20 | | aa 


s [l(a | s « 


Since « > 0 is arbitrary, we must have u(#) = 0 for any Borel set EZ, and the 
uniqueness of u(#) in Theorem 9 is proved. 

Since, as is easily seen, every bounded linear functional defined on C(Q) can 
be expressed as a difference of two positive bounded linear functionals, the re- 
sult obtained in Theorem 9 can be extended to a following form: 

THEOREM 10. Let Q be a compact Hausdorff space, and let C(Q) be defined as 
usual. Let us further denote by Mt(Q) the space of all completely additive regular 
set-functions y(E) defined for all Borel sets E of 2. If we put || uw || = total varia- 
tion of w(E) = Lu.b.zcow(Z) — g.l-b.eco u(H), and wp = v if and only if 
u(E) = v(E) for any Borel set E € Q, then M(Q) is isometric and lattice isomorphic 
to the conjugate space C*(Q) of C(Q). The correspondence between C*(Q) and 
MQ) is given by (13.12). 

We omit the proof. 

EXAMPLE 1. Let % be a closed interval:0 < ¢ $1. Then, as is well known, 
C*(Q) is a space of all functions of bounded variation (with total vanation as 
its norm). It is easy to see that this space is nothing but the space Dt(%) 
defined in Theorem 10. 

EXaMPLeE 2. Let Q be a compact Hausdorff space consisting of fi, &, --- 
t,,+-+- andt,, , where each t, (n = 1, 2, ---) is isolated and t,, is a limiting point 
of all others. Then C(Q) is the space (Co) of all convergent sequences of real 
numbers t = (21,22, ---,2n,+-+, limnt, = 2,), with || x |{ = Lub., | 22 | as 
its norm. In this case C*(Q) is the space of all sequences of real numbers f = 
(fi, fe, Pao Jn, 4 be) 2 such that TF | en an | fn | + 5m | < o. 

in Theorem 9 we have seen that every positive bounded linear functional 
defined on C(Q) can be considered as a measure u(E) defined for all Borel sets 
EofQ. And, as is easily seen, Theorem 8 means that if we assume the additional 
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condition (13.3) then this measure y(Z) is concentrated in one point & of 2. 
Moreover, we can show the following: 

TueorEM li. Let Q be a compact Hausdorff space and let C(Q) be a space of 
all bounded continuous real-valued functions x(t) defined on. Then every bounded 
linear functional f,(x) of the form (13.5) can be approximated (in the sense of weak 
topology) by convex combinations fz(x) of the functionals of the form (13.4): 







(13.15) fe(x) = opm apr(ty), 
where tp €Q, & 2 O(p = 1,2,---, k) and Dia, = 1. 


In other words, if we denote by Ao and A, the set of all bounded linear functionals 
fox) and f,(x) of the form (13.4) and (13.5) respectively, then A, is contained in 
(hence coincides with) the convex closure of Ao with respect to the weak topology. 

Proor. Let f,(2) be a bounded linear functional which is defined by (13.5), 
where u(Z) is a completely additive non-negative set-fuhction defined for all h 
Borel sets Z of 2 with p(Q) = 1. Then, for any z(t) e C(Q) and for any € > 0, | 
there exists a decomposition 2 = Pi euh E,, E,-E, = 0 (p ¥ q) of & ‘into dis- 
joint Borel sets such that 

| fu(x) my Ph a(tp)u(Ey) | <« 
forany tpeE,,p = 1,2,---,k. Let now2z,(t) eC(Q) (¢ = 1, 2,--- ,) bean 
arbitrary finite system and let Q = >‘, ES, ES.E{° = 0 (p # q) be the 
corresponding decomposition of 2 into Borel sets (with the same ¢), then the 
decomposition: 29 = >“, So, .-- Soins Epins...rn» Where Ep.y.., = 
EWES, .-- ES, will satisfy 



















| fu(as) Per eel > ite ee i (ty, 9.-.2)#Boize---m0) | <e 
for any tp, p,..-p, € Ep, pq---p, (1 S pi S ki, i = 1, 2, ---, m) and for any 2; (¢ = 1, | ' 
2,---, mn). If we now put ap,p...p, = (Ep, p,---»,), then this fact means that | 
the bounded linear functional 








(13.16) fz() 7 dt _- F sf ot Op, p2- «nd (tprps- +n) 


lies inside a weak neighborhood U(f, ; 21, 22, --+ ,% 3) of f,. Consequently, 
j. is a limiting point of all functionals fz(x) of the form (13.7). Since 1 = 
med Synt *** >it -1 Op, n9---p,» this proves Theorem 11. 

Remark. This theorem is also true even if 2 is not compact. 













14. Case of discrete spaces, 1. Theorem of M. H. Stone 


In this section we shall consider the case when 2’ is discrete, i.e., when every 
point of 2’ is an isolated point. Any two such discrete spaces with the same 
power are clearly homeomorphic to each other. Consequently, the compact 
Hausdorff space 2 which is obtained in Theorem 5, is uniquely determined (up 
toa homeomorphism) by the power m of the discrete space 2. We shall denote 
this space by Q(m). 
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Since the space ©’ is discrete by assumption, every bounded real-valued func- 
tion is continuous on Q’. Let now z(t) be a characteristic function of an arbi- 
trary subset E of Q’. Then zg(t) is continuous on Q’ and consequently p(t) 
can be uniquely extended to a continuous function z,g(f) defined on 2. It is 
clear that this function z,(f) takes only the values 0 and 1. Indeed, since 
y(Q’) is dense in Q, there exists, for any e > 0, a point ¢ « Q such that 
| ze(f) — re(t)| < «. Consequently, since x(t) takes only the values 0 and 1, 
we must have zz(f) = 0 or = 1 for any f €Q. 

Thus we have seen that xz(f) is also a characteristic function of a certain 
subset of 2. Denote thisset by Z. It is clear that # is open-and-closed, and if we 
consider 2’ as a subset of Q (this is possible since Q’ is homeomorphic to 
o(2’) & Q), then we have E © EF. Moreover, it is easy to see that in case £ is 
reduced to one point, E must also be reduced to the same point. 

Conversely, let Z be an arbitrary open-and-closed subset of 2. Then the 
characteristic function Z (f) of E is continuous on Q, and the part x(t) of <(zf) 
on Q must take only the values 0 and 1; i.e., xg(¢) is also a characteristic function 
of a certain subset of 2’. Denote this set by #. Then it is easy to see that 
the correspondence E <> E is one-to-one. Moreover, as is easily seen, this 
mapping E < E is isomorphic; i.e., Eo E, F oF imply E+ FoF +F, 
E.F-o E.F and’ — Eood — E. 

This result is nothing but the theorem of M. H. Stone [17] on the concrete 
representation of a Boolean algebra % for the special case when % is the Boolean 
algebra of all subsets of a space 2’. But we can proceed further, as Stone did, 
to the general case of an abstract Boolean algebra with a unit element. (The 
case of a Boolean algebra without a unit element can be treated by using Theorem 
1. But, in order to avoid unnecessary confusions, we shall discuss only those 
cases when a unit element exists.) 

- In the following lines we shall give a general outline of our proof. Let 8 
be an abstract Boolean algebra with a unit element e, and let us consider a space 
M(&) of all step functions defined on 8. Under a step function defined on 8 


Oe: Gha-tes @ ; 
we understand a system (-*’ —”’ ‘ *) where a;¢«8 (i = 1, 2,---, n), 
, G1, 2, +++, Ay 
n ° P . ° : 
Dd ia1 Qi = e, aa; = 0 (i ¥ 9) and aj(i = 1, 2, --- , n) isa real number. Two 
step functions ( As By ; *) ane"??? ’ "* ) are considered as equal 
Q1,Q2,°** , Am Bi, Bo, --- , Bn 


if and only if }).,-14: = > s,<,5; for any real number y, where Doaear 
for example, means the sum of all a; such that a; = y. If we now put 


Visy : a, ae, on eed An bi, be, ae | 
ne pee Rise $ » Be eid “ 
(14.1) sine ; 
; ; iF ( ayb,, aybe, coy OmDn ) 
os on + Bi, a1 + Bo, «++, m+ Bn/’ 


(14.2) oC ++, Qn ie Qi, Ge, *°°,5 2% 
Qi, Ae, -*+, An Aa, Ade, -++, NQn ’ 
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ne- Cis, ans 

bi- (14.3) ee io ‘wally ~ = MAXi<i<n | as |, 

(t) 

is (14.4) bagi if and only if a; = 0 fori = 1,2, ---,n, 

a. Ot, Qa, +++, An 

at then M(%) satisfies all the axioms of abstract (M)-spaces except the complete- 

l, ness with respect to the norm (14.3). If we now make it complete with respect 

; to this norm, then the space M(%) thus obtained is surely an abstract (M)-space 

iin 

we with (‘) as its unit element. (Of course, we must define the partial ordering in 

to memetat ; r a, e-a 

‘is M(%) in a suitable manner). Moreover, if we put z = ((: 0 ), then 

he a © 24 is a one-to-one mapping which embeds % isomorphically into M(%). 

f) If we now apply Theorem 2 to this space M(%), then we have a concrete 

on representation of M(%) as the space C(Q) of all real valued continuous functions 

“ 2(f) defined on a compact Hausdorff space 2. The unit element 1 = (‘) of 

F, M(%) is represented by a constant function z(f) = 1, and it is easy to see that, 
for any ae the function 2z(f) «C(Q) which corresponds to z,¢M(%) is a 

te characteristic function of a certain subset of 2. This follows from the fact 

= that 27, A 1 = a for any ae%. Let us denote this set by H.. FE, is 

d, clearly an open-and-closed subset of 2 and the correspondence a <> E, is an 

” isomorphism. Thus $ is concretely represented as a Boolean algebra of open- 

- and-closed subsets of 2. Moreover, it is easy to see that Q is a totally discon- 

7 nected space, and that for any open-and-closed subset FE of Q, there exists an 

| ae% such that E, = E. 

8 Thus we have proved Stone’s 

THeorEM 12. For any abstract Boolean algebra 8 with a unit element, there 

8 exists a totally disconnected compact Hausdorff space Q such that 8 is isomorphic 

), to the Boolean algebra of all open-and-closed subsets of Q. 

: If we, however, wish to obtain a direct proof of this theorem, then we can 


proceed in the following way: let 8 be an arbitrary Boolean algebra with unit e 
and consider the totality Q* of all real valued functions f(x) defined on 8 whose 
values are either 0 or 1. * is a compact Hausdorff space with respect to the 
weak topology."* Let us further consider a real valued function f(x) ¢ 2* which 
satisfies the following conditicns: 


(14.5) f0)=0, fe) =1, 


(14.6) f(x V y) = max (f(z), f(y)), 

(14.7) f(x A y) = min (f(z), f(y), 

(14.8) fic +y) =f(x)+fly), mod 2, 
9) 


f(xy) = f(x)fly), 
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wherezr Vy =x+y+a2y,2 A y = xy. (These conditions are clearly not 
mutually independent.) These conditions mean that x— f(x) isa homomorphism 
of 8 onto the Boolean algebra 8 consisting of 0 and 1 (%p is the simplest non- 
trivial Boolean algebra). The totality @ of all such f(x) constitutes again a 
compact Hausdorff space with respect to the weak topology,” and if we put 
x(f) = f(x) for any fixed x « B, then z(f) is a continuous function defined on 0 
whose values are alwaysO orl. It is easy to see that x — 2z(f) is a homomorphic 
mapping. In order to show that this is an isomorphism, we have only to prove 
that for any ae %, b eB, a # b, there exists an fo e«Q such that fo(a) ¥ fi(b). 
This fact corresponds to Lemma 7.1 in the discussions of Part II, and also to the 
existence of a prime ideal, which contains one of a and b but not the other, in 
the proof of M. H. Stone. 

In order to prove the existence of such a function, let = be an arbitrary finite 
subset of 8 which contains 0, 1,a@and6. Then there exists a function fs(x) «0* 
which satisfies (14.5)-(14.9) for any x, y eZ and such that fz(a) ¥ fz(b). This 
follows from the fact that the Boolean sub-algebra Sz of 8 which is generated 
by 2 has also only a finite number of elements, and that for such a finite Boolean 
algebra 8; Theorem 12 is trivially true. Let Q; be the set of all such f3(z). 
Then Qs; is clearly a non-empty closed (and consequently compact) subset of 2*. 
Moreover, the family {Q:}, where = runs all finite subsets of B, has a finite in- 
tersection property. This follows from the fact that [[7-1 2z, D Qz,4z,+...42, 
~ 0 for any finite number of finite subsets 2; (¢ = 1, 2, ---,) of B. Hence there 
exists an element fo) which belongs to all such Q; and this element f) is clearly 
the required one. 

Thus we have proved that the Boolean algebra $ is isomorphically represented by 

the system of continuous functions 2(f) = f(x) (whose values are 0 or 1) defined 
on a compact space. Let now £, be the set of all f(x) ¢ such that f(a) = 1. 
Then £, is clearly closed, and since 2 — HE, = E.., E, must also be open. It 
is easy to see that a < E, is an isomorphism, and all that we have to do is to 
prove that © is totally disconnected and that for any open-and-closed subset £ 
of © there exists an element a «8 such that E = E,. (This part of the proof 
corresponds to Lemma 7.2.) 
. To prove these, let us first show that for any f «Q, g «Q, f ¥ g, there exists 
an open-and-closed subset E of @ such that fe EH, g@E. Since f # g, there 
exists an a) «8 such that f(a.) # g(a). Without loss of generality we may 
assume f(a) = 1, g(a) = 0, since otherwise we may replace a by e — 4%. 
Then the open-and-closed subset Ea, has the required property. 

Next we shall show that for any f e«@ and for any open set U(f) which con- 
tains f, there exists an a) eB such that fe HZ,, & U(f). By the above result, 
for any g é U(f), there exists an a eB such that feE.,g@E.. Since 2 — & 
is an open set which contains g, there exists by the compactness of 2 — U(f), 





8 For any fo « 2* its weak neighborhood U(fo ; 21 , 22, ++ , 2n) is defined as the totality 
of all f « Q* such that f(zi) = fo(ai) for i = 1,2, --- , n, where {ai} (¢ = 1,2, +++ , m) 18 an 
arbitrary finite system of elements of 8. 
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a finite number of elements a; « B (i = 1, 2, --- , n) such that f e E., (i = 1, 2, 
..,nand2 — U(f)E doin (2 — Ea,) ie., []Pi Ba, S U(f). If we now 
put a = a; A a A --+ A an, then we have fe E,, = [Jin Fa; © U(f). This 
proves the total disconnectedness of 2. 

Lastly, we shall prove that for any open-and-closed subset E of Q, there exists 
an element ao ¢ 8 such that EH = E,,. For any f ¢ E, there exists, by the above 
result, an ae B such that fe H, © EH. Since each E, is open and since £ is 





compact, there exists a finite number of elements a; «8 (¢ = 1, 2, --- , n) such 
that E = diet Ea; . If we put a = a V a V --- V a,, then we have E,, = 
Yin La, = E. 


The proof of Theorem 12 is hereby completed. 
15. Case of discrete spaces 2. Banach limits 


Let (m) be a space of all bounded sequences of real numbers x = {z,}, n= 
1, 2,--- with || z|]| = sup, |z,|asits norm. A functional Lim z, defined on 
(m) is called a Banach limit, if it satisfies the following conditions. 

(15.1) Lim (42 + yn) = Lim az, + Lim y,, 

(15.2) Lim (Az,) = A Lim zg, , 

(15.3) rn = O, n=1,2,--- imply Limz, 2 0, 
(15.4) Zt =1, n=1,2,--- imply Lima, = 1, 
(15.5) Lim ta41 = Lim 2. 


If we consider a discrete space ©’ consisting of a denumerable number of 
isolated points {t,} (n = 1, 2, ---), then (m) is nothing but a space C(’) of all 
bounded continuous real-valued functions z(t) defined on ©’ (a, = 2(tn), n = 
1, 2,---). If we now consider C(Q’) as an abstract (M)-space in the usual 
manner, then C(Q’) is isometric and lattice isomorphic to the space C(Q), where 
2 = Q(No) is a compact space which was defined in the beginning of section 14. 
If we put f(z) = Lim a,, then the functional f(x) defined on C(Q) = C(a’) 


satisfies the following conditions: 


(15.6) f(a + y) = f(x) + fly), 

(15.7) frx) = Af(a), 

(15.8) x20 implies f(x) 20, 

(15.9) f(1) = 1, where 1 = (1,1,---), 


(15.10) f(T (x)) = f(x), where T(x) = (a2, %3,---) if z = (t1, %, +++). 


Let us observe only the conditions (15.6)-(15.9) for the time being. Then 
these conditions mean that f(z) is a positive bounded linear functional with 
(1) = 1. But this last condition is equivalent to || f || = 1 (see Lemma 11.1). 
Consequently, by Theorem 9, there exists a completely additive, regular non- 
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negative set function u(£) defined for all Borel sets E of the space Q with u(Q) =] 
such that 


(15.11) f(x) = [ w(t)u(dt) 


for any x(t) eC(Q) = C(Q’). Moreover, if we require an additional condition; 
(15.12) xzAy=0 «implies f(x) =0 or f(y) = 90, 


then the measure u(Z) is concentrated in one point & «2. If t «2 — 2’, then 
the functional f(x) = x(t) is not trivial. It is easy to see that in this case we 
have 


(15.13) f(x) = 0 for any x of the form x = (a, %2, +--+ , tn, 0, 0, ---). 
Remark. It will be easily seen that under the conditions (15.6)-(15.9) the 

condition (15.12) is equivalent to 

(15.14) (f(2))* = f(r’), 


where 2” = (x7, 23, --+,2%n,°-°) if f = (21, 22,+--,2n,-°-+). Such func- 
tionals f(x) were discussed by J. von Neumann [14], and it is to be remarked that 
(15.14) is equivalent to 


(15.15) S(x)fly) = f(x-y), 
where zy = (xy, Lee,°+*, neYn,---) fc = (as , i, +’, In, +++) and 
y = (Yi, Y2,°°*, Yn, +++). This last condition together with (15.6), (15.7) 


means that x — f(x) is a homomorphic mapping of a ring (m) onto a ring of real 
numbers. 

Next we shall discuss the condition (15.10). Let us denote by A, the set of 
all functionals f,(2) of the form (15.11) with u(#) = 0, u(Q) = 1, ie., the func- 
tionals which satisfy (15.6)—-(15.9). Then A, is a compact convex set with respect 
to the weak topology. If we put f(z) = f(T(z)), then f > f = ¢(f) is an affine 
continuous mapping of A, into itself, where under affine mapping we mean a 
mapping ¢ such that o(Af + d/g) = dAe(f) + A’o(g) for any f, g «A, ; A, A’ 2 0, 
4+’ = 1. Itis easy to see that the condition (15.10) means that f is a fixed 
point under this affine mapping ¢ of A, into itself, and the existence of such a fixed 
point follows from the following 

Lemma 15.1. Let E be a Banach space, and let A be a convex compact set in 
the conjugate space E* of E (with respect to the weak topology). If g(f) is a continu- 
ous affine mapping of A into itself, then there exists a fixed element fy A such that 
o(fo) = fo. 

Proor. Let A, be the set of all elements of the form: n“(f + ¢(f) +--+: + 
¢” “(f)), fed. Then A, is a non-empty compact subset of A and the family 
{An} (n = 1, 2,---) has clearly a finite intersection property: for any 7 
(¢ = 1,2, +--+, k) An,-Ang- -++ An, 0. This follows directly from An,-An,- +++ ° 
An, D Anng...n, * 0. Hence, there exists an fo(x) which belongs to all An, 
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n=1,2,---. Itis easy to see that this fp is a required one. (For generaliza- 
tions of this lemma, see [8].) 

Remark. We can also prove the existence of a fixed point in the folllowing 
way: Let S(x) be a mapping defined on (m) by x — S(z) = 2’: = (m1, a2, 
soe, Tny s+), x’ = (x1, 2a + 22), ett n(x + ve + nee + Tn), se ); 
and put fo(x) = f(S(z)), where f(z) is an arbitrary bounded linear functional which 
satisfies (15.6)-(15.9) and (15.13). Then we have fo(T(x)) = fo(x). Indeed, 
writing f(z) = f(t1, %2,-++, In,+++) for x = (a1, t2,--++) €(m), we have 
file) — fT (2)) = f(S(@)) — f(S(T@)) = flr, ar + m2), +++, a + 
ty tes + an) +++) — flee, B(ee + a), +++, M (ae + tg +++ + Anyi), 
+++) = $0, 0, +++, 0, (m + 1) “(ar + te + +++ + Says), (n + 2) "(ti + re + 
reef Tn42); vee) “ FO, 0, = 0, (n + 1) "(ae +%tees + Tn42), (n + 2) 
(22 tities + In+3); a ) ” FO, 0, ‘dlidia , 0, (n + 1) "(a ay Tn42), (n + 2)" 
(t; — n4s), +++). Hence, | fo(x) — fo(T(x)) | S f(0, 0, --- ,0, 2(m + 1) "|| x], 
An + 2)"|\a||,---) S Qn" || x]|| for n = 1, 2,-.-. Since n is arbitrary, 
we must have fo(x) = fo(T'(x)). 

Summing up the results, we have 

THEOREM 13. Every Banach limit which satisfies (15.1)—-(15.5) can be con- 
sidered as a bounded linear functional f(x) defined on a Banach space C(Q(No)) 
which satisfies the conditions (15.6)-(15.10). (For the definition of Q(No) see the 
beginning of section 14.) The functionals f(x) which satisfy (15.6)—-(15.9) can 
be expressed as an integral (15.11). The totality of all such functionals forms a 
compact convex set A, in the conjugate space C*(Q(No)) of C(Q(No)), and every 
Banach limit (which satisfies the additional condition (15.10)) can be obtained as a 
fixed point of the affine mapping ¢ of A, into itself. 

It is easy to see that the result of this section can be extended to the case 
where the power of a given discrete space 0’ is greater than No. 


16. Relations with abstract (L)-spaces 


A Banach space (AL) is called an abstract (L)-space if it is a linear lattice, 
and if it satisfies, besides the axioms (1.1)-(1.8), the following condition: 


(16.1) 220, y2O imply |izt+y|| =||z\|4+Ilyli. 


It is easy to see that the condition (1.16) is also satisfied. Such a Banach 
space was introduced by G. Birkhoff [1], and it was shown that a large number 
of results concerning dependent probabilities can be extended to such spaces. 

TazorEM 14. For any abstract (L)-space (AL) with an F-unit (see section 3), 
there exists a totally disconnected compact Hausdorff space 2 and a completely addi- 
tive measure m(E) defined for all Borel sets E of & such that (AL) is isometric and 
lattice isomorphic to the space L(Q; m) of all measurable functions x(t) which are 


integrable with respect to m(E) on Q (| z || = [ | x(t) | m(dt);x = y: x(t) = y(d) 


almost everywhere on a). 
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This theorem was proved in [9], [11]. 

Remark 1. In my former paper [11] it was shown that m(E) is defined on 
the smallest Borel field which contains all open-and-closed subsets of 2. It is, 
however, easy to see that this measure can be extended to a completely additive 
measure m’(E) defined for all Borel sets E of 2. Moreover, this extension js 
unique if we require that m’(Z) is regular, and it is easy to see that we have 
L(Q; m) = L(Q;m’). This follows from the fact that, for any Borel set FE and 
for any e > 0, there exists an open-and-closed set H’ such that m’(E + E’ — 
E-E’) < «. (See Remark 2, after Theorem 9.) 

Remark 2. Theorem 14 is true in the following sense even if there exists 
no F-unit in (AL). In this case, (AZ) is decomposed into a direct sum of 
abstract (L)-spaces (AL). with an F-unit (« « Nt, where Mt is a non-denumerable 
set of indices a), and each (AL). is concretely represented as in Theorem 14. 
Hence there exists a family of compact Hausdorff spaces 2, , a ¢ M such that 
(AL) = cam (AL)a is isometric and lattice isomorphic to L(Q; m) = 
Yan L(Qa 3m), where 2 = >) oem 2. and each element of L(Q; m) is a measurable 
function x(t) defined on 2 = >> aem 2. such that there exists a sequence of in- 


dices an, n = 1, 2, --- such that || z || = Pak | x(t) | m(dt) < @ and 2(t) 
Qan 


= 0 almost everywhere on 2, ,a #an,,n = 1,2,---. (For details, see [11].) 

We shall discuss in this chapter the relations between abstract (/)-spaces 
and abstract (L)-spaces. We begin with 

Lemma 16.1. Let E be a Banach lattice, i.e., a Banach space with a partial 
ordering relation x = y which satisfies the conditions (1.1)-(1.8) and (1.16). 
Then the conjugate space E* of E is also a Banach lattice, if we put f = g if and only 
af f(x) = g(x) for anyx 2 0, xe LE. 

Proor. We have only to show that the conditions (1.5), (1.8) and (1.16) 
are satisfied for the partial ordering f = g. To define h =f V g, put h(x) = 
lu.b. {f(x1) + g(x2)} for « = 0, where l.u.b. means the least upper bound for all 
decompositions x = x; + 22,2, 2 0,22 20. h(x) is thus defined for z 2 0, and 
if we put h(x) = h(x V 0) — h((—2x) V 0), then this h(x) is a required one (see, 
for example, H. Freudenthal [5)). 

Next, to show that f = g = O implies ||f|| = ||g|| 2 0, let « > 0 be an 
arbitrary positive number. Then there exists an x ¢ E, such that || x || < 1 and 


g(x) > ||g|| — « We may assume that x = 0, since otherwise we can replace 
«by xz V 0. Indeed, we have || z V 0|| S$ ||z V0+(—2) V 0|| =|/z|/ =! 
and g(x V 0) = g(x) > ||g|| — «. Consequently, we have f(x) 2 g(x) > 
|g || — € for an x with || «|| < 1, and this implies || f || = ||g|| — « Simee 
e > 0 is arbitrary, we have || f || = || g ||. 

Finally, to prove that f A g = 0 implies || f + g|| = ||f — g||, let «> 0 


be an arbitrary positive number. Then there exists an x ¢ E such that || = || & l 
and f(z) + g(x) > ||f +g|| — « We may again assume that x = 0. Since 
f A g = 0, there exists a decomposition z = 2; + 22, 41 = 0, 22 2 O such that 
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0 < f(x) + g(a) < e.* If we now put x’ = —z, + 2, then we have || 2’ || = 
" \| (a1 — 22) VO+ (a2 — m1) V Oj] S || a1 + x || = || z|| S 1 and f(z’) — 
;, g(a’) = —f(ar) + fez) + g(a) — g(a) > f(x) + f(ae) + g(a) + g(a2) — 2c = 
© fe) +9@) — 2€> If +9] —3e. Hence we have || f — || > If +gll — 
is 3¢, and since e > O is arbitrary, we must have || f — g || = ||f+q ||. 
e In order to prove the inverse inequality, let « > 0 be an arbitrary positive 
d number. Then there exists an ze # such that || xz || S 1 and f(x) — g(x) > 
: \f-g\||—« Clearly x’ = xz V 0+ (—2) V O satisfies || x’ || = || a || <1 
(by (1.15)) and f(x’) + g(x’) = f(x V 0) + f((—z) V 0) + g(x V 0) + 
s g((—z) V 0) 2 f(x V 0) — f((—z) V 0) — g(x V 0) + g((—2z) V 0) = f(x) - 
f gz) > ||f — g|| — « Hence we have ||f +g || > ||f — g|| — « and since 
¢ > Ois arbitrary, we must have || f+ q || = ||f—q||. 
1 THEorEM 15. The conjugate space (AM)* of an abstract (M)-space (AM) 
t is an abstract (L)-space, and conversely the conjugate space (AL)* of an abstract 
: (L)-space (AL) ts an abstract (M)-space. 
0 Proor. By Lemma 16.1, we need only prove the following two facts: 
(16.2) f,ge(AM)*, f20, g20 imply ||f+g)| =f il +llgll, 
63) f,ge(AL)*, f20, 920 imply if Voll = max (\/f|\,ll9)- 
; To prove (16.2), let f, g « (AM)*, f = 0, g 2 0, and let « > 0 be an arbitrary 
positive number. Then there exist z, y « (AM) such that || z || S$ 1, || y || < 1, 
I f(z) > \|f || — e and g(y) > ||g|| — « We may assume « = 0, y 2 0, since 
otherwise we can replace x andy by x V Oandy V 0. Thenz= z V ysatisfies 
y BP lie) = max(l| |), | y |) $ Land fe) + 92) = f@) + 9) > IIS | + lig || — 26 
Hence ||f + g || > ||f || + {|g || — 2, and since e > 0 is arbitrary, we have 
) lf+g|| 2 lf || + llg||. The inverse inequality || f + 9 || S ||f|] + Il g!| 
: is clear. 
Next, in order to prove (16.3), let us first prove that there exists a unit element 
l fi (in the sense of section 3) in (AL)*. Indeed, if we put 
(16.4) fo(z) = ||z V O|| — |i (—2) Vv Of 
! for any x e (AL), then we have 
(16.5) | fox) | S || zl, 
| (16.6) Sola + y) = folx) + foly), 
, (16.7) fo(Az) = Afo(x), 
) (16.8) fe(AL)*, ||f|| $1 imply fish. 


“k =f A gis defined, for x = 0, by k(x) = g.l.b. {f(x1) + g(x2)}, where g.1.b. means 
the greatest lower bound for all decompositions of x: = 11 + 2,21 2 0, 42 2 0. 






























co a en ee 
RA BRM oy 


Sas 


TP i ies. 
a e 
















































1022 SHIZUO KAKUTANI 


(16.5) and (16.7) are clear; (16.6) follows from the relation 
ll + y) V Ol] + Il(—z) V Ol] + Il(-y) V O]| 
= ||(—z—y) V Ol] + ||[z V O|| + |ly vo}, 


which is a direct consequence of (16.1) and the equality 
(x+y) VO0+ (—z) VO+ (-y) VO= (-z-y) VO+2V0+4+yV0. 


(16.8) is also clear, since || f || S 1,2 2 0 imply f(x) = ||z|| = ||z v 0|| - 
[| (—2) V O]| = folz). 

Thus we have proved that fo(x) is a unit element of (AL)* in the sense of 
section 3. Hence, by Remark 1 of section 3, (AL)* is an abstract (M)-space. 
The proof of Theorem 15 is completed. 

Exampe 1. If (AM) = C(Q), where © is a compact Hausdorff space, then 
(AM)* = MQ) (see Theorem 10). Mt(Q) is clearly an abstract (L)-space. 
For further examples, see Remark after Theorem 10. 

ExamMPLe 2. If (AL) = L(Q; m), where Q is a compact Hausdorff space with 
a completely additive measure m(#) such that m(Q2) = 1 (see Theorem 14), 
then (AL)* = M(Q; m) (for the definition of M(Q; m) see section 2). The same 
is also true if (AL) = L(Q;m) = Doam L(Q.;m), where 2 = > acm 2. and each 
Q, is compact. 

Remark 1. Theorem 15 does not mean that (AM) and (AL) are reflexive. 
In fact, these are reflexive only when they are finite dimensional. 

Remark 2. For any abstract (M)-space (AM), its second conjugate space 
(AM)** is also an abstract (M)-space (by using Theorem 15 twice) which con- 
tains (AM) as a closed linear subspace.” The same argument is true also for 





15 We should be careful about the following situations (AM) is embedded isometrically 
into (AM)** and this embedding is partial order preserving, i.e. if 2, y « (AM) correspond 
to X, Y e (AM)**, then z = yimplies X => Y. But it is not obvious that in this case z V y 
corresponds to X v Y. In order to show this, let us putz = zx v y,Z= X v Y, andlet 
Z' be the element of (AM)** to which z corresponds. It is then clear that we have Z’ 2 Z 
(this is a direct consequence of Z’ => X and Z’ = Y). In order to prove the inverse in- 
equality, let us remember that, for f = 0, Z(f) is defined by Z(f) = l.u.b. {X(f1) + ¥(/2)}= 
l.u.b. {f1(z) + fe(y)}, where l.u.b. means the least upper bound for all decompositions of 
f:f =fitfe,f: 2 0,f2 20. On the other hand, if we represent (AM) concretely as a 
subspace of the space C(Q) of all real valued continuous functions defined on a compact 
Hausdorff space 2 (Theorem 1), then z(t) = max (x(t), y(t)) for all t «Q, and every fe(AM)* 
with f = 0 may be considered as a regular measure y(E£) defined for all Borel sets E of 2 
(Theorem 9). Let O CQ be the set of all ¢ at which z(t) > y(t). Then O is an open set 
which is at the same time an F,. Let us now define two measures yi(E) and p2(EZ) by 
ui(Z) = u(E£O) and w2(EZ) = n(E — EO). Theny;(Z) and w2(Z) are both regular measures 
defined on Borel sets of 2, and if we denote by f: and f; the corresponding elements of (AM)*, 
then we have f = f:+f2 ,f: = 0,f2 = O andit is not difficult tosee that f(z) = fi(z) + frly). 
Hence Z(f) = f(z) = Z'(f) for every f = 0, i.e. Z = Z’. Thus we proved the inverse 1n- 
equality, and hence Z = Z’, 
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(AL) and (AL)**.° It is, however, to be noted that (AM)** is always an 
abstract (M)-space with a unit element, while this is not the case for (AL)** 
even if (AL) has an F-unit. 

Hence, every abstract (M)-space can be embedded in an abstract (M)-space 
with a unit element. Consequently, in discussing the realization of abstract 
(M)-spaces, we have only to treat the case when there exists a unit element. 
This fact explains the relation between Theorem 1 and Theorem 2. 

Remark 3. Let (AL) be an abstract (L)-space. Then (AL)* is an abstract 
(M)-space with a unit element. Hence, by Theorem 2, there exists a compact 
Hausdorff space 2 such that (AL)* is isometric and lattice isomorphic to C(Q). 
Hence every element x e (AL) can be considered as a bounded linear functional 
2(f) defined on C(Q). Consequently, by Theorem 10, x(f) can be represented 
as an integral: 


(16.9) o(f) = | s@ucad 


where »(#) is a completely additive regular real-valued set function defined for 
all Borel sets H of 2. From this we have 

THEOREM 16. For any abstract (L)-space (AL), there exists a compact Haus- 
dorff space Q such that (AL) is isometric and lattice isomorphic to a closed linear 
subspace of the space IN(Q) of all completely additive regular real-valued set-functions 
u(E) defined for all Borel sets E of 2 (where norm and partial ordering are defined 
as in Theorem 10). 

In the same manner we can prove (see Theorem 14, Remark 2 after Theorem 
14, and Example 2 after Theorem 15) the following ; 
THEOREM 17. For any abstract (M)-space (AM), there exists a Hausdorff space a 
2 = Yam Qa, where each Ga is compact, and a completely additive measure defined a 
for all Borel sets of each 2. such that (AM) is isometric and lattice isomorphic to a afore Bt 
closed linear subspace of the space M(Q; m) = a M(Q2.; M) of all bounded if 

measurable functions x(t) defined on 2, where we call x(t) measurable if and only 
if x(t) is measurable on each Q,. (For the definition of M(Q; m) see section 2.) 
Theorems 16 and 17 are weaker than Theorems 14 and 1 (or 2) respectively. ( 
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1. Introduction 


In the preceding paper’ one of us proves that any Banach lattice which 
satisfies the condition ) i. 


(1.1) 0<a, 0 < yimplies || z Vy|| = Max (||2 ||, || y ||) 






can be represented as a sublattice of the lattice of all real valued continuous 
functions over a compact’ Hausdorff space 2. The purpose of this note is to 
obtain the same result from the weaker condition 






(1.2) z A y = 0 implies || z V y || = Max (|| ||, || y ||). 





Our proof yields, in particular, the result that in a Banach lattice (1, 2) implies 
(1,1). It does not seem possible, however, to establish this implication directly. 
Our method consists in obtaining the representation of the lattice independently 
of the previous result and then (1.1) is trivially true for continuous functions. 

If the additional assumption is made that the Banach lattice contains a unit 
element, it is shown in the preceding paper that the representation uses all 
continuous functions. In this form the result was obtained independently by 
Mark and Selim Krein.* The method we shall use in the present paper is an 
adaptation of that followed in Krein’s paper. 















Let E be a Banach lattice, i.e. 





(2.1) E is a Banach space, ‘ 
(2.2) E is a vector lattice, 

(2.3) 0 <x < y implies || x || < || y||," 

(2.4) t Ay = 0 implies || z — y || = ||z + y||. 





1§, Kakutani, Concrete representation of abstract (M)-spaces. Annals of Math., 42 
(1941), pp. 994-1024. 
? We use the term “eompact’”’ as “open coverings can be reduced to finite coverings.” 
*M. and S. Krein, On an inner characteristic of the set of all continuous functions on a 
bicompact Hausdorff space, Comptes Rendus U.R.S.8., 27 (1940), 427-430. 
z “ is — to notice that condition (2, 3) cannot be deduced from (2.4) and (2.5) 
combined, Y 
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Assume furthermore that the condition 
(2.5) x Ay = 0 implies || « + y || = Max (|| z ||, || y ||) 


holds in E. 

The conjugate space E* is also a Banach lattice. Denote by S* its unit 
sphere (|| f|| < 1) and by Si. the positive part (f = 0) of S*. The set Si is 
bounded, convex and w*-closed.” The extreme points of St form a set which 
will be denoted by 7. By a theorem of Krein and Milman’* we have 

TuroreM 2.1. The set Si. is the smallest convex, w*-closed set which contains T. 

THEOREM 2.2. With the exception of 0, every element of T has norm 1. 

Proor: If f ¥ 0 belongs to 7, then f/\| f || belongs to Si and the element f 
is an interior point of the segment joining 0 and f/\| f || unless || f || = 1. 

THEorREM 2.3. If feT and if u,veH, u Av = O then f(u)-f(v) = 0. 

The proof is by contradiction. Assumef «7, f(u) > 0,f(v) > Oandu Av =0. 
Two elements of g, h « H* will be constructed such that 


i) OSgsf li) g(v) = 0 
(2.6) iii) gu)=flu)>O iv) f=gth 
v) 1=([IFll = Ilo ll + [All 
Conditions i) and iii) show that 0 < h. Thus g/||g || and h/|| || belong to 
Si. and 
h 


i gps stig tage et salt 
f= loll pt ag 


proves that f is an interior point of the segment joining g/|| g || and h/||h ||. 
This is a contradiction to the assumption f ¢« T since g/|| g || # h/|| h|| by ii) 
and iii). 
Definition of g. For x = 0 put 
g(x) = sup f(nu A 2) 


and forz = x — x ,g(x) = g(x*) — g(x). We omit the details showing that 
g « E* and that i), ii), iii) are satisfied. 

Definition of h: h = f — g. Condition iv) is true and to prove the last one, 
v), we need only show that 


lg ll + || hl] S14 4e 


for any « > 0. Choose e > 0 and determine 2; such that || 2; || = 1 and g(1) > 
llg || — «. We may assume z; > 0 since otherwise it could be replaced by | 2: |. 





5 w*-topology in E* is the weak topology with reference to the elements of EZ. 
¢M. Krein and D. Milman, On extreme points of regular convex sets, Studia Math., IX 
(1940), 133-138. 
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By the definition of g there will exist a positive integer n; for which 
f(mu A %) > g(t) — € > ||g|| — 2e. 
Put 2 = 21 A m-u; then 
(2.7) |v || $1, g(ae) = f(a) > ||g || — 2c, — h(ae) = O. 
Now we turn our attention to h. Determine an element y; such that 
OSm, Ilmll=1, h@)>{lhll—« 
- and choose m2 to guarantee 1 < e-(m +1). Put 
Yo = (yi — Met) VO. 










Obviously 0 S ye S y: and hence || y2|| $1. Also | 
(2.8) h(y2) = h(ys V Nete) — neh(a2) = hlyr V nore) = h(yx) > || A|| — «. i 
We evaluate the norm of 22 A yz. Notice that f 






te A Y2 = OV [x2 A (yi — Mee22)). 






But 





Malte A (Yr — Ne%2)] S Nore 
[z2 A (yi — Ne%2)] S yr — Node 





and thus by addition 





(me + 1)[t2 A (yi — Mere)] S ys. 
This implies 0 S a2 A y2 S yi/(nme + 1) S €-y and therefore 


(2.9) || t2 A ye || S 
Finally let us put 






3 = Le — (Xe A Yo) and Ys = Y2 — (22 A y2)- 


Evidently zs A ys = 0, || as || S 1, ||. ys || S 1, || as + ys || = Max (|| 2s ll, 
llys ||) $1. Since O < h(ae A ye) S h(a2) = 0 it follows from (2.8) that 


h(ys) = h(y2) > ||h|| — « 
On the other hand, by (2.7) and (2.9) 








9(%s) = g(a2) — g(xe A y2) > |\g || — 2e — |i g|l-e 2 lig || — 3«. 






Combining these results we obtain 
12 f(s + ys) = g(as) + glys) + h(as) + h(ys) 
> Ilg || —3-e+0+0+4 |[h|| —¢€ = llgll+||All — 4 
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i The proof of v) is complete and theorem 2.3 is established. 
4 THEOREM 2.4. Let Q be the w*-closure of T. If feQ then f = 0 and if u, 


























i Hi veE,u Av = 0, then f(u)-f(v) = 0. 
te ai Proor: For any e > 0 there exists g e T with 
beat oe ie 
Bie wt lou) — flu) | <6 
le tale | g(v) — f(r) | <« 
I ie | : fi By theorem 2.3 either g(u) or g(v) = 0. Hence either | f(u) | or | f(v) | < «¢ A 
het | if He which implies of course f(u)-f(v) = 0. The proof of f 2 0 is even simpler. _ a 
Hi 3. The Representation 
i ee | Each element x of E determines a function ¢, defined over & by ¢.(f) = f(z). 
bl eae: The set © will be considered as a topological space by taking the w*-topology of If 
Pad ie & E*. It is a Hausdorff space and since S* is w*-compact, 2 will also be and | 
Bs a w*-compact. In the space 2 the function ¢, is continuous. Furthermore we vag 
ba A have evidently tion, 
| oe 
a tick, (3.1) Prrtuy = Age + Mey 
he ne (3.2) x = 0 implies y, = 0. 
i : TARE [The last inequality means: for any f €Q, ¢.(f) 2 OJ. The 
ae hy If 2; A 22 = 0 then f(2)-f(z2) = 0 for any feQ by theorem 2.4. Thus Le 
Paes; $2, (f)-¢z,(f) = 0 and therefore gz, A ¢z, = 0. For any 2 and 22, the elements repls 
1 — (% A 22) and 2 — (a A 22) are disjoint. We have then the 1 
(G2, ee Pz, Az) A (Gz, x ? Pr, Az) = 0 [++ 
or tor. 
tors 
(3.3) Gz, \ Gr. = PyrAzm- andalso gz, V Gay = Oxy vay If 
Finally, if we define || g. || = max | g.(f) | (f €Q), we prove are ( 
wise 
(3.4) l= Il = I vel. . 
It is sufficient to prove (3.5) for positive x, since |||2z| || = || 2 || and A 
|| gizi ll = || ee ||. Evidently || gz || S$ || x ||. Let fo e B*, || fol| = 1, folz) = 1. be a 
We may assume fo = 0 since otherwise |f.| could be taken. If now tod: 
ll 2 || = ||z|| — ¢ € > O then inte 
feQ— f(z) Ss ||z|| -—«¢, = ( 
thus the 
B’s, 


feSt fz) s|lz\|—« 
and we obtain a contradiction for fy . 
The equation (3.4) shows in particular that ¢, = 0 implies x = 0, in other 
words: to different x’s correspond different ¢,’s. 
The relations (3.1), (3.2), (3.3) and (3.4) give us the desired representation. 


Princeton, N. J. 
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SELECTIVE EQUATIONS 


_. By E. T. Bewy 
(Received October 26, 1940) 







A detail in the systematic solution of certain compound multiplicative diophan- a 
tine systems’ leads to a new type of completely solvable diophantine problem 
which may be of independent interest, as but few such problems are known. 






1. Selective operators and systems 







If m,--+ , m. are integers = 0, and if s > 1, (m, --- , m,)’ denotes the least, 
and [m,, --+ , Ws)’ the greatest, of m, --- , n, if at least two of these integers are 
, unequal; if m;) = --- nm. = n, the value of each of these symbols isn. By defini- 






tion, if m is an integer = 0, (m)’ = [m]’ = m. Hence, for s 2 1, 





[(m , ete , Ns)! ” (m, eens , Ns)" sn ((m , ave ns)’)’, 


(Im, PS: Sew n,)’)! ag [m1 , bis » Ne)’ ae [[m , et » M)'’. 






The symbols ()’, []’ will be called simple selective operators. 

Let each symbol {}’ denote a definite one of ()’, []’. In {m, ---, me}’ 
replace n; by {nj,, +++, ni,,}', where the n;; are integers 20. In 
the result repeat the process, and so on, a finite number of times. The symbol 
[-++{+++{++-}’...}/...}’ so obtained will be called a compound selective opera- 
tor. It will be seen that compound operators may be replaced by simple opera- 
tors in the type of equations to be defined. 7: 

If the results of operating on the set m, --- , 2. with two selective operators Bodh. $ . 
are equal for all sets m1: , --- , m,, we say that the operators are identical; other- | 
wise, the operators are distinct. The result of operating on the ordered set 
m, +++, Ws with the selective operator o’ will be written o’(m , --- , s). 

A selective system is defined as follows. Let Oi o-*. o; 4 cre Cee o} 
be any selective operators (simple or compound, and unrestricted with respect 
todistinctness). Thea, a,ai,--- ,b,B,bi,-+- ,C,, Ck, -++ , 4,6, dare constant 
integers > 0, and all the z’s, ---, y’s, --- ,2’8, --+ , w’s are variable integers 
20. The A, .-., B,---,C,---, D are constant integers 2 0. If any of 
the A’s are zero, the terms involving them are suppressed, and likewise for the 
B’s,... , C’s, .»- , D’s. We write 




















’ ’ —_ vy! 
oi(Xia, ee » Li,m;) = Xi, sth A » O7(Yia » —o » Yin) = Y;, 











, 
on(Zk,1 7 #¥e, Zk,rp) == Zi yrtty o1(Wi3, see, Wi,s;) = W;. 


eee 


‘E. T. Bell, Proc. Nat. Acad. Sci., 26 (1940), 462-466. 
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A selective system is then a system of equations of the type 
a a b B 
2d, Asti + 2, aX; = = 2 Byys + 2 biY;, 
‘= t= = 17= 


¢c 7 d 6 
De Cree + Do OZ = = 2, Diw + L&W, 


in which the total number of equality signs is finite, and in which at least two 
sets of variables in different rows have at least one variable in common, while in 
any one row no two sets of variables are identical, but any two sets in that row 
may have variables in common. 

It is required to find all integer values = 0 of the variables satisfying the 
system. We shall say that this problem is solved when a method is prescribed 
for exhibiting the required integers in any given selective system in a finite num- 
ber of non-tentative steps. The solution is in terms of a certain minimum 
number N of parameters ranging independently over all integers = 0. The 
above definition of ‘solution’ is inserted because for even apparently trivial 
systems the N necessary and sufficient for a complete solution may be so large 
that it is impossible to write out the solution. In fact, if N’ is any given positive 
integer, so elementary a selective system as 


a(x, , 2)’ + a(yr, Yo)’ = b(x1, z)’ + b(wi, we)’ 


can be constructed for which N > N’. If in this example N’ = 1,000,000, it 
suffices to take a = 1000, b = 1001. 

A selective system is thus one of quadruple composition, the four operations 
involved being addition and multiplication of non-negative integers, and 


()’, I. 
2. Dual of a selective system 


As might be anticipated from the definitions in §1 and a usual method for 
finding the G. C. D. and L. C. M. of a set of integers from the canonical decom- 
positions (into products of powers of distinct primes) of the integers concerned, a 
selective system may be restated in terms of G. C. D.’s, L. C. M.’s, and products 
instead of sums. It will be seen that the solution of either system implies that 
of the other. The connection between the two types is the solution of G. C. D.- 
L. C. M. equations discussed in §§3, 4. 

With , --- , n, asin §1, (m, --- , ,) denotes the G. C. D., and [m, --- , Nal 
the L. C. M., of m, --- , me ; {} denotes a definite one of (), []. The rest of $1, 
down to the selective system exhibited, may be rewritten with {}, o in place 


of { 
repl 


and 
and 


fort 


in 7 
ex} 


ing 
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of {}’, oc’, and X;, Y;, Ze, Wi in place of X;, Y;, Z,, Wi. The system is 
replaced by 





a a b 8 
TT of JE xv =... = [uP ID vy, 


t=1 t=1 j=1 j=l 









c 7 d 3 
I] zf- I] 2 = --- = [[ w?'-T] w?; 


k=1 k=1 l=1 l=1 









and the rest of §1 follows with a few obvious verbal changes. This system 
and that in §1 will be called duals of each other, for the following reasons. 

It will be shown that the complete solution of the above system is of the 
form 






vi = [Jo = 1, ---, a), A 

Lit = [ort (a = i. eee , ast = 1, see, mi); ? 
on™ [lo (3 =1,:-:- , b), 

Yi = [Oj = 1, «++, B3t = 1, +++, 4); 






a = [ [ez (& = 1, see y c), 
2kt = [ez (k =1,-+-,yt= 1,---, Tk); 


w, = [Jor( = 1, --- , d), 
Wit = [[er'(7 a 1, tae , O;t _ 1, ae » 81); 


in which the product refers to s = 1, --- , N, the 6’s are integer parameters, all eet t ; 
exponents are constant integers => 0 and the parameters are subject to a certain 
finite set of conditions, called the G. C. D. conditions,” of the form 


(Betas seed ba) ies. (Ek on nnso EA). 


t=1 i=1 t=1 








From this, the solution of the selective system in §1 is written down by replac- 
ing all multiplications by additions, and restricting the parameters 6,, --+ , Oy 
to range over only integers = 0: 







a ew (¢ = 1, ---, a), 


e=1 





N 
Kit = Dd i,t,09 Gi= 1, --+,a;t= 1, ++, mM); 
s=1 











*E. T. Bell, Amer. Journ, Math., 55 (1933), 50-66. 
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i | and similarly for the rest. The G. C. D. conditions are correspondingly re- the | 
Ts ae \ placed by rang 
; ( | m n , u v , inte 
ial: ‘ae 0= (Xba +++, 2 Ou) == (You Deu). 
: i" t [} —  aoas = i= 
, I Each of these conditions is of the form T 
at ee ae O = (Al + +0. A}, +-- Meso. RY, of tl 
H Op by | 
| iF in which the A’, B’ are integers 2 0. From the definition of ()’, it follows that ; 
ae this condition is satisfied if and only if at least one of the following sets of condi- 

4) tions is satisfied, in Y 
| . Aj = --- = Ay = 0, sym 
; [ ove oe a, b 

‘ Bi = .-- = BY =0; inte 
and similarly for all in the original set. The complete solution of the selective 
| system may therefore be separated into sets of solutions, all the solutions in a | 
| an particular set being obtained from the general solution by suppressing those Mi 
i ei ij parameters which occur in a selected subset of conditions sufficient to satisfy “i 
os oh the complete set of conditions; the remaining parameters in the solution are then we 
ag te: ne integers 2 0 subject to no conditions. 
a Te ae A detailed proof of the duality described is quite simple, but leads to somewhat 
{) A ae ee complicated formulas. It will be sufficient to indicate how the proof may be The 
‘ee ‘, a hee written out in detail. 
Te a let m=2 m=3, m=5, met, | 
bap Pit Thi 
Wie rR | be the natural primes in ascending order. The canonical decompositions of non 
Lah the positive integers n, n;, i,;, --- are written U, ¢ 
n Nn; né,j sub 
lini II pe*, nu = II pe", u,4 = II pett, ---, oce 
where the product refers to § = 1, 2,3, ---. (In other connections, this device on. 
is useful for absolute constants; for example, 10 = pi"'p2""p3* --- , so that 10, = oce 
1, 10. = 0, 10; = 1, 10, = 0, s > 3.) In each decomposition there is a finite 
index ¢’ such that § = Oif & = #, & > Oif & < &. This notational device is sys 
applied to the variables of the system in this section, when it follows that the ste 
system is equivalent to the selective system in §1. For if T1p?! = |[p?!, then ] 
Se = 9: for all integers — > 0; also, 
{us , o8e Ue} = { [I prt, ++, [[pe™*}”, ; 
7” Tl print tml ist 
g ’ Iss 
4 by the definitions of {}, {}’.. The parameters @ in the solution are replaced by ing 
their canonical decompositions, 8; = [][p¢*?; whence the rule for obtaining the — 
solution of the dual selective system is immediate. It is not necessary to include 








- 
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the signs of the numbers generated as the 6’s in the solution of the { }-equation 
range over all integers; but if desired this may be done by noting that for any 
integer c, c = sgn c- | p¢*, where sgn has its usual meaning. 


3. G. C. D.-L. C. M. equations 


The solution of a selective system is obtained as indicated in §2 from that 
of the dual system. Obviously, the solution of the dual system may be found 
by repeated applications of the solution of 


a} 


Uy eee us’ {r1, eee » Salt = pet hinds: ve {yy , a tag » Ym}2, 


in which {},, {}2 are unrestricted (identical or distinct, simple or compound) 
symbols constructed from (), [] in the same way as {}’ from ()’, []’ in §1; the 
a, b are constant integers = 0, and c, d integers > 0; and the u, 2, v, y are variable 
integers. Introducing new variables 2n41, Ymii, We first solve 


{r1, +++, Onfi = Tayi, {n, +++ Ymbo = You; 





as described presently. Each solution is by power products in a certain mini- 
mum number of integer parameters, subject to a set of G. C. D. conditions; 
say this gives 


You = vi wes vi. 


Lay = oi? oe o;', 


The equation then becomes 


by 


a Gr ,ca car __ b, , dB, dp. 
Uy +++ Ui +++ OF! = V1 oe OW) eee Wy’. 


This is a simple multiplicative equation,”* and hence its solution is obtainable 
non-tentatively in a finite number of steps. The solution exhibits each of the 
u, d, ¥, W as a power product in a certain minimum number of parameters 6, 
subject” to a set of G. C. D. conditions. The G. C. D. conditions on the ¢, ¥ 
occurring in the previous step are replaced by their equivalents in terms of the @, 
on substituting for the ¢, y their expressions as power products in the 6; if any @ 
occurs to a power higher than the first, this power is replaced by the first power. 

A system of {}-equations leads in the same way to a simple multiplicative 
system, and hence the solution is obtainable non-tentatively in a finite number of 
Steps.” 

It remains to show how an equation of the form 


{Z1, °++, 2n} = tr, n> 1, 


is to be solved for z1, +++ , Zn, ¢n-1, and we shall assume first that the symbol { } 
is simple. From this we shall obtain the solution when {} is compound by iterat- 
ing the method for {} simple. 


es 





*M. Ward, ibid., 67-76. 
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4. Simple G. C. D. and L. C. M. equations 


The abstract identity of ()’, []’ and (), [] has been familiar for over a century, 
and Dedekind‘ (1897) referred to both as giving instances of his dual groups 
(structures, lattices), constructed on the operations now frequently called union 
and intersection; he also cited the classic instance, due to Boole, of logical sum 
and logical product. All three interpretations are required for a complete 
discussion of selective equations; the Boolean instance applies when we seek a 
minimum set of G. C. D. conditions, or their ()’-equivalents, which imply the 
complete set as given by the method of solution. For the moment we are 
concerned only with (), []; and we shall require the usual postulates 


U(x, y) = Uy, 2), 
U(U(a, y), 2) = U(x, Uly, 2)), 
U(x, C(x, y)) = 2, 


and the dual set obtained from these on replacing U by C and C by U. These 
are satisfied if U(x, y) is the union of x, y and C(x, y) their intersection; or if 
U(x, y) = (2, y), C(x, y) = Ia, y]; or if Ua, y) = (@, y)’, C(@, y) = Iz, y’. 

The following recurrence relations are immediate consequences of the postu- 
lates, 


(x1 , a » Tn) —_ (11, +++, Ent), Xn), NZ 2, 
[ys ; so, Ynl — [[y , “++ Yn], Ynl, 0 = 2; 


and there is the well known identity (z, y)[z, y] = xy, which is evident from the 
duality in §2. It is required to solve the equations 


(t11, +++, 4a) =Gri,n> 1; 
[Yr, +++, Yn) = na, n> 1. 
From the recurrences and the identity we have the initial solutions (n = 2), 
(t%1,%) = M1: 
“1 = gi, Le = gie, 1 = (uw, uw); 
[yi , yo] = hi: 
Y=khyn, yo=kwe, bh = kwwe, 1 = (v,, v2). 
From the first of these and the first recurrence we find 


(11, ey » Zn) = gnr-i1, 1 > 2: 
n—1 

1 = Qn-i IT Usi-1, In = YJn—i1 Ven-2 ; 
= 





*R. Dedekind, Werke, 2, 112-114. 





in V 


in | 
of 1 
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n—j 
uj = gn1Uay-2 TT vais, j = 2,---,n—1; 
+= 










ry, 
Ips 1 = (U1, Us) = (Us, U4) = +++ = (Vans, Uan-2); 
a in which the U’s are integer parameters. 
te Similarly, from the second recurrence, we find ) 
P tans eee aad = ea, m > 2: | 
re Yi = ky ; Yt = keavore,t = 2, +++, 0; 
hy = kor, 7? = 1,++-,n— 1; 
1 = (v1, V2) = (U3 , 04) = +++ (Vans, Von—2), 
in which the integer parameters k, v are to be found from the complete solution aye 
of the simple multiplicative system’ | 
. KedeeWoe = Kepideey1, 8 = 1, +++, n — 2. 
if The typical equation has the complete solution 






k, => af, Ket = abe, 
Vos-1 = bg, Ves41 = Sgh, 









Vee = ch, 
1 = (f, be) = (6, fh). 
To solve an equation involving a compound symbol {---, {}1, ---, }a, 
; in which each of {}1, --- , {}, is a definite one of (), [], we proceed from those 
{}; which enclose no symbol {}, say these are {}., --- , {}:, and solve eachof a 
{Ja = u, +++, {}¢ = w by the above method. The {},, ---, {}, are then re- . 
placed in the original equation by the power products for u, ---, w given by the aid | 






solutions, and the process is repeated, until at the last step only a simple symbol 
{} remains, when one more application of the solution for a simple equation gives 
the complete solution of the compound equation. 

By §§2-4, the solution of the selective system in §1 is reduced to the solution 
of a simple multiplicative system, and this may be carried out non-tentatively 
in a finite number of steps.” After the detailed discussion, it is unnecessary to 
give examples (especially as those of greater interest have very long solutions), 
but it may be mentioned that those suggested by the Dedekind axiom, or by 
postulated distributivity of the operators considered, furnish interesting exercises. 

An alternative method for dealing with [y:, --- , yx], proposed by Lebesgue,” 
can be stated more briefly than that followed here, but actually it demands far 
more labor ifn > 4. If p, = yi: --- yn, and if p;,j > 1, denotes the product 
of all the G. C. D.’s of the y’s taken j at a time, Lebesgue’s readily proved result is 


[yr, ++, Yn) = (Dipsps +++ )/(Popaps -++ ). 


*V. A. Lebesgue, Nouv. Ann. Math., 8 (1849), 350. 
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A point of interest is that the G. C. D. conditions occurring in the solution of a 
simple multiplicative system by the method of arrays,” are necessary for the solu- 
tion of a selective system. In the alternative method’ for simple multiplicative 
systems, the G. C. D. conditions do not appear, and seem to have no relevance 
for the solution. As both methods furnish the complete solution of a simple 
multiplicative system, it is possible that an interpretation of selective systems in 
terms of the alternative method may suggest an appropriate equivalent of the 
G. C. D. conditions. 


CALIFORNIA INSTITUTE OF TECHNOLOGY 
PASADENA, CALIFORNIA 
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SEMIGROUPS ADMITTING RELATIVE INVERSES 
By A. H. Cuirrorp 
(Received December 17, 1940) 


By a semigroup is meant a set S of elements a, b, --- closed under an associa- 
tive binary operation: 
(ab)e = a(be). 


We shall say that S admits relative inverses if it satisfies the following condition. 
I. To each element a of S there exists an element e of S such that (1) e is an iden- 
tity element of a: 


ea = ae = a, 
and (2) a possesses an inverse a’ relative to e in S: 
aa’ = aa=e. 


It is seen almost immediately (Theorem 1) that S admits relative inverses if 
and only if it is the class sum of mutually disjoint groups S, , one to each idem- 
potent element e of S. This fact tells us little about the structure of S since the 
product of two of these groups is not necessarily contained in a third, but may be 
scattered throughout several. (This occurs in the example given at the end of 
the paper, though simpler examples can be given.) 

It is shown in Theorem 2, however, that S is the class sum of mutually disjoint 
semigroups S, of known structure such that no such scattering takes place. 
Each S, is what Rees’ calls a completely simple semigroup without zero. The 
structure of such a semigroup was, in the finite case, first given by Suschkewitsch,” 
who calls it a Kerngruppe. Moreover it is possible to arrange these S, in a 
semi-lattice’ P such that the product S,Ss is contained in the greatest lower 
bound (in P)Sag of Sy and Ss. The structure of S is thus determined in the 
large, so to speak. 

In the special case in which any two idempotent elements of S commute 
with each other, the simple semigroups S, reduce to groups, coinciding with the 
groups S,, and the semi-lattice P is isomorphic with the semigroup of all idem- 
potent elements of S. In this case the structure of S is completely determined 


*D. Rees, On semi-groups (Proc. Cambr. Phil. Soc. 36, 1940, 387-400). 
* A. Suschkewitsch, Uber aie endlichen Gruppen ohne das Gesetz der eindeutigen Umkehr- 
barkeit (Math. Ann. 99, 1928, 30-50). 
* A semi-lattice is a partially ordered set in which any two elements a, 8 have a greatest 
lower bound a8, but not necessarily a least upper bound. F. Klein (Deutsche Math. 4, 
1939, 32-43) calls it a Halbverband. 
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in Theorem 3. For every pair a > 6 there exists a homomorphism ¢,5 of the 
group S, into the group Sz such that if a > B > vy then gay = dasds,. The 
product dabg of any element a, of S. with any element bg of Ss is then given by 


abs = (daar) (bebsy) 


where y = a8. The groups S,, the semi-lattice P, and the homomorphisms 
$ag can (conversely) be chosen arbitrarily subject only to the above transitivity 
condition on the dag . 

In the general case, however, the situation is far more complicated. The 
concluding section discusses only the subsemigroup S’ of S consisting of a pair 
S., Ss with a > 6. Theorem 4 cannot, even in this simple case, be regarded 
as a complete determination of S’; for it involves finding a certain mapping ¢ of S, 
into the structure group of S, the actual construction of which is not evident. 


1. Decomposition into groups 


Lemma 1.1. If a is any element of S, and e is any element of S satisfying I, 
then e 1s idempotent. 

Proor: e’ = aa’aa’ = aea’ = aa’ = e. 

LemMa: 1.2. If ais any element of S, and if €, and ez both satisfy I, then e; = e. 

Proor: Let a; and dz be inverses of a relative to e, and é: respectively, as given 
by 1(2): 


aa, = aa = @, ade = Act = eo. 
Then 
€1€2 = €1002 = Ade = &2, 
€1€2 = Adee = a\0 = 41, 
whence ¢; = é2. 
We shall say that a belongs to the uniquely determined idempotent element 
e satisfying I. 
Lemma 1.3. The set S, of all elements of S belonging to the idempotent element 
e of Sis a group with identity e. 
Proor: Let a and b be any two elements of S, and let a’ and b’ be inverses of 
a and 6 relative to e. Then e is evidently an identity element of ab, and b‘a’ 
is an inverse of ab relative to e: 
abb’a’ = aea’ = aa’ = e, 
b’a’ab = b’eb = b’'b = . 
Hence abe S,. Evidently e eS, , since ¢’ = e, and ¢ is an identity element of S.. 
If a is any element of S, , a’ an inverse of a relative to e, and b = ea’e, then 
eb = be = b, 
ab = aea’e = aa’e = ce = @, 
ba = ea’ea = ea’a = ce = @. 


Hence b ¢ S, and 6 is an inverse of a therein. Thus S, is a group. 
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Lemma 1.3 shows in particular that, among all possible inverses of a relative 
to the idempotent e to which a belongs, there is exactly one which also belongs 
toe. This we shall denote by a’. 

Now by I every element of S belongs to at least one of the groups S, , and by 
Lemma 1.2 to exactly one. Hence S is the class sum of the mutually disjoint 
groups S.. We therefore have the following theorem,‘ the converse being 
evident. 

THEOREM 1. A semigroup admits relative inverses if and only if it is the class sum 


of mutually disjoint groups. 


2. Decomposition into completely simple semigroups 
A subset a of S is called an ideal if, for any a in a and any z in S, az and za 
are in a; in other words, a is an ideal if SaS Ca. (We shall not have occasion 
to consider one-sided ideals.) The class sum a U 6 and intersection a NM 6 of 
any two ideals a and 6 are evidently ideals, and likewise the set-product ab 
consisting of all ab with aina,binb. Evidently 


ab Calb 


and in particular a’ Ga. If ais any element of S, the set SaS of all elements 
zay of S is an ideal which we call the principal ideal generated by a. It contains 
a itself, since a = eae by I, and hence contains aS and Sa. 

Lema 2.1. If an ideal a contains a single element of the group S, then it contains 
all of S,. In particular, if a” belongs to an ideal a, then a itself belongs to a. 

Proor: Let a be an element in both a and S,. Then a contains a ‘a = e. 
If b is any other element of S,, then a contains be = b. Hencea 2 S,. The 
second statement then follows from the fact that a” belongs to the same group 
8, as a. 

Lemma 2.2. If a and b are ideals of S then 


ab = afb. 


In particular, ab = ba and every ideal a of S is idempotent: a” = a. 

Proor: We prove the last statement first. Let a be any element of a. Then 
a’ is in a’, whence a is in a? by Lemma 2.1. Thus a Ca’ whencea = a’. Hence 
if a and b are any two ideals of S, 

afb = (aN b)(aNb) Ga-b 
from which equality follows. 

Lemma 2.3. The product of two principal ideals SaS and SbS of S is the prin- 
cipal ideal SabS. If a and b generate the same principal ideal a, then ab is also a 
generator of a. 

Proor: If z is any element of S, 

(bra)” = bx-ab-xa € SabS. 


ne Sa eee 


‘ This result generalizes Theorem 14 of A. R. Poole, Finite Ova (Amer. Jour. of Math. 


59, 1937, 23-32). 
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By Lemma 2.1, bra e SabS. Hence 
bSa & SabS 
and by Lemma 2.2, 
SaS-SbS = SbS-SaS & S-bSa-S & SabS. 


The opposite inclusion is evident. 
If SaS = SbS = a, then from the above and Lemma 2.2, 


SabS = SaS-SbS = a? = a. 


Lemma 2.4. If ais a principal ideal of S then the set a’ of all elements of a which 
are not generators of a is also an ideal of S. 

Proor: Sa’S € SaS € a; we wish to show that Sa’S Ca’. Suppose Sa’S 
contained an element a of a not ina’. Then a = za’y with a’ in a’, and a gen- 
erates a. Hence 


a = SaS = Sza’'yS © Sa’S; 


thus a’ would be a generator of a, contrary to a’ ea’. 

An element 0 of a semigroup S is called a zero element of S if 0a = a0 = 0 
for alla in S. Rees (loc. cit. p. 392) defines a simple semigroup to be a semi- 
group S whose only ideals are S and the null ideal (0) consisting of 0 alone (if 
S has a zero). By a simple semigroup without zero we shall mean a semigroup S 
whose only ideal is S itself, including thereby the case in which S consists of a 
single element. Such a semigroup is characterized by the property that SaS = 
S for any element a of S, or that, for given a and b in S, the equation ray = b 
is always solvable for x and y in S. 

Lemma 2.5. If a ts a principal ideal of S, then the set S, of all generators of a 
is a simple semigroup without zero and admits relative inverses. 

Proor: S, is a subsemigroup of S by Lemma 2.3. Let a and b be arbitrary 
elements of S,; we are to show that zay = 6 is solvable for x and y in S,. 

Now aaa is an ideal containing a*, and hence containing a by Lemma 2.1. 
Since a generates a and aaa Ca, we have aaa = a. Hence b = zay with z andy 
ina. By Lemma 2.4, x and y must both lie in S, ; for if either of them lay in 
the ideal a’ = a — S, then the same would be true of b, contrary to b ¢ S.. 
Hence S, is a simple semigroup without zero. 

If a is any element of S,, and ¢ is the idempotent to which a belongs, then by 
Lemma 2.1, S, G a. By the same lemma, no element of S, can belong to the 
ideal a’. Hence S,C S,. S,is thus the class sum of certain of the groups . , 
and so admits relative inverses. 

If e and f are idempotents of S, then e is said to be under f (Rees p. 393) if 
ef = fe =e. We shall write e < f if e is under f; the relation < is easily seen 
to be a partial ordering of the set of idempotents of S. Rees makes the following 
definitions (p. 393). 
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An idempotent f is primitive if there exists no idempotent e # 0 such that 
e<f. Asemigroup S is completely simple if 

(i) Sis simple; 

(ii) to each a in S there exist idempotents e and f in S such that ea = af = a; 

(iii)’ every idempotent of S is primitive. (We take here his condition (iii)’ 
on p. 394 which he proves to be equivalent to (iii).) 

Rees (p. 399) shows that any completely simple semigroup is isomorphic with 
what he calls (p. 397) a regular matrix semigroup over a group with zero. When no 
zero element is present, the latter may be described as follows. 

Let G be any group. Let J and K be any two sets of indices; denote the 
elements of J by 2,j, --- , and those of K by x, A, ---. To each pair 7, x 
of indices (7 ¢ J, x eK) assign an arbitrary but fixed element p,; of G. The semi- 
group S shall consist of all triples (‘‘matrices’’) 


(a; 2, x) (aeG;reJ,x eK) 
with multiplication defined by 
(2.1) (a; t, x)(b; J, A) = (apxid; @, d). 


The idempotents of S are readily seen from (2.1) to be the elements (pj; ; 7, x). 
Lemma 2.6. If S is a semigroup admitting relative inverses, and if e and f are 
idempotents of S such that e S f and f lies in SeS, then e = f. 
Proor: From f e SeS we have f = xeyforsomezandyin S. Settinga = faf, 
b = fyf, and using fe = ef = e, we have 


aeb = fafefyf = faeyf = fff =f 
together with 
fa = af =a, fb = bf = b. 
Let g be the idempotent to which a belongs. Then 
f = aeb = gaeb = gf = a ‘af =a a= g. 
Hence a belongs to f, and similarly b belongs to f. Consequently 
afb = a ‘aebb” = fef = e. 


Since a’ and b” are in S;, this implies that ¢ is in S;, whence e = f. 

LemMa 2.7. A simple semigroup S without zero is completely simple if and only 
if it admits relative inverses. 

Proor: Assume that S admits relative inverses. Condition (i) for complete 
simplicity holds by hypothesis. (ii) follows from I(1), and (iii)’ from Lemma 
2.6, since SeS = S. 

Conversely, if S is completely simple then it has the matrix structure described 
above. If (a; 7, x) is any element of S one readily verifies by direct calculation 
from (2.1) that (prt ; i, x) is an identity and (p,;a ‘py ; 7, x) a relative inverse 
of (a; 7, x). 

By a semi-lattice (Klein, loc. cit.) we shall mean a commutative semigroup P 
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all of whose elements are idempotent. The reason for this term is that if (as 
above) we define a S 8 (a and 8 in P) to mean a8 = a, then P is a partially 
ordered set under S in which every pair of elements a and 8 have a greatest 
lower bound, namely a8. The converse is likewise evident. 

Now Lemmas 2.2 and 2.3 show that the set § of principal ideals of S is a semi- 
lattice (actually ab = af 6 and a S b is equivalent toa © 5b). To each ain ¥ 
corresponds the semigroup S, of all generators of a. If aeS8., b eS; then by 
Lemma 2.3, ab generates ab and so belongs to S.,. Hence SiS; Sas. Every 
element a of S is a generator of exactly one principal ideal a = SaS of S, and 
so belongs to exactly one S,. Using Lemmas 2.5 and 2.7 we arrive at the 
following description of the gross structure of S. 

THEOREM 2. Every semigroup S admitting relative inverses determines a semi- 
lattice P such that to each element a of P there corresponds a subsemigroup 8, 
of S with the following properties. 

(1) The S, are mutually disjoint and their class sum is S. 

(2) Each S. is a completely simple semigroup without zero, hence a matrix 
semigroup over @ group. 

(3) SaSs & Sag, where aB is the product of a and B in P. 

Conversely, any semigroup having this structure admits relative inverses. 

We do not mention here the isomorphism of P with the semi-lattice of principal 
ideals of S. But if an ideal of S contains a single element of S, it must by (2) 
contain the whole of S,. From this it is clear that if S is any semigroup having 
the structure described in Theorem 2, then the lattice of all its ideals is isomorphic 
with the lattice of all ideals of P. 


3. Case in which the idempotents of S commute 


Lemma 3.1. If S is a semigroup admitting relative inverses, and if every pair 
of idempotent elements of S commute with each other, then every idempotent of S 
as in the center of S. 

Proor: The set € of idempotents of S evidently forms a commutative sub- 
semigroup of S, hence a semi-lattice as defined above. We prove the lemma in 
four stages; e and f denote idempotents, as usual. 

(1) If SeS = SfS thene = f. For ef < e and ee SefS since SefS = SeS 
by Lemma 2.3. Hence ef = e by Lemma 2.6, that is, e S f. By symmetry, 
f S e, whence e =f. 

(2) If SaS = SeSthenaeS,. ForifaeS; then SaS = SfS by Lemma 2.1, 
whence f = ¢ by (1). 

(3) IfaeS;ande Sf, thenae = ea. Fore = fe = a ‘ae and so SeS € Saes. 
Since the opposite inclusion is evident, SaeS = SeS. Similarly SeaS = SeS. 
Hence ae and ea belong to S, by (2), whence ae = e-ae = ea-e = ea. 

(4) Now let e and a be arbitrary. Suppose a belongs to S;. Since ef Sf 
it follows from (3) that a-ef = ef-a. But 


a-ef = a-fe = af-e = ae, 


ef-a = e-fa = ea, 
whence ae = ea. 
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Part (2) in the above proof shows that every generator of a = SaS lies in 8, , 
and hence S. = S.. Thus the simple semigroups S, reduce to the groups S, in 
this case, and the semi-lattice is isomorphic with €. We shall, as in Theorem 
2, denote the elements of the abstract semi-lattice P isomorphic with $ and 
& by a, 8, y, --- , and the elements of € correspondingly by e., es,---. We 
thus have 









Calp = Cap = CBa = Cla 
and ¢, = és if and only ifa 2 8. 8S, is the same as S,, and 
SaSp & Sag . 


In particular, if a = 6 then S.Ss & Sg and eaes = eg. Elements of S, will be 
denoted by da, ba, +++. 
Lemma 3.2. If a 2 B, the mapping a. — Goas defined by 














Achag = Aas 
is a homomorphism of S, into Sg. If a = B = vy then the homomorphism day of 
S. into S, is the product of the homomorphisms dag and dp, of Sa into Ss and Sg 
into S, : 
(3.1) ar = Pasay (a 2627). ii 
baa 18 the identical automorphism of Sa . 

Proor: That ¢as maps S, into Sgis clear. If a, and b, are arbitrary elements 
of S, then (using Lemma 3.1) 





oes 
rcs, ce 










eas 
- Z 





(Aaas) (baba) - Aglpbals and Aabals _ (daba) bag . 





Ifa = B = y then for any a, in S., 






(Gaap)Ppy = (Aalp)ey = Aallsey) = Aaly = Aaay - 





Finally, daben = Qala = Aq, for any dz in S,. 
Lema 3.3. If aq, and bg are any two elements of S (da in Sa, bg in Sg) then 








(3.2) Aabg = (Aabay) (badsy) 
where y = af. 
Proor: Gabe = Aalabgeg = Aabpeals = Aabdgey 
= Daly + bgey - (dabay) (bedpy)- 





From these two lemmas it is clear that the structure of S is completely known 
when we know the semi-lattice P, the groups S. , and the homomorphisms @azg . 

Conversely, let P be any semi-lattice, and to each a in P assign a group Sa. 
such that no two of them have an element in common. Furthermore to each 
pair of elements a, 8 of P such that a > 8 assign a homomorphism ¢o of S. 
into Ss. Define ¢ea to be the identical automorphism of S,. Let S be the 
class sum of the groups S,. Then, if the homomorphisms ¢,s satisfy the 
transitivity conditions (3.1) and we define multiplication in S by (3.2), S is an 
associative semigroup. 
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For if aa, bg , cy are any three elements of S, 
(dabg)Cy = (daba,as+ dabs.ap)Cy 
— (Aaba,ap : babs a8) Pa ay * Cyy aby 


since the first factor on the right is in Sag. Using first the fact that $.5,03y is 
a homomorphism and then (3.1), we get 


(dabg)Cy = (Gabe aby ° babs asy) *Cypy apy 
Similarly, 


Qa(bpCy) = Aaba,apy* (babs apy * Cy a8); 


and these are equal by the associative law in Saggy . 

The semigroup S so constructed evidently admits relative inverses, since it is a 
sum of groups. Likewise it is evident that the only idempotent elements of S 
are the identity elements e, of the groups S,. Since ¢es is a homomorphism, 
€eag Must be the identity element eg of Sg. Hence if e. is any idempotent 
element of S, and bg any element of S, 


Cade = (CaPay) (dabsy) = Cy(Dabpy) = dadpy , 
bsea = (bsbpy) (CaPeey) - (bedbpy ey = bedsy - 


Thus é, is in the center of S. 

Finally we remark that the semi-lattice P, the groups S,, and the homo- 
morphisms ¢,s constitute a complete set of invariants of S. To see that they 
are invariants, suppose S = S. Since idempotents must correspond to idem- 
potents, € = ©, and the same abstract P may serve for both. But if e< é@ 
then S, and S; correspond, so that S, and S, are isomorphic. Since 


(y = af) 


Gabag = Aabg <> Axls = Aahas 


the homomorphisms ¢ are cogredient with the homomorphisms ¢ in the sense 
that if a <> a then ag <— ag. On the other hand, if S and S have the same in- 
variants in the above sense, we may identify P with P and then by Lemma3.3 
the given isomorphisms between the groups S, and S, define an isomorphism 
between S and S. 

THEOREM 3. Every semigroup which admits relative inverses and in which every 
pair of idempotent elements commute is isomorphic with a semigroup S constructed 
as follows. 

Let P be any semi-lattice, and to each a in P assign a group Sq such that no two 
of them have an element in common. To each pair of elements a > B of P assign 
a homomorphism das of Sa into Sg such that if a > B > y then 


Paphpy = Pay - 
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Let baa be the identical automorphism of Sz. Let S be the class sum of the groups 
S, , and define the product of any two elements aa , bs of S (da in Sq and bg in Ss) Ne 
by fy 
Aabs = (Aabay) (bsb;y) pe 

where y = a8 is the product of a and B in P. . 
Conversely, any semigroup S constructed in this fashion admits relative inverses, tis 
and every idempotent element of S is in the center of S. BS 
The semi-lattice P, the groups S. , and the homomorphisms ¢ag together constitute ‘ 

a complete set of invariants of S. 















4. Structure of a pair S,, Ss with a > 8 be 
We return now to the general case described in Theorem 2, and consider the ; 
structure of the subsemigroup S’ of S consisting of a pair S,, Ss with a > £. Ric. 











For this purpose we may evidently assume that S = S’. As far as the results ix 
of this section go, Sz may be any semigroup, while S, is to have the structure si 
described in §2, the elements of Ss being the triples (a; 7, x) with multiplication if 
defined by (2.1). We shall denote the elements of S, by capital letters 

A, B, +++. 
Suppose that H 
A(a; i, x) = (a’;7’, x’). ¢ 









Multiplying on the right by the idempotent (p,;' ; 7, x) to which (a; 7, x) belongs, 
we get 





A(a; i, x) = (a'pe ipa; 1, «), 







whence x = x’. Hence 








A(a;1,«) = 





and similarly 


(a; 7, nA = (a; 7, «”’). 






Suppose now that 





A(pui_ ; 1%, «) = (a’;7’, «), 
A(pyi 5 4, ®) = (a; 2”, d). 
Multiplying the first of these on the right by (Dra ; 7, \) we obtain 







Alp ; 7, ) = (a’papri_; 7’, d). 






Hence 









- P —l 
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The first of these shows that 7’ depends only on A and 7 and not on x; we may 
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therefore write 7’ = Az. The second shows that a’p,; is likewise independent 
of x; we may therefore write 

aD = Adi 


where ¢; is some mapping (depending on 7) of S, into the structure group G of 
Sg. We then have 


A(pai 54, «) = (Adi-Dit 5 At, x). 
Finally, multiplying on the right by (a; 7, x), 
(4.1) A(a; 1%, x) = (Agia; AZ, x). 
By left-right duality, there likewise exist mappings 
x — «A of K into itself, 
A — Ay, of S, into G, 
such that 
(4.2) (a; 1, x)A = (a-Ayy ; 7, KA). 
By double applications of (4.1) and (4.2) we find 
AB(a; 1, x) = (Adgsi- Bg;-a; A(B2), x), 
(a; 1, )AB = (a-Aye- Bea 5 1, (KA) B). 


Hence 
(4.3) (AB)i = A(Bi), K(AB) = (xA)B; 
(4.4) (AB)$: = (Adsi)(Bdi), (AB) = (Av) (Byxa). 
Likewise 
(a; j, x)A-(b; 7, A) = (a-Ae-Dea,s03 J, A); 
(a; j, «)-A(b; %, X) = (apx,ai-Agi-d; J, d), 
whence 
(4.5) (AY) Pease = Pr,ai(Adi). 


Conversely, let S, be any semigroup and Ss a matrix semigroup over a group 
G as above. Let there be given a left representation of S. by mappings of J 
into itself, and a right representation of S, by mappings of K into itself, in other 
words (4.3). To each i in J (and each x in K) let there be given a mapping 
¢i(¥x) of Sa into G such that (4.4) and (4.5) hold. Let S be the class sum of 
S. and Ss. Then if we define multiplication between elements of S. and Ss 
by (4.1) and (4.2), the associative law holds, and S is a semigroup. Of the six 
possible cases to consider, three are evident from the derivation of (4.3), (4.4), 
(4.5), and the remaining three are identically satisfied, as is easily seen. 
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The equations (4.4) and (4.5) can be simplified by normalizing’ the p,«-matrix 
so that 











Pa = Du = e€ 





where ¢ is the identity element of G. (No confusion arises by denoting these ¥ 
particular elements of J and K by the same letter 1.) Rather than refer to i 
Rees’s Theorem 2.91 and the notion of equivalence, simply observe that if we 4 
write 







[a; ¢, x] = (gear, ; 2, x) 














then 
[a; 7, x][b; 2, A] = [arcpeiqid; j, XJ. 





Thus p,; is replaced by 






Px i = lePuiQi - 










If we choose 
—1 —1 es 

T. = PuPci ; Qi = Pru Ay 
then Dri = Pat = é. I. 
= | in (4.5) we obtain ir 





Assuming this normalization and setting x = 1, 
Ay, = Adi. Denote yy = go by ¢ Setting x = 
(4.5) we find 


a 
1 and z = 1 separately in 









(4.6) Agi = (Ad)piasi, Ave = De,ai(AQ). 

Putting these back in (4.5), ' 
(4.7) Des(Ad)Pea,s = Persi(Ad)Pra.s | 
Setting i = 1 (or x = 1) in (4.4) and using (4.6), 

(4.8) (AB) = (A¢)pia,e1(B¢). 

(4.1) and (4.2) become respectively 

(4.9) A(a; i, x) = (Ad-pra,i@; Ai, x), 

(4.10) (a; 7, x)A = (apx,a1-Ag; t, KA). 





TuEroreM 4. Let S be a semigroup which splits into two disjoint semigroups 
S. and Ss such that SaS3 and SsS. are contained in Ss , and where Sg is a completely 
simple semigroup without zero. If in the representation of Sz as a matrix semigroup 
over a group G we normalize the defining matrix (p,i) so that pa = Pui = @, the 
identity element of G, then there exist left and right representations (4.3) of Sa by 


















‘That this normalization is possible was shown by Suschkewitsch (loc. cit.) in the - 
finite case. 
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mappings of the index classes J and K of Sg into themselves, and a mapping ¢ of 
S. into G satisfying (4.7) and (4.8), such that the products in S.Ss and S;8, 
are given by (4.9) and (4.10). 

Conversely, let Sq be any semigroup and Sg a completely simple semigroup with- 
out zero having no element in common with S.. Let Sg be given as a matrix semi- 
group over a group G with matrix (px) normalized as above. Let there be given left 
and right representations (4.3) of Sa by mappings of the index classes J and K 
of Ss into themselves, and a mapping @ of Sa into G satisfying (4.7) and (4.8). 
Let S be the class sum of S, and Sg. Then (4.9) and (4.10) define an associative 
multiplication in S such that S.Sg and SgS. are contained in Sg . 

Proor: The first part has of course already been shown. To show the second 
part, define Ag; and Ay, by (4.6), so that (4.9) and (4.10) go back into (4.1) 
and (4.2). We already have (4.3) and so need prove only (4.4) and (4.5) for 
associativity. Using the definition (4.6) we have 


(AB)¢; = (AB)d-Piaz,i 
= (Ad) pia,a1( Bo) piaz,i 
by (4.8). In (4.7) replace A by B and x by 1A: 


Pia,zi(Bo)pias,i = Pia,zi(Bo)pris,: - 
Hence (AB)¢:i = (Ad) pia,zi( BO) Piz, 
= (Agni) (B¢i). 
The second part of (4.4) is shown in a similar manner. To show (4.5) we have 
by (4.7) 
(Avr) Pua,i = De,a1(Ad) Dea, i, 
= Px,ai(Ad)Pia,i 
= Px, ai(Adi). 


That S,Ss; and S,S, are contained in Sg is obvious. 

If all the p,; = e, which is the case if and only if the product of any two 
idempotents of Ss is idempotent, (4.7) is no condition at all on ¢, and (4.8) 
reduces to 

(AB)p = (A¢)(B¢9). 
Hence the structure of S is determined in this case by the representations (4.3) 
and a homomorphism ¢ of S, into G. 

We close with an example to show that in the contrary case ¢ need not be a 
homomorphism. Let G be a cyclic group of order three, G = {e, 4, a’}, a’ = 6. 
Let J = K = {1,2}. Let pu = po = pa = €, Poo = a. Let S, bea cyclic 
group of order two, S. = {E, A}, A” = E. Let 


EFl=1E=1, £2=2E=2, 
Al=1A=2, A2=2A=1 





Fin: 


Thi: 
and 


SEMIGROUPS ADMITTING RELATIVE INVERSES 


Finally let 
Eo = e, Ag = a. 


This is evidently not a homomorphism of S, into G. Yet the conditions (4.7) 
and (4.8) are easily verified. For example, 


(AA)o = Eo = e, 
(Ad)pia,ai(Ad) = ap2at = a’ =e. 
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DIE TOPOLOGIE DER LIESCHEN GRUPPEN ALS ALGEBRAISCHES 
PHANOMEN. I 


Von Hans FREUDENTHAL 
(Received November 15, 1940) 


Da® man die Topologie der Lieschen Gruppen nicht rein gruppentheoretisch 
erfassen kann, ist bekannt. Desto merkwiirdiger ist der zuerst von E. Cartan,’ 
danach (ohne Kenntnis der Cartanschen Arbeit) andersartig von B. L. v. d. 
Waerden” bewiesene Satz: 

Ein Isomorphismus zwischen zwei halbeinfachen kompakten Lieschen Gruppen 
ist notwendig stetig. 

Da® die Halbeinfachheit allein die Giiltigkeit des Satzes nicht gewihrleistet, 
zeigt das laut v. d. Waerden von J. v. Neumann herriihrende Beispiel: 
*) mit der Determinante | 
kann man durch unstetige Automorphismen f des Kérpers der komplexen Zahlen 
unstetige Automorphismen 


(8) Ge 0) 
definieren. 


Diese Gruppe g ist nun als Liesche Gruppe von 6 reellen Parametern 
(Na, Rs, Ry, Sa, Se, Hy) einfach (bis auf einen diskreten Normalteiler), und 
doch fehlt dem Beispiel die rechte Uberzeugungskraft. Und das kommt so: 
Bei der reellen Klassifikation der reellen einfachen nichtabelschen Gruppen’ unter- 
scheidet man die 

erster Art, die komplex nicht mehr einfach (sondern direktes Produkt zweier 

konjugierter einfacher Gruppen sind), und die 

zweiter Art, die auch komplex einfach sind. 

Die erster Art lassen sich, wie man leicht beweist,* alle so erzeugen: Man nehme 
eine reelle einfache nichtabelsche Gruppe, setze sie ins Komplexe fort und trenne 
Real- und Imaginarteil; diesen Proze®, der die Dimensionszahl verdoppelt, 
wollen wir “Verdoppelung” nennen. 

Eine Gruppe erster Art haben wir gerade in obigem Beispiel angetroffen. So 


In der Gruppe g der komplexen Matrices (: 





‘E. Cartan, Sur les représentations linéaires des groupes clos [Comment. Helvet. 2 
(1930) , 269-283]. 

°*B. L. van der Waerden, Stetigkeitssitze fiir halbeinfache Liesche Gruppen [Math. 
Zeitschr. 36 (1933), 780-786]. 

*E. Cartan, Les groupes réels simples, finis et continus [Ann. Ecole Norm. Sup. (3) 31 
(1914), 263-355]. 

*a. a. O.,3 266-267. 
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beschleicht uns der Verdacht, dafi fiir den Cartan-v.d.Waerdenschen Satz nicht 
die Kompaktheit, sondern die Zugehérigkeit der einfachen Gruppe zur zweiten 
Art verantwortlich sei. 

In der Tat beweisen wir den ; 

ae Hauptsatz I: Ein Isomorphismus zwischen zwei Lieschen Gruppen, von denen 
die eine einfach und von zweiter Art ist, ist notwendig stetig. Oder: Im Bereiche 
der Lieschen Gruppen ist die Topologie der einfachen Gruppen zweiter Art ein rein 
ie algebraisches Phainomen. 

} (In der letzten Formulierung ist der Hauptsatz auch sinnvoll fiir jemanden, 
der unstetige Abbildungen itiberhaupt ablehnt—etwa aus _ intuitionistischen 
Erwagungen. ) 

j BeMERKUNG 1: Der Hauptsatz bleibt giiltig, wenn man die Einfachheit nur 
im Kleinen fordert. 
























le kein BeMERKUNG 2: Hauptsatz I lift sich in naheliegender Weise auf halbeinfache 
& f Gruppen ausdehnen (siehe v. d. Waerden, a.a.O.,” S. 785). 
[ ) BeMERKUNG 3: Fiir die reellen projektiven Gruppen ist Hauptsatz I bereits 


von Q. Schreier und B. L. van der Waerden bewiesen worden.” 

Man wird vermuten, da die Aussage von Hauptsatz I fiir keine einfache 
Gruppe erster Art richtig sei; auf die nicht so ganz leichte Aufzahlung aller Iso- 
morphismen fiir Gruppen erster Art werde ich bald zuriickkommen. Ich beab- 
sichtige, dieselben Fragen auch fiir nicht-halbeinfache Gruppen zu beantworten; 
) i ae | Rae fiir die Giiltigkeit von Hauptsatz I ist nimlich etwas wie die Zugehérigkeit zur 
i et, ee zweiten Art wichtiger als die Halbeinfachheit. 

: aoe Den Gedankengang unseres Beweises erkennt man leicht aus der Gliederung 
der Arbeit in die Sitze 1 — 9. Nur auf Satz 1 und seine wohl an und fiir sich 
interessanten Anwendungen will ich besonders hinweisen. 


a 
sinbelapis 
Se OE eo 
ait mame * 















ALLGEMEINE BEZEICHNUNGEN 






1. Gruppen: kleine gotische Buchstaben. 
Elemente von Gruppen: kleine lateinische Buchstaben. 
Gruppen-Eins: /. 
Infinitesimalgruppen: grofe gotische Buchstaben. 
Elemente von Infinitesimalgruppen: grof$e lateinische Buchstaben. 
Mengen von Gruppen: kleine fette gotische Buchstaben. 
Mengen von Infinitesimalgruppen: grofe fette gotische Buchstaben. 
Meistens werden Gruppe und zugehdrige Infinitesimalgruppe mit demselben Buch- 
staben bezeichnet (klein und grofs). 
n = Durchschnitt, U = Vereinigung. 






















Vorbereitungen—Liesche Gruppen 


2. Liesche Gruppe ist bei uns jede Gruppe, die von einer Infinitesimalgruppe 
erzeugt wird. Wir finden es zweckmifig, von einer Lieschen Untergruppe nicht 
(wie es manchmal geschieht) Abgeschlossenheit zu verlangen. 

Unter einer Basis einer Infinitesimalgruppe © verstehen wir ein System, aus 












Die Automorphismen der projektiven Gruppen [Abh. Hamburg 6(1928), 303-322]. 
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dem sich alle Elemente von © eindeutig linear kombinieren lassen; ein Erzeu- 
gendensystem von & sei dagegen ein System, aus dem sich alle Elemente von © 
durch lineare Kombination und Kommutatorbildung herstellen lassen. 


3. In Lieschen Gruppenkeimen verwendet man 6fters geoditische Koordi- 
natensysteme: Ist X,, --- , X, eine Basis von G, so erhalt der Punkt 


exp (>>, \’X,) 
die Koordinaten 
Moree NY, 


Alle geodiitische Koordinatensysteme transformieren sich ineinander analytisch 
mit nicht verschwindender Funktionaldeterminante. 
Die Koordinatentransformation, bei der der Punkt 


exp (u' Xi + ++» + wX,,)-exp (uw? X,.41 + +++ + yw X,,) --- 
sss exp (wu? X41 + +++ + w'X,) 
die Koordinaten 
1 + 
70 ’ eee ’ M 
erhalt, ist eine analytische Abbildung des \-Raums in den y-Raum mit der 


Funktionaldeterminante 1 im Nullpunkt. 


4. In der Lieschen Gruppe g seien a,(t) (v = 1, --- , r) r stetig differenzierbare 
Bogen mit a,(0) = 1; die Tangentialvektoren X, = a,(0) mégen eine Basis von 
© bilden. Dann iiberdecken die 


a(t) «++ a,(t,) 


eine Umgebung von 1. 
Denn die Abbildung des (t:, ---, ¢-)-Raumes in den \-Raum, die durch 


ay(t;) +--+ a,(t,) = exp (VX, + --- + A’X,) 
definiert ist, besitzt in z die Funktionaldeterminante 1. 
5. Regulire Schichtung einer r-dim. analytischen Mannigfaltigkeit in der 


Umgebung eines ihrer Punkte nennen wir das analytische Bild (Funktional- 
determinante # 0) der Schichtung 


(*) foi1 = const, --- , & = const 
des (f,--- , £,)-Raumes; die Bilder der g-dim. Hyperebenen (*) heifen die 
Schichten. 


Wir zeigen: Ein stetig differenzierbarer Bogen, der in jedem seiner Punkte a 
die durch a laufende Schicht einer regularen Schichtung beriihrt, verliuft ganz 
In einer Schicht. Es geniigt, das zu beweisen fiir die Schichtung (*) des 
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&Raumes. In diesem Falle gilt aber, wenn &(¢) (v = 1, --- ,r) die r Koordi- 
naten des Kurvenpunktes sind, £3(t) = 0 fir alle »y > qg, also in der Tat £,(t) = 
const fiir alle » > gq, w.z.b.w. 


6. Die (Rechts-oder Links-) Nebengruppenschichtung eines Lieschen Gruppen- 
keimes g in bezug auf einen Lieschen Untergruppenkeim } ist in der Umgebung 
jedes Punktes regular. Anwendung von 5 und des Borelschen Uberdeckungs- 
satzes liefert: Eine stetig differenzierbare Kurve in g, die in jedem ihrer Punkte 
a die Nebengruppe ab beriihrt, verlauft ganz in einer Nebengruppe. 


7. In der Lieschen Gruppe g seien ¢,(t) (v = 1, --- ,) analytische Bogen, 
c,(0) = 1. Die kleinste Gruppe, die diese Bégen enthalt, hei®e h(C g). 4 ist 
notwendig Liesch. 

Bewets: a(t) = t’?X + ¢*’.(Potenzreihe in ¢) sei die MacLaurin-Entwicklung 
eines beliebigen analytischen Bogens aus § mit a(0) = 1 und X = 0; der Vektor 
X heife der “Hauptteil” von a(t). § sei die Menge aller solcher Hauptteile 
mit a(t) < § nebst dem Nullvektor. § ist eine Infinitesimalgruppe, denn sind 
X bzw. Y die Hauptteile von a(t) baw. b(t), so sind aX + BY baw. [X, Y] die 
Hauptteile der Bégen a(at)-b(t) baw. a(t)b(t)a *(t)b-'(t). 

Sei a ein willkiirliches Element von 6; dann ist 


@ = C(t)” +++ Crete)” » 


WO 1, --+,¥q gewisse der Zahlen 1,---, (evtl. mit Wiederholungen) sind. 
Der analytische Bogen 


a(t) = cy,(tt)~ «++ Cyg(tta)™ (0 sts 1) 
verbindet 7 mit ain §. Fiir festes ¢ ist 
b(r) = a(t) ‘a(r + 2) (-t<7rs1-2 


ein analytischer Bogen in §; nach der Definition von § gehért sein Tangen- 
tialvektor fiir r = 0 zu ©. Also gehért a’(t) (das ist namlich der Tangential- 
vektor von a(r + ¢) fiir r = 0) zu a(t). Sei ho die von § erzeugte (Liesche) 
Gruppe; nun beriihrt a(¢) in jedem seiner Punkte die Nebengruppe a(t) , liegt 
also nach 6 ganz in einer Nebengruppe, und da a(0) = 1 ist, ganz in hy. Also 
ist a = a(1) eh). Daa beliebig in § war, haben wir 


(1) hC bo. 


Sei nun X,,---,X, eine Basis von §; definitionsgemif existieren ) 
analytische Bégen a,(t) mit den Hauptteilen X, : 


a,(t) = t?°X, +.--. 
In a,(t) fiihren wir als neuen Parameter s = ¢”’ ein, 


a,(t) = b,(s); 
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b,(s) ist stetig differenzierbar und sein Tangentialvektor fiir s = 0 ist X,. Die 
Menge der 


bi (81) 7, Ue b,(8,) 


ist in b enthalten und tiberdeckt nach 4 eine Umgebung von / in }). Also 
enthalt ) eine Umgebung von 7 in ho, also ganz hh : 


(2) b > b. 
Also ((1) und (2)) ist § = bo Liesch, w.z.b.w. 


8. Satz 1: In der Untergruppe e der Lieschen Gruppe g set jedes Element 
analytisch verbindbar mit 1. Dann ist e Liesch. 

BeweEts: f sei Liesche Untergruppe maximaler Dimension von e; X;, --- , X, 
sei eine Basis der Infinitesimalgruppe von f. Sei a beliebig in e; nach Voraus- 
setzung existiert ein analytischer Bogen a(t) (0 S ¢t S 1) mit a(0) = 1, a(1) = a. 
Nach 7 erzeugen a(t) und exp (tX,) (v = 1,---,p) zusammen eine Liesche 
Untergruppe von g, die wegen der Maximalitit (s.o.) gleich f ist. Also ist 
aef, alsoe C f, also e = f Liesch, w.z.b.w. 


9, ANWENDUNGEN VON Satz 1: 

1. Sei £ Teilmenge der Lieschen Gruppe g; sei § eine Teilmenge von g, die 1 
enthalt, und in der jedes Element mit 7 analytisch verbindbar sei (z.B. eine 
Liesche Untergruppe von g). Die von den Kommutatoren kh ‘kh (mit k ef 
und h eh) erzeugte Gruppe e ist Liesch.—Denn ein Kommutator k'h™'kh ist 
mit 1 durch k“h(t)"kh(t)~ analytisch verbindbar, wenn h(t) eine analytische 
Verbindung ven 1 mit h ist; ist e € ¢, so ist e = e; --- eg , wo die e, von der Gestalt 
kh "kh sind; ist e, durch e,(¢) mit 1 verbindbar, so auch e durch e;(t) --+ eg(t). 
Die Voraussetzungen von Satz I sind also erfiillt. 

2. Ein Normalteiler e der Lieschen Gruppe g, der mit seiner Kommutator- 
gruppe identisch ist, ist Liesch.—Man setze naimlich in 9.1: 5 = g, f = e. 

3. Ein Normalteiler e der Lieschen Gruppe g, der nicht ganz im Zentrum von 
§ liegt, enthalt eine Liesche Untergruppe positiver Dimension.—Ist a ¢e, aber 
a nicht im Zentrum von gq, so ist die von den g a ‘ga (g €g) erzeugte Gruppe 
von positiver Dimension und nach Satz I (auch bereits nach 7) Liesch. 

4. Ist die Liesche Gruppe g einfach im Kleinen, so liegen alle ihre Normal- 
teiler (*g) in ihrem (notwendig diskreten) Zentrum.’—Ware namlich e ein 
Normalteiler, der nicht ganz im Zentrum lage, so wire, wie aus Hauptsatz I 
leicht folgt, die maximale Liesche Untergruppe f von e ebenfalls Normalteiler 
von g und nach 9.3 von positiver Dimension, was der Einfachheit im Kleinen 
Widerspricht. 

5. Man kann 9.4 auf im Kleinen halbeinfache Gruppen ausdehnen. 


* Verallgemeinerung eines Satzes von v. d. Waerden, a. a. O.,? 784, fir kompakte 
Gruppen. 
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10. Wir erwihnen fiir spétere Anwendungen den Satz: Bei einer abgeschlos- 
senen Untergruppe einer Lieschen Gruppe ist die Menge der Komponenten 
(abzaihlbar) diskret und die Komponente von z eine Liesche Gruppe.° 


Vorbereitungen—halbeinfache Gruppen’ 


11. 1. Rang | von © nennt man bekanntlich die Zahl der algebraisch un- 
abhangigen Wurzeln der Elemente von &. Bei einer halbeinfachen Gruppe ist 
der Rang gleich der Zahl der identisch verschwindenden Wurzeln. Regular 
hei®t ein Element von G, das nicht mehr als 1 verschwindende Wurzeln besitzt. 
Reguldre Untergruppe der halbeinfachen Gruppe © heif®t die Gruppe § aller 
mit einem reguliren Element vertauschbaren Elemente; auch die von einem 
regularen  erzeugte endliche Gruppe b wird regular genannt. 

In Bezug auf eine regulire Untergruppe § (Elemente H) kann man eine 
halbeinfache Gruppe bekanntlich auf folgende einfache Gestalt bringen: 


[H, FE.) = ak, 
[E. , Ha] = Ha, 
[E., Es) = Na,pEa+e(falls a + B ¥ 0). 
Die a, 8, --- sind dabei lineare Funktionale von §, die ““Wurzelformen’” von G 


in bezug auf (die man auch als kontravariante Vektoren im Raume der H 
auffassen kann). Mit a ist auch —a Wurzelform; unter den Wurzelformen gibt 
es | linear unabhingige. 

2. Wir setzen im Folgenden © und § stets als reell voraus, gehen aber, wo es 
noétig ist, ohneweiteres ins Komplexe iiber. Dann tritt mit a auch @ (das 
konjugiert komplexe Funktional) als Wurzelform auf; wir wahlen EF, und E; so, 
dai sie konjugiert komplex sind. 

Wegen der Halbeinfachheit ist die quadratische Form 


¢g(T, T) = Spur der Abbildung X — [7[TX]] 
=LDrt+ UN? (T=H+) 7E,) 
(Summen iiber alle Wurzelformen erstrecken!) bekanntlich nicht entartet. 
N, = Spur der Abbildung X — [E_,[#,X]], also N; = N,. Die Normierung’ 





¢E. Cartan, La théorie des groupes finis et continus et l’analysis situs [Mémorial se. 
math. XLII], p. 24. 

7 Siehe hierzu: E. Cartan, Sur la structure des groupes de transformations finis et con- 
tinus [Thése, Paris 1894]—H. Weyl, Theorie der Darstellungen kontinuierlicher halbein- 
facher Gruppen durch lineare Transformationen [Math. Zeitschr. 28(1925), 271-309; a4 
(1926), 328-395], insb. Kap. II1I.—Wir richten uns hier nach B. L. v. d. Waerden, Die 
Klassifikation der einfachen Lieschen Gruppen [Math. Zeitschr. 37(1933), 446-462). 

8 Im Interesse der Deutlichkeit unterscheiden wir zwischen den Wurzeln—das sind die 
charakteristischen Wurzeln der Matrices der adjungierten Gruppe, entweder fiir ein ein- 
zelnes Element oder als Funktionen auf der ganzen Gruppe—und den Wurzelformen—das 
sind die Wurzeln, als lineare Funktionen auf  definiert. 

* Siehe v. d. Waerden, a. a. O.,7 447. 
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N, = —1 la&t sich daher so durchfithren, daS Z, und E; konjugiert komplex 


bleiben. 
Diese Normierung hat zur Folge, da H, linear von p abhingt. Ist 


A= Li Pop 


eine lineare Kombination von Wurzelformen, so kénnen wir dann widerspruchslos 
definieren 


Ay = > pH; 
r) 


alle Elemente von § lassen sich auf diese (fiir uns recht bequeme) Weise 
darstellen. 
Wir haben nun 


[H,E,] = —(0, JE, ; 


—(p, \) ist der Wert des Funktionals p fiir den Vektor H,. Hier ist (A, u) 
nichts Anderes als die zu der quadratischen Form Q(H) , Hy) = >> p’ gehérige 
symmetrische Bilinearform. 

Da mit p auch p Wurzelform ist, ist die Bilinearform (A, u) reell (d.h. reell 
fiir reelle Argumente). Die quadratische Form (A, A) ist im Allgemeinen nicht 
definit; trotzdem werden wir (mit der nétigen Vorsicht) Bezeichnungen wie 
orthogonal (in Bezug auf diese quadratische Form) gebrauchen; ein Vektor 
Hy, ¥ 0 mit (A, A) = 0 hei®t isotrop; die H, , fiir die p eine Wurzelform ist, kénnen 
nie isotrop sein, fiir Wurzelformen p gilt: (p, p) < 0. 


3. Mit a und B ist auch a — 2 (a, 8) 8B Wurzelform; die 2 (a, 6) sind ganz. Mit 


(8, B) (6, B) 
a,8 und a + k@ ist auch a + k’B Wurzelform fiir 0 < k’ S k. 


12. Eine halbeinfache Gruppe ist bekanntlich dann und nur dann komplex 
einfach, wenn sich je zwei Wurzelformen a, 8 durch eine “‘Kette” 


a= a, G2, °***,Qp, Apu = B 
von Wurzelformen verbinden lassen, 
(a, , Qui) ¥ 0. 


Wir behaupten: 
Ist © halbeinfach und komplex einfach, und sind a, 6 Wurzelformen mit 
(a, 8) ¥ 0, so existiert eine Wurzelform y mit 


(a,y) #0, (8,7) #0. 


’, . . . . . . . oe 
Zum Beweise nehmen wir an, obige Kette sei minimal; wir miissen dann 
zeigen, dai p = 2ist. Wir diirfen weiter annehmen 


(ay, O41) 


<0 fiir alle pv 
(41, y +1) 
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(andernfalls ersetzen wir gewisse Wurzelformen durch ihre negativen). Aus der 





: i} 
| Minimalitat folgt 
al (a, a) = Ofir|y —»v|>1. 
Wee q 
ia Sei bereits fiir ein g < p bewiesen, dai ) x a, entweder Wurzelform oder 0 ist; 
Se) y==2 
q+1 
wir beweisen dasselbe fiir z. a,. Inder Tat ist 
} ' y=? 
4 a, 
if (> : cu) Dec (az, g41) . 
= < 0; 
(q41 ’ Oq+1) (@g41 ’ Oq+1) 


q q 
ist - i a, Wurzelform und # —a 1, so ist nach 11.3 > a, + 41 Wurzelform; 
p==2 


y=? 





} q q qd 
ist >> a, = —agir, 80 ist Dy a + agi: = 0; ist schlieBlich > a, = 0, so ist 
y=2 y=2 van? 
ii) q 
i, D> a + ag41 = O41, also Wurzelform. Damit ist die Induktionsbehauptung 
4 ; } y=? 
ie Ue bewiesen. 
7 i fi 


p 
Aus ihr folgt: y = >> a, ist Wurzelform oder 0. 
y=2 





Ht ee i} A (a, Y) taal (a , Y) ” (a ’ a2) ¥ 0, (B, Y) 7 (p41 ’ 7) én (p41 ’ ap) ¥ 0. 


+ ist demnach die gesuchte Wurzelform. 





13. Aus dem Vorigen folgt: Ist © halbeinfach und komplex einfach, so sind 
alle Zahlen (a, 8) (a, 8 Wurzelformen) rationale Vielfache einer unter ihnen. 





ae 44. § sei eine p-dim. abelsche Untergruppe der halbeinfachen Gruppe §; 
BERR ferner sei § von keiner gréSeren Untergruppe von © Normalteiler. Dann ist 
Rate regular. 

Brewers: Nach Voraussetzung gilt fiir jedes X ¢ G mit 


[HX] ¢ $ fiir alle He 





notwendig 

Xe. 
Wir kénnen daher © auf die Gestalt 
[HE.| = aE, 
[HE‘] = aE. mod E, 






[E.E_-leS 
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bringen, wo die a die nichtverschwindenden Wurzelformen sind. Aus der 
Tatsache, dafZ die Spur von 
Cee 


X — [T[TX]} 


eine nichtentartete quadratische Form ist, schlieSt man wie tiblich, da® >> p° 
nicht ausgeartet ist, und da es genau p linear unabhingige Wurzelformen gibt, 
also p S 1 (denn die Wurzeln sind Funktionen auf ganz @, die Wurzelformen 
nur auf , und fiir die (linearen) Wurzelformen fallen lineare und algebraische 
Abhangigkeit zusammen; siehe auch 11.1). Andererseits ist p definitionsgemai} 
auch die Zahl der verschwindenden Wurzelformen, also p 2 Il. Demnach 
p = l; jedes geniigend allgemeine Element von © ist also regulir, und da 
sicher maximal abelsch ist, ist auch § regular. 


15. Eine Teilmenge der Wurzelformen der halbeinfachen Gruppe nennen wir 
geschlossen, wenn sie mit a auch —a enthalt und mit a und 8 auch a + 8, falls 
das eine Wurzelform ist. 

Sei P eine geschlossene Menge von Wurzelformen und 


o= >) Pop 
p 


eine lineare Kombination aus P, die auf ganz P orthogonal sei. Dann ist ¢ = 0- 
BeweEIs: Die obige Darstellung von ¢ sei so gewahlt, da® >> | p, | minimal 
positiv ist. Es gebe ein pz mit pa ¥ 0. 


(a, «) = >) pp(a, p). 
Wegen (a, c) = 0 und p,(a, a) ~ 0 gibt es ein 6(# — a) mit 
sgn Pala, a) = —sgn Dela, 8), 





Sei sgn p, = sgn pg. Dann ist sgn 2 z < 0, also nach 11.3 8 + a Wurzelform 
’ 
eP. 


°= Vi pptatBt (at 8B) = > G00; 
qa = Pa + 1, Gs = Pp + 1, dais = Pars + 1 





(untere Zeichen fiir py > 0, obere fiir pa < 0). Das ist eine neue Darstellung 
fiir o, und es ist }° | g,| < 0 | p,|. Das ist ein Widerspruch zur Minimalitat. 
Analog schlieSt man bei sgn pa = —Sgn Pp . 


16. Sei P eine geschlossene Menge von Wurzelformen und S das System aller 
linearen Relationen in P. Dann bilden die Relationen der Form 

(*) a+Bp=0 und a+6+y7=0 

aus S ein Erzeugendensystem fiir S. (a, 8, y €P.) 
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BeweE!s: Das von (*) erzeugte Relationensystem heife S*. Ist S* ¥ S, 59 
wahlen wir die Relation 
iz Ppp = 0 


in S, aber nicht in S*, so da >> | p, | minimal ist. Wir schlieSen dann wértlich 
wie oben auf die Existenz einer Relation 


Dae = 0 


in S, aber nicht in S*, mit 


Dlg! < LU Pel, 


also auf einen Widerspruch. 


17. Die Untergruppe € der halbeinfachen Gruppe @ sei von einer Menge von 
Paaren EF, , E_. aus © erzeugt. Dann ist € halbeinfach und En © regulire 
Untergruppe von G&. 

BeweEts: Ein Erzeugendensystem von € besteht aus den E, , E_., Ha, wo a 
eine geschlossene Menge A durchlauft. Man berechne (7, T) fiir die Gruppe 
€. DaN, ein positives Vielfaches von (a, a) ¥ 0 ist (siehe Weyl, a.a.0., 8.366), 
brauchen wir uns nur um >> p’ zu kiimmern, um zu beweisen, daf (7, 7’) nicht 
ausgeartet ist. Fiir >> p folgt das aber nun aus 15, da danach kein von A 
abhangiger Vektor auf ganz A senkrecht steht. 


Rein gruppentheoretische Definition der reguliren Untergruppen 
Im Grofen werden wir die halbeinfachen Gruppen jetzt immer als zentrumfrei 
voraussetzen. 


18. h sei regulire Untergruppe der halbeinfachen Gruppe g, )* sei die maximal- 
abelsche Untergruppe von g die } enthalt. Dann ist */ endlich.” 
BewEIs: Sei ae h*. Jer Automorphismus 


A..-2—-a ‘2a 


la8t h elementweise fest. A ist auch ein (reeller) Automorphismus fiir die 
komplexe Infinitesimalgruppe G von g: 


[H, E.] = ak. , [H, AE.] = aAE,, also AE, = vale . 

(1) (E.,£.J=H., [AEB.,AE.J]=H., also nv. = 1. 
2) [E., Es) = NapEa+s, [AEa, AEs] = NasAEa+g, also vag = Va+s, falls 
a + 6 Wurzelform. 





10 In 18 und 19 befinden wir uns auf den Fufspuren von F. Gantmakher, Canonical 
representations of automorphisms of a complex semi-simple group [Recueil Math. Moscou 
5(47) (1939), 101-146], insb. 128, 129. Da wir mehr mit dem Reellen rechnen miissen, 
verfahren wir in 18 ein biSchen anders als Gantmakher. Die Resultate von Gantmakher 
gehen (im Komplexen) weiter als unsere in 18 und 19; doch spielt das fiir unsere Unter- 
suchungen keine Rolle. 








= §, so 


vOrtlich 


ge von 
egulare 


, WO a 
xruppe 
5.366), 
) nicht 
von A 


umfrei 


ximal- 


ir die 


, falls 


form. 


onical 
[oscou 
iissen, 
jakher 
Jnter- 


TOPOLOGIE ALS ALGEBRAISCHES PHANOMEN 1061 


(3) vaBe = vas = ABz = AE, = AE, = Ey = daha, also ve = Va. 


(1) und (2) kann man auch so interpretieren: ista +8 =Obzw. a+8+y=0 
eine Relation zwischen Wurzelformen, so ist vavg = 1 bzw. vevgvy = 1. Nach 
16 folgt hieraus: 


ist >> ppp = 0, so ist [] v?* = 1 (p, ganz). 
p p 


Auf grund dessen kénnen wir fiir eine beliebige lineare Kombination 


c= >) Gp (q, ganz) 
p 


der Wurzelformen eindeutig definieren 
¥e = Il ve. 
p 
Diese « besitzen eine Basis (fiir ganzzahlige lineare Kombination) 0, --- , 7. 
Definieren wir 


3., = log »%, (irgendein Wert des log) 
und d= Dor, logy, fir o = > nox! 


Dann ist 3, linear in den o und fiir Wurzelformen a 
e’@ = Va- 
Wir definieren weiter 
te = 4(8, + 95). 
Dann ist auch 7, linear in o, reell fiir reelle « und 
ee = yy =v, ewm= ty. 
Bestimmen wir H = H; so, da® 
— (tc) = 1% 
wird, so ist H reell und erzeugt h = exp H einen reellen Automorphismus 
B..-2—h'zh 
mit 
hEah = exp (na)+Eo = + vale. 
Der Automorphismus AB™ von g lat 6 elementweise fest und macht 


ABE, = +E. 


Es gibt nur endlich viel derartige Automorphismen (entsprechend der Zeichen- 
wahl). Da g zentrumfrei, a beliebig in }* und h ¢ b ist, besitzt also § in 5* nur 
endlich viel Nebengruppen, w.z.b.w. 
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19. h sei regulire Untergruppe der halbeinfachen Gruppe 4g, 6’ sei die gréfte 
Untergruppe von g, in der h Normalteiler ist. Dann ist }’/ endlich. 
BeweEts: Sei ae6’. Der Automorphismus 


Ve) A++-2—-a@ za 

| 1a8t 6 als Ganzes fest. Wir setzen 

| AM, = Ha. 

i i A wirkt dann linear auf die. Fiir eine Wurzelform p gilt 

: | [H,E,] = —(e,A)E,, also [Ha,, AE,] = —(p, A)AE,. 

' Also permutiert A die Wurzelformen. Ist A die identische Permutation der 
Wurzelformen, so ist 

ee (p, AX) = (p, d) far alle p, 

. i also AX =}; 


dann lat A also 6 elementweise fest, und dann ist a ¢ h* (siehe 18). Da die 
. me hil Wurzelformen nur endlich viel Permutationen zulassen, besitzt §* in §’ nur 
ee bo i bit endlich viel Nebengruppen, also ist §’/§* endlich, also nach 18 auch b’/5. 


Fa i ‘ 20. 1. Ist } eine abelsche Gruppe, so sei h” die Gruppe aller h" mit h ¢h; der 
Sage Durchschnitt aller h” (n = 1, 2, ---) hei®t die Verkiirzung von b. 

| 2. Man zeigt leicht: Ist ) abelsch und ho , die Komponente von z in 5, Liesch, 

ee ist ferner }/ho eine Gruppe von endlich vielen Erzeugenden, so ist ho die Ver- 


















viel Erzeugende.—Sei 


‘ 
u cp ti i4 kiirzung von 5. 
Peay: 3. Seien a, 6, c Liesche Untergruppen der Lieschen abelschen Gruppe 5 und 
ie Hb Bs { %, B, C€ die zugehérigen Infinitesimalgruppen. Sei € = %m B. Dann ist ¢ 
¥ ane rf die Verkiirzung von an b. 
bits ! Brwets: Nach 20.2 brauchen wir nur zu zeigen: (an 6)/c besitzt endlich 






hean bd. 
Dann h = exp A, Ay € & (reell), 
(*) exp H,, H,, € B (reell) ; 


also 


("*) (p, A) = (p, uw) + ,-2n7 (nm, ganz) 


f 

fiir alle Wurzelformen p. Die Zahlen n, = n,(h) fassen wir zu einem “Vektor” 

n(h) zusammen. Der Vektor n(h) ist durch h nicht eindeutig bestimmt, sondern 

; nur mod m, der additiven Gruppe aller Vektoren n(z). Die n(h) mod m bilden, 

ES wie man leicht sieht, eine additive Darstellung der Gruppe a.n b. Ist n(h) = 9 
eee mod m, so kann man ) und y in (*) so bestimmen, daf n(h) = 0 wird; dann wird 

in (**) (p, A) = (p, u) fiir alle p, also = p, Ay = H,eAnB = Cundhee. 
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Also ist (a n 6)/e homomorphes Bild der (additiven) Gruppe der n(h) mod m, 
also sicher eine Gruppe von endlich vielen Erzeugenden, w.z.b.w. 


21. Folgender Satz definiert rein gruppentheoretisch die regulairen Unter- 
gruppen: 

Sarz 2: h ist dann und nur dann reguldre Untergruppe der halbeinfachen Gruppe 
g, wenn gilt: 

1. 6 ist abelsch; 

2. h ist seine eigene Verkiirzung; 

3. bh ist maximal in bezug auf 1 und 2 zusammen; 

4. ist o irgendein Normalteiler von § und h/bo abzihlbar, ist weiter b'(Cq) die 
grébte Gruppe, in der ho Normalteiler ist, so ist auch bh’ /}> abzdhibar. 

BeweEls: Sei § regular. Dann ist 1 trivial, 2 ist in 20.2 und 3 ist in 18 und 
20.2 enthalten. Nun zu 4: Sei /§ abzahlbar;.dann” ist ho = 6, also auch 
Normalteiler von 6’ und nach 19 ’/6 endlich, also b’/h abzihlbar, w.z.b.w. 

UmcekEnRT: Mégen Voraussetzungen 1-4 gelten. Sei aeh. Nach 10 
hiufen sich die Komponenten von § nicht; da aber a Haufungspunkt von } ist, 
gibt es cin v € b, das in derselben Komponente von § wie a liegt. Nennen wir die 
Komponente vons in § nun fy) , soist ba = ceho. Esista = be, alsoh Ch-bo. 
Andererseits h Ch, ho Ch, also h-H) Ch. Demnach § = §-ho. Da b nach 
Voraussetzung | abelsch ist, da ferner § nach Voraussetzung 2 und fp als Liesche 
abelsche Gruppe (siehe 20.2) seine eigene Verkiirzung ist, ist auch h = b-bo 
seine eigene Verkiirzung, also nach Voraussetzung 3: 6 = §. Also ist } ab- 
geschlossen. 

Sei wieder ho die Komponente vons in }. Dann ist bo Liesch und 5/bo abzahl- 
bar. Wenden wir auf dies }) nun Voraussetzung 4 an! Ist }) Normalteiler in 
h’, so mu 6’/ abzaihlbar sein. Insbesondere kann h nun nicht Normalteiler 
einer Lieschen Gruppe héherer Dimension sein, ist also nach 14 regulér. Nach 
18 (mit ho statt h und § statt §*) und 20.2 ist ho die Verkiirzung von }, also nach 
Voraussetzung 2: ho = 6. Also ist § regular, w.z.b.w. 


Definition weiterer Untergruppen 
Eine feste regulire Untergruppe ) werde zugrunde gelegt. 


22. 1. eg baw. ©, heifSe die von FE, und FE; erzeugte (reelle) Untergruppe von 
g baw. G. Ist A eine Menge von Wurzelformen, so heife eg baw. €, die von 
der Gesamtheit der e, baw. ©, mit aeA erzeugte Untergruppe. Die Menge 
aller ©, hei®e €, die Menge aller ¢. heife ¢e (a variabel). 

2. Seie ee und & die zugehérige Infinitesimalgruppe, sei A die Menge aller a 
mit E,¢€ und A* die Menge aller von A abhangigen Wurzelformen. Wir 
definieren e* = e,+ (e* hangt von e ab); die Infinitesimalgruppe von e* heife &*. 
Nach 17 ist €* halbeinfach und G* q  regulire Untergruppe von @*. 


11 Die Uberstreichung bedeutet im Augenblick den Ubergang zur abgeschlossenen Hiille. 
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3. Sei A wie in 2 definiert. Die von den H, mit a ¢ A erzeugte (reelle) Gruppe 
hei®e b., die zugehérige Infinitesimalgruppe .. Man bemerkt ohneweiteres: 
be as Dee , 

4. Sei A wie in 2 definiert. Die von den auf A senkrechten H, erzeugte Gruppe 
heiSe h', die zugehdrige Infinitesimalgruppe $*. Man sieht ohneweiteres: 
b' = h°. Ferner: S‘ und §, sind orthogonale Komplemente voneinander. 


23. Folgender Satz definiert rein gruppentheoretisch die in 22 eingefiihrten 
Untergruppen. 

Satz 3: 1. Die Untergruppe e der halbeinfachen Gruppe g gehért dann und nur 
dann zu t, wenn e erzeugt wird von den Kommutatoren e'h'eh mit e €e und heb. 

2. e* ist die grékte Gruppe aus e mit h 1 6°. 

3. be entsteht durch Verkiirzung aus e* n b. 

4. b° entsteht durch Verktirzung aus der Gruppe (b‘)’ aller heb mit he = eh 
fiir alle e €e. 

Durch Satz 2 ist § abstrakt definiert, Satz 3.1 definiert die Gesamtheit der 
e ee abstrakt, Satz 3.4 definiert dann abstrakt zu jedem e das §*, Satz 3.2 definiert 
abstrakt e* unter Verwendung von 5‘, und schlieSlich wird durch Satz 3.3 5, 
aus e* und b definiert. 


24. Wir erbringen den Beweis von Satz 3 in der Reihenfolge 1, 4, 2, 3. 

1. “Dann”: Nach Anwendung 1 von Satz I (siehe 9) ist e Liesch. Sei € die 
zugehoérige Infinitesimalgruppe; dann ist [HX] e € fiir alle He S und X « €. 
Schreiben wir nach 11.1 


X=H+ t t Ea, 
so erhalten wir 
[H,X] = —)>> r*(ad) Ea € &. 


Hieraus und aus der Realitét von € erschlieSt man leicht, da € von einer 
Menge von E, , Ez erzeugt wird. 

“Nur dann”: Wird & von einer Menge von E,, Ex erzeugt, so ist es reell und 
so gilt [HE] « €fiiralle#He ©. Daraus folgt die Behauptung. 

4. Da b abelsch ist, existiert zu jedem h € ein Hy e S mit h = exp My. Es 
gilt 

h"E,h = exp (—(Aa))- Ey. 
h ¢ (6°)’ ist also dquivalent mit 
exp (—(Aa)) = 1 

oder 


(*) (Aa) = 0 mod 2m 
fiir alle a ¢ A (Def. von A, siehe 22.2). 
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Sei & die Gruppe aller (reellen) Hy mit 
(Aw) = 0 fiir alle wae A. 
Dann ist nach Definition (22.4) 
(*) R= 9 
Nach (*) erzeugt & die Gruppe 
f = Komponente von 7 in (5*)’ 


und ist (b‘)’/f zyklisch. Nach 20.2 ist die Verkiirzung von (6‘)’ gleich f, ferner 
ist nach (**) £ = 5°, also h die Verkiirzung von (b‘)’, w.z.b.w. 

2. Die Behauptung ergibt sich auf grund des Vorangehenden unmittelbar aus 
der Tatsache, dai 


(ad) = 0 fiir alleaeA 
und 
(ad) = 0 fiir alle a ¢ A* 


iquivalente Behauptungen sind. 

3. Wir setzen f = e* m 6; fo sei die Komponente von 1 in f, R die zugehdérige 
Infinitesimalgruppe. & wird erzeugt von den H, = [E,, E_«] mit E, « &, 
also®R = O» = §G,, also 


f, = b.. 


Nach 22.2 (Ende) ist fy regulire Untergruppe der halbeinfachen Gruppe e*, 
f > f,, f ist abelsch, also ist f/f nach 18 endlich, also nach 20.2 f) (=b,) die 
Verkiirzung von f, w.z.b.w. 


Die ausgezeichneten Untergruppen von } 


25. 1 sei die kleinste Menge von Untergruppen von § mit der folgenden 
Kigenschaft: 

l. A gnthalt jedes §, und jedes §‘ mit ¢ ee. 

2. #A enthalt mit je zwei Gruppen ihren Durchschnitt und die von ihnen 
erzeugte Gruppe. 

Von selber gilt dann nach 22.4 (und weil Durchschnitt und Erzeugung or- 
thogonal-komplementiare Operationen sind): 

3. fA enthalt mit irgendeiner Gruppe auch ihr orthogonales Komplement. 

¢. war die von E, und FE, erzeugte Gruppe. Statt 5‘* bzw. ., wollen wir 
kurz $* baw. 2 schreiben. Analog ba, 5°. Ga wird erzeugt von H, und 
Hz. Allgemeiner sei (bei beliebigem \) , die von H, und Hx erzeugte Gruppe; 
ferner §* das orthogonale Komplement von §,. Analog }, p*. 

Wir werden in Zukunft haufig die Falle unterscheiden: 

A reell (d.h. rein reell), 

\ imaginar (d.h. rein imaginar), 
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\ komplex (d.h. weder rein reell, noch rein imaginar). 

In den beiden ersten Fallen ist $, eindimensional, im dritten Fall zweidimen- 
sional (entsprechend §* (n — 1)- oder (n — 2)-dimensional). 

Wir bemerken schlieflich: 

4. Enthalt # eine gewisse nichtisotrope (11.2) eindimensionale Untergruppe 
©, von §,., so enthalt es auch noch eine zweite eindimensionale Untergruppe 
©, von , (nimlich das orthogonale Komplement von §, schneidet ©, in einer 
solchen: » = pa + pa, (A, u) = 0, also wegen der Nichtisotropie \ ¥ u). 


26. Die Menge m (von Untergruppen von 6) sei folgendermafien definiert: 
f em dann und nur dann, wenn f die von einer Gruppe & ¢ (fl erzeugte Liesche 
Gruppe ist. 

m ist dann auch die kleinste Menge von Untergruppen von 5 mit der fol- 
genden Eingenschaft: 

1. m enthalt jedes h, und jedes bh‘ mit ¢ ee. 

2. m enthalt mit je zwei Gruppen die Verkiirzung ihres Durchschnitts und 
die von ihnen erzeugte Gruppe. Um das einzusehen, beachte man 20.3. 

Nach Satz 3 konnten wir die §, und 5‘ rein gruppentheoretisch definieren. 
Somit ist auch die Menge m (als Funktion von 6 natiirlich) rein gruppen- 
theoretisch definiert. 


27. Satz 4: Sei g halbeinfach und von zweiter Art. Dann gilt: 1. Ist die Gruppe 
h. eine minimale” Gruppe aus der Menge m, so ist h, gleich einem a und a reelle 
oder imagindre Wurzelform. 2. Sind alle Wurzelformen komplex, so gibt es 
Wurzelformen a und B, die auch gleich sein kénnen, derart daB Hara und bss Ele- 
mente von m sind. 

BeweEts: Daf} ein minimales §, ein 6, ist, ist klar. 
plex, fiihren wir zum Widerspruch. 

Klar ist, da® 


Die Annahme, a sei kom- 


(a, &) = 0 
sein miifte, da sonst nach 11.3 entweder a + & oder a — & Wurzelform, also 
ho+a Oder haz in m, also ), nicht minimal ware. ° 


Voraussetzungsgema& ist g komplex-einfach, also gibt es nach 12 eine Wurzel- 
form 6 mit 
(a, 8) #0, (&, B) #0. 
Dann ist auch 
(&,8) #0, (a, 8) #0. 


Wir unterscheiden drei Fille: 
A: 8 ist reell oder imaginar.—Wegen (a, 8) ¥ 0 ist S_ nicht senkrecht aul 
Hz , also (siehe 22.4, Ende) © € §*. Daferner 6° (1 — 1)-dim. ist, ist SH2n 9 





12 Natirlich minimal bei Vernachlassigung der Gruppe (J). 
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eindimensional, also eine zu ## gehdrige echte Untergruppe von §,. Wider- 
spruch zur Minimalitat von }, ! 

B: 8 ist komplex und 


(8, 8) # 0. 


Nach 11.3 ist etwa 
y¥=6+8 


Wurzelform (denn Fall, da&B 8 — 8 Wurzelform ist, behandelt man ganz analog), 
also ,¢€ #4. Als Wurzelvektor ist H, nichtisotrop, also existiert nach 24.4 
noch ein ; « fl, DH C He, HD ~* Hy (6 braucht nicht Wurzelform zu sein). 
§, und §; erzeugen zusammen §g , und da (a, 8) ¥ 0 war, kénnen nicht beide 
auf §, senkrecht sein. Es gibt demnach ein eindimensionales §, (« = y oder 4) 
in fA, das nicht auf §, senkrecht ist. Das orthogonale Komplement $* von §, 
gehért nach 25.3 zu #A und schneidet , eindimensional. 5‘ n OH. ¢ M im 
Widerspruch zur Minimalitaét von 5, ! 
C: 8 ist komplex und 


(8, B) = 0. 


Wegen (a, 8) ¥ 0 ist a + 8B oder a — 8 Wurzelform. Wir diirfen annehmen, 
a + 6 (sonst ersetzen wir 8 durch —8). 
Wegen (a, &) = 0 haben wir 


(a + B, &) = (8, &) #0. 


Also ist a + 8 + & Wurzelform (+ ist im Folgenden als “+ oder —” zu lesen). 


Wir unterscheiden zwei Unterfalle: 
I. Sei 


(a+ B+ &, B) = 0 
Dann (wegen (6, 8) = 0): 


. (a + &, B) = 0, 
(a + &, 6) = 0. 
Also (22.4, Ende) 
S° PD Hasa. 
Andererseits wegen (a, 8) ¥ 0 
SD Ga. 
Zusammen: 
(CI, 1) ©’ n Ga = Dasa € MA. 


Widerspruch zur Minimalitat von ba . 
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Wir schlieSen aber noch weiter, falls alle Wurzelformen komplex sind: 
(a + 8B, a + 8) = 0, also (a, 8) = —(&, 8B). Einsetzen in (*) liefert: 


(a, 8 + B) = 0, 
(&, 8 + B) = 0. 
Hieraus schlieSt man wie vorhin: 
(CI, 2) S* n Os = Hers « M. 


II. Sei nun 
(a+ B+ a, B) #0. 
Dann hat man vier Méglichkeiten: 
a) a+tB+a+ 8B Wurzelform 
b) at B+ 
atp—-a—-p ” ” 
b)at+@7-a+h ” ”. 


Wir behandeln nur a und b, da a’ und b’ genauso verlaufen. 

a)y=a+t+a+ 6+ B ist (reelle) Wurzelform. $, C Hays, also existiert 
nach 25.4 noch ein §; «MM, H SC Has, BD ~ Hy. Hy und H; erzeugen 
zusammen $43, und da (a + 8, &) = (8, &) # O war, kénnen nicht beide 
auf ©, senkrecht sein. Sind §’ und §° die orthogonalen Komplemente, so gilt 
demnach 


Qi 
| 
Wi 


S’) H. oder HH Su, 


also ist 6’ n S. oder $n Sq eindimensional und in MM (siehe 25.4) im Wider- 
spruch zur Minimalitaét von h, . 

b) y=a+t+a+6-— Bist Wurzelform, 2Ra = Ry, 2498 = Sy. Hyn Sa = 
Dara € Ml, H, n Hs = Hsp ¢ HM.—Widerspruch zur Minimalitat von }.. 

Damit ist die erste Halfte des Satzes bewiesen. Die Voraussetzung der 
zweiten Halfte (alle Wurzelformen komplex) hat auch wieder (a, &) = 0 aur 
Folge; sie hat weiter zur Folge, da& wir uns in den Fallen CI oder Clb befinden 
—in beiden Fallen haben wir aber die zweite Behauptung bereits bewiesen 
(siehe die Formeln CI, 1 und CI, 2 und die Formeln in CIIb). 


28. Ist 


(a, &) = 0, 


so ist 
[H,, E.,] = EF’, (8 reell), 
falls 
E.=EF.t+Es, H,=HatHsz, 8% = (a,2). 


ist. 
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Rein gruppentheoretische Definition kompakter Untergruppenkeime 


99. Satz 5: g set halbeinfach von zweiter Art. Man wahle, wenn médglich, ein 
h’ = bh, so daB es minimal in m ist, und dabei e €€ (auch e’ genannt) so, dak es 
auch minimal ist. Ist das nicht méglich, so wihle man e €t und eine in M mini- 
male Untergruppe b’ von }., so da8 gilt: 

1. e ist minimal ; 

2. es gibt eine echte Untergruppe e’ ¥ (1) von e, derart da’ die Kommutatoren 
hehe (h eb’, e ee’) die Gruppe e’ erzeugen. 

Diese Wahl ist méglich, und es gilt weiter: 

A. Entweder ist b’ eine kompakte Gruppe. 

B. Oder b’ ist nicht kompakt, 


b’ = (exp tH’), ~—e’ = (exp EF’), 
[H’E’] = dE’ (8 reell). 


Die beiden Faille sind noch abstrakt dadurch unterschieden, dab in A b’ Elemente 
endlicher Ordnung besitzt, in B nicht. 


30. BewrIs von Satz 5: Sind nicht alle Wurzelformen komplex, so ist 6’ 
wegen der Minimalitét und nach Satz 4 ein 6. mit reellem oder imaginérem a; 
e’ = ¢ oder e_.. Ist @ reell, so befinden wir uns im Fall B, 8 = (a, a). Seia 
imaginaér. Dann wird e, erzeugt von £,, EH... Eine Basis von G, ist E,, 
E_., Ha, und es gilt 


[Z. , Ea] = Ha, 
also nach Ubergang zum Konjugierten 

[E_., E.] = Ha, 
also H, = —H,, also H. imaginair. Wegen (a, a) < 0 und 13 ist auch (a, 8) 
reell fiir alle Wurzelformen a, 8. Ferner ist 

H’ = iH, 
reell und 
bh’ = (exp tH’)¢ rent « 

In 


[H’Es] = —t(a, 8)Es 


sind wegen der Realitaét der (a, 8) die Koeffizienten —i(a, 8) imaginir. Also 
sind alle Wurzeln von H’ imaginar und rationale Vielfache voneinander, und 
demnach ist h’ kompakt (Fall A). 

Sind hingegen alle Wurzelformen komplex, so versagt nach Satz 4, 1 die erste 
Bestimmungsmethode fiir h’. Nach Satz 4, 2 und nach 28 ist die vorgeschriebene 
Wahl von §’ und e’ méglich. Sei diese Wahl irgendwie geschehen. Dann ist 
)’ eindimensional nach Satz 4, 1 und e’ Liesch nach Satz 1 und eindimensional 
als echte Untergruppe von e. Wir befinden uns somit wieder im F all B. 
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31. Sarz 6: Hin eindimensionaler kompakter Untergruppenkeim der halbein- 
fachen Gruppe zweiter Art g laBt sich rein gruppentheoretisch beschreiben. 
BescurersunG: Im Falle A sind wir nach Satz 5 bereits fertig —Fall B: 


[H’E’] = dF’, 
hy, = exp (; u’), es = exp (sH’), 


h.E'h,’ = (exp t)-E’ 
heh = @s.expt- 


Sei e,,(+ 1) beliebig in e’; die Menge aller h,e,,h7' nennen wir einen Strahl. 
Nach (*) gibt es in e’ nur die zwei Strahlen e,, 7 > 0, und e,,7 <0. Seis 
ein Strahl von e’, e,,€% und t der andere Strahl. 


U= BN Cz,ct 
ist die Menge aller e, mit s zwischen 0 und 9. 
uuu U (e,,) U (e,) U (1) 
ist also ein kompakter Keim von e’ und rein gruppentheoretisch beschrieben. 
Rein gruppentheoretische Beschreibung einer kompakten Umgebung der Eins 
32. Die Elemente 
Kos 4-4 (pr. > 1) 


moégen die r-parametrige Gruppe & erzeugen (Halbeinfachheit brauchen wir 
hier nicht vorauszusetzen). Man erweitere dies System zu einem System 


Bi, *** 5 me 5 *8* 5 ee 


2 
durch Hinzufiigung der Kommutatoren 

[X,Xo] (p, 0 S Mr); 
dies analog zu einem System 

Ki, +> ydkg } ob llge, Oe, ee 

durch Hinzufiigung der Kommutatoren 

[XX] (p, 0 & Pr); 
und fahre sofort. Dann gibt es ein u, das nur von r abhangt, derart daf 

ee 
eine Basis von © bilden. 
Man nehme nimlich u = p,_,;. Ist v so bestimmt, daf die 
Ky; +H, ¥e0 Rhy (Xv41) 








albein- 


trahl. 
Sei 8 


Eins 


> 1) 


wir 


Pi); 


»41) 
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von den 
Xi, -++,Xp, (X,) 
linear abhangen, so enthalt X, eine Basis von @. Sei v minimal. Dann liegt 
fiir y < vin 
Xi, Sit »Xyp,; Por »Xp,41 
mindestens ein linear unabhangiges Element mehr als in 
Xi LASS X», 4 


Da es in @ nurr unabhangige Elemente gibt, mu alsov < rsein. Somit reicht 
u = p,-1 in der Tat aus. 


33. Sarz 7: In der einfachen Gruppe zweiter Art q laébt sich eine kompakte 
Teilmenge U, die 1 als inneren Punkt enthdlt, rein gruppentheoretisch beschreiben. 

BESCHREIBUNG: f sei der kompakte eindimensionale Untergruppenkeim aus 
Satz 6. Wegen der Einfachheit von g kann man @), --- , a, so wahlen, dai 
die ebenfalls kompakten Keime 


ft, = a, fa, (» = 1,---,p) 
g erzeugen ; 
f, : k,(s) (0Ss 1). 
Zu den k,(s) fiige man die Kommutatorkurven 
kp(8) “ke(s) ‘kp(8)Ke(s) (p < 0), 
so dai das System 
k,(s), yaa » kp, (8), eae ky, (8) (pi - p) 


entsteht. So fahre man fort bis zum Index u aus 32. Nach 32 kommt unter 
den Hauptteilen von 


ki(s), ea ku(s) 
eine Basis von @ vor. Nach 4 enthalt die offenbar kompakte Menge 
U : ky(81) eee ku(Su) (0 ~" Sy — 1) 


eine Umgebung von 1, wie wir es wiinschten. 


Beweis des Hauptsatzes I 


34. Satz 8: In der einfachen Gruppe zweiter Art g lassen sich beliebig kleine 
kompakte Teilmengen V, die 1 als inneren Punkt enthalten, rein gruppentheoretisch 
beschreiben. 

BESCHREIBUNG: a sei beliebig ~ 1. U sei gemaf} Satz 7 gewahlt. 


V= U I] o'er'a"b,a)c,. 
b,e€U v=l 
cyeU 
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Wortlich wie bei v. d. Waerden, a.a.0.,’ 783-784, zeigt man, da® die (von a 
abhingenden) V die gewiinschten Eigenschaften besitzen. Nur verwendet man 
hier statt der Kompaktheit von g die von U (Satz 7). 


35. Der Satz 8 ist mit unserm Hauptsatz I aquivalent (siehe dazu auch v. d. 
Waerden, a.a.0.,” 784-785), wenn wir beide miteinander isomorphe Gruppen als 
von zweiter Art annehmen. Da die Einfachheit von selber ein rein gruppen- 
theoretischer Begriff ist, haben wir nur noch zu zeigen, dai auch die “zweite 
Art”? oder—was auf dasselbe hinauskommt—die “erste Art” rein gruppen- 
theoretisch zu beschreiben ist, um den Hauptsatz I ganz bewiesen zu haben. 
Das geschieht nun: 


Rein gruppentheoretische Beschreibung der “ersten” Art 


36. Satz 4’: Hine halbeinfache Gruppe ist dann und nur dann von erster Art, 
wenn fiir je zwet minimale Gruppen e und e’ aus & gilt: 

1) ¢ ist abelsch; 

2) e enthdli Elemente endlicher Ordnung; 

3) Verkirzung von he n 6° = (1) oder b ; 

4) Verkiirzung von he n be = (1) oder bh. . 

Bewets: “Nur dann”: Die Wurzelformen einer Gruppe erster Art zerfallen 
in zwei Systeme P und P. Ist a €P, so ist & ¢ P und umgekehrt; ist a, 6 €P, 
so ist (a, B) = 0. 

Sei g von erster Art. Jedes minimale e ist von der Gestalt e,. Das zuge- 
hérige ©, wird von EF, und Hz erzeugt. Wegen (a, &) = 0 ist [H.#a] = 0, also 
1 erfiillt. 

Seien a, p¢P. Man bilde 


K = i(@, &)Ha —i(a, a) ; 
aus (a, p) = (&, p) = 0 folgt 

[KE,] = —1(&, &)(a, p)E, , 

[KE;] = (a, a)(&, p)H; . 


Aus 11.3 und (a, a) = (&, &) < 0 schlieSt man, da® die Koeffizienten rechts 
(fiir alle pe P), d.h. die Wurzeln von K, rein imaginar und rationale Vielfache 
voneinander sind. Die von K erzeugte Untergruppe f von ), ist also kompakt, 
und daraus folgt 2. 


e¢=¢.,e’ =e. Sei Hye San S*. Dann 
A= pa + pa, (A, 8) = 0, 
also wegen (a, 8) = 0 
p(a, 8) = 0. 


Also entweder (a, 8) = 0 und dann §, senkrecht auf S,; und 9. n g° = Gu. 
Oder p = 0, p = 0, A = O und dann Sn HS = (0). Also gilt 3 (siehe 20.3). 
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Wir betrachten nun Aye San Hz. 
A= pa + pa = 98 + 9B 
“Multiplikation” mit p liefert: 


p(ap) = g(Bp) _fiir alle p, 
also 
pa = gf. 


Also entweder p = q = 0, A = O und dann OH. n Hs = (0). Oder p # 0 und 
dann 2 = Hs. Also gilt 4 (siehe 20.3). 

‘Dann’: Wegen Voraussetzung 1 kann das a@ eines minimalen e, nicht 
imaginar sein ((H,#_.| ist doch = H,), wegen Voraussetzung 2 kann es nicht 
reell sein (€, ist dann offen); also ist fiir ein minimales e, das a komplex. Da 
andererseits ¢, fiir reelles oder imaginéres a sicher minimal ist, miissen alle 
Wurzelformen komplex sein. Wire g von zweiter Art, so kimen nur die Faille 
Cl und CIIb aus 27 in Frage. CI ist ausgeschlossen wegen $* pn Os + Oz, 
#(0) (Formel CI, 1) und CIIb wegen $,n Ga ¥ Ga, ¥(0). Also ist g von 
erster Art. ; 





Einfache Gruppen mit diskretem Zentrum 


37. Wir beweisen die Bemerkung 1 zu Hauptsatz I. 

Die einfachen Gruppen zweiter Art f und g diirfen ein diskretes Zentrum 
besitzen. A sei ein Isomorphimus, Af = g. Die resp. Faktorgruppen nach dem 
Zentrum seien f’ und g’; ¢ und y seien die zugehérigen Homomorphismen, 
of = f’, ¥g9 = g’. A induziert einen Isomorphismus A’, A’f’ = Q’, 

(1) A’ = WA. 
Die universellen Uberlagerungsgruppen von f und g seien f und §, die zuge- 
hérigen Projektionen @ und WV, — = f, ¥j =. A’ ist nach Hauptsatz I stetig 
und induziert, wie man wei, einen stetigen Homomorphismus A, Af = 4, 
(2) A'et = yA. 
Wir definieren 
A® = B, 
(3) 
wA =C. 
Aus (1), (2), (3) folgt 
(4) YB = pAb = A’ob = WA = VC. 
Das y-Urbild von 7 ist das Zentrum von g, also folgt aus (4): 


Fiir jedes x ef ist (Bx)-(Cx)' im Zentrum von g. Da das Zentrum ab- 
zihlbar ist, kann der Normalteiler 6 aller x mit 


Br = Cx 
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nicht abzihlbar sein, sicher also nicht im Zentrum von f liegen. Nach An- 
wendung 4 von Satz 1 ist dann d = f, also 


Bz = Cz 


fiir alle xz. Da A, also nach (3) auch C stetig war, ist B stetig. Da ® als im 
Kleinen topologische Abbildung beiderseits stetig ist (Bilder offener Mengen 
sind offen), ist nach (3) auch A stetig, w.z.b.w. 


AMSTERDAM, HOLLAND 
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A TAUBERIAN THEOREM FOR PARTITIONS 
sg im By A. E. IncHam 
en (Received August 11, 1940) 
1. Introduction 
The formulae 
my/(2n/3) ®/(n/3) 
) - a a n— 
(1) p(n) (44/3)n’ q(n) 4.33. n?’ (n 20), 


where p(n) is the number of unrestricted partitions of n and g(n) the number 
of partitions of m into unequal parts (or into odd parts), were discovered by 
Hardy and Ramanujan [4], and independently by Uspensky [7]. Their proofs 
give much more than simple asymptotic equality, but demand a rather special 
study of the generating functions 


© pln)e" - Il — ? 


v=1 2” 


Lame" =Ta+2) = — a, 

n=0 v=1 y= ss 
based on the transformation theory of the elliptic modular functions. Later 
researches have tended in the direction of a still deeper study of particular 
problems, culminating in the exact formulae of Rademacher [6] and his followers, 
or in the direction of a broader and more elementary treatment giving less 
precise results than (1). But a specification of properties of the generating 
functions sufficient for the deduction of (1), but not highly extravagant, seems 
to be lacking. 

In this paper we show how to deduce (1) from an elementary knowledge of 
the asymptotic behaviour of the generating functions when z(= x + ty) ap- 
proaches the principal singularity z = 1 in an arbitrarily wide ‘Stolz angle’ 
ly| < A(1— 2), (0< A < @). A general result to which the method naturally 
leads is set out as Theorem 2 in §3, with indications of some of the more im- 
mediate applications. 

Theorem 2 is deduced from Theorem 1, a Tauberian theorem for the integral 


(2) fs) = [ “e“dA(u), AO) = 0, (o.¢i0, 
0 


which occupies an intermediate position between theorems of Hardy-Littlewood 
type with conclusion A(u) ~ u* and of Wiener-Ikehara type with conclusion 
A(u) ~ e"“, (u— ©;a> 0). The nature of the interpolation is exhibited in 
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the following table, in which a simple specimen of each type of theorem has 
been selected. 








HyYPoTHESES CONCLUSION 
(A,) f(s) ~ 1/s when s— 0 by real positive values; |) (A(u) ~ wu. 
Qns \) {1 — a1 on) 
(Ao) f(s) ~ (; 2 -) we) 4 (?) when A(u) oa a? ene 
s — 0 in every fixed ‘Stolz angle’ |t| S< Ac, A(u) (0 <a <1). 
GO <A<.o); naan: 
(As) f(s) — 1/(s — 1) > limit when o > 1 + 0, 
uniformly in every fixed interval |t| < T, A(u) we". 
O<T<o); ] \ 








Theorem 1, of which (Ag) is a very special case, is stated and proved, on the 
lines of the Heilbronn-Landau version of the Wiener-Ikehara theorem, in §2. 

It will be seen that, in the method of interpolation shown in the above table, 
the region involved in the hypothesis on f(s) undergoes a discontinuous change 
of form at each end of the range but no steady change in the interior. This is 


*in contrast to some other possible methods, of which two may be mentioned 


here. In one method, essentially that of Wiener and Pitt [8], we first transform 
(A,) and (A;) into equivalent theorems (At) and (A3;) by changing ‘f(s) — 
(s — 1) > limit when o > 1 + 0,--- ,’ to ‘f(s) — s' > limit when o > 
+ 0,---,’ in the hypotheses of (As) and replacing the conclusions by 


A(u + 6hy) — A(u — bhx) 
2bh. 


where h, is u in (Aj) and 1 in (A});' and we then interpolate by taking inter- 
mediate forms of h, , say h, = u’, (1 > 8 > 0). Another method, outlined by 
Avakumovié [1], is to interpolate similarly (by way of h,,) between the con- 
vergence theorems associated with (A;) and (A;), in which the conclusion is 
A(u) — A and the hypothesis on A(u), taken in the ‘Schmidt’ form, is 

lim {A(u) — A(u’)} = —e(6), fm (5) = 0, 


u,u’—o 
usu’sutih, 





—1 as u—o for fixed 6, (0 <6 <1), 


with h, as before. In these two methods the hypotheses on f(s) (which need 
not be specified in detail here) involve a region of the form |t| < Co’ which 
gradually extends (in the neighbourhood of s = 0) as & decreases. This exten- 
sion of the region is a natural way of tightening the bond between f(s) and its 
approximation (1/s or A) to balance the strengthening of the conclusion, or the 
weakening of the hypothesis on A(u), as the order of h, decreases. But the fact 








' The equivalence of (A;) and (A?) is trivial, and that of (As) and (A}) is easily proved 
by setting up the relation f(s) = f*(s — 1), where f(s) and f*(s) satisfy the conditions of 
(As) and (A}), respectively. 
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that the boundary of the region touches the imaginary axis at s = 0 makes this 
kind of hypothesis more difficult to verify in applications than the ‘Stolz angle’ 
hypotheses used in this paper. 

An explicit deduction of the asymptotic formula for p(n) from a Tauberian 
theorem has been indicated by Avakumovié [1, 2], but his demands on the 
generating function are much more severe, as regards both the region and the 
degree of the approximation, than those made by Theorem 1. 

There is also a paper by Martin and Wiener [5] which works in broadly the 
same range as Theorem 1 with regard to the rate of growth of f(s) with 1/s, 
hut on a real variable basis. A passage to the complex domain is effected by 
means of Parseval’s theorem in the case of power series, and the possibility of 
arithmetical applications is announced. This paper, and a paper by Avaku- 
movié and Karamata [3], will be referred to again in §4 in the course of some 
comments on the conditions of Theorem 1. 

I am indebted to Professor Wiener for his help in elucidating the relationship 
between various methods and results. 

Noration. We write f < g9,f > 9,f < g for f/g - 90, f/9 — ~, f = O@) 
respectively, where f and g are positive functions. 

A sloping arrow indicates monotonic approach to a (finite or infinite) limit. 

We denote the open and closed segments with end points a and b in the 
complex plane by (a, b) and [a, b], respectively, and use the mixed notations 
(a, b] and [a, b) with the obvious meanings. 

Limit operations in the complex plane are, of course, to be understood in the 
usual two-dimensional sense. Thus the hypothesis (i) of Theorem 1 (below) 
means: Given e > 0, we can find 56 = 6(e) so that | f(s)/fo(s) — 1| < «€ at all 


points s of D for which 0 < |s| < 6. 


2. A Tauberian theorem 


Let there be given two functions g(s) and x(s), and a domain D of the s-plane, 
satisfying the following conditions: 

a) o(s) and x(s) are regular in D, and real and positive on a segment (0, h\ of 
the positive real axis lying in D; 

b) — og’(c) 7 ~ asa SO 
[whence {eyg’(c)}’ = O and therefore 


(3) og"(c) 2 —¢'(c) > 0 
for sufficiently small positive o]; 
” 4 
, io) , fe" as oN, 
o —¢'(o) 


?In a more recent paper, Neuer Beweis eines Satzes von G. Hardy und S. Ramanujan tiber 
das asymptotische Verhalten der Zerfallungskoeffizienten, Am. Jour. of Math., 62 (1940), pp. 
877-880, Avakumovié applies substantially the same methods directly to p(n) without 
explicit formulation of the relevant Tauberian theorem. 
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where 5(c) is the distance of the point o from the complement of D [so that 


(4) (0) $o, 0 <o<hy, 
since the origin cannot belong to D by a) and b)]; 
d) g(a + 2) = Ofe'"(o)}, 


x(¢ + 2) = Of{x(o)}, 


uniformly for |z| < 6(c) whenao™ 0. 
Define: 


fo(s) = x(s)e*, — Fo(s) = fo(s)/s, 


_ xo)" Pulao 
Act) = mat @(al)  2xe(o)]” 


where o = go, is the solution [existent and unique for sufficiently large w, by a) 
and b)] of 


(5) —y'(c) = w, (0<o Sh). 


In these circumstances we have 
THEOREM 1. Suppose that the integral (2) is convergent for o > 0, and that 
(i) f(s) ~ fols) when s > 0 in D; 
(ii) f(s) = Of{fo(| s |)} when s > 0 in some fixed angle ‘A’ of the form |t| S 
Aco, 0 < A < ~@); 
(ii) A(u) ts increasing (in the wide sense) for u = 0. 
Then 





— A(u) 
6 < < 
(6) p(A) $ lim 7s < BOA), 
where p(A) and (A) depend only on A, are strictly positive and finite for any 
gwen A, (0 < A < &), and tend to1 when A—> ~. 

If (ii) holds for every fixed A, then 


(7) A(u) ~ Ap(u) as uo, 


The last part is obtained from (6) by taking A arbitrarily large, and we there- 
fore concentrate on (6). We begin with two lemmas concerning fo(s). 
Lema 1. We have, uniformly for |z| S 1(c) < 6(c), when oS 0, 





folo + 2) _ ote’ (o+Hete"(o) {1+0(1) }+0(1) 
fo(c) 
"a "eet tales || - o(| 2 I? (a) + i)ett2l?e"@) 
for any fixed « > 0. 
By the definition of f(s), 


fol + z) x(o + 2) (a+z)—¢(o) 
8 in ? ¢ 
- fo(o) x(o) 














r any 


there- 
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By a) and d) we have 





, ~1 f[xet+d, xie)) 
) xo +2) = 5 [ED x= 0 (9), 
where I’ is the circle | ¢ — z! = 36(c), and all estimates are uniform for | z| < 


r(c) < 4(¢) when o ‘, 0; whence by integration 

oe _pl(x@izl\ _ ,fx@)r(o)\ _ 
(0) x(o-+ 2) — xlo) = 0 (HME) = 9 (XM) «ohio, 
Similarly ¢’’(¢ + 2) — ¢’(c) = o{y’’(c)}, whence by two integrations 
(11) elo + 2) — g(a) = zg'(c) + 42°9"(c) + of | z 'e"()}. 


Substituting from (10) and (11) into (8) we obtain the first formula of the lemma, 

and the second follows from it in virtue of the inequality |e” — 1| < | Z| e!7!. 
Lemma 2. fo(o) increases as o decreases, for sufficiently small positive oc. 
Applying (9) with z = 0, we obtain 





—folo) ’ 2) , —— 
(12) oe i ¢'(c) = a ¢’(c) + O(1/8(c)) ¢’(c) 


aso \, 0, since, by c), (3) and b), 
—8(a)¢'(c) > {o'e’"(c)}? = {—oe'(o)}* > 1. 


Thus —fo(c) > 0 ultimately. This proves the lemma, but we carry the argu- 
ment a little further for future reference. 
Given ¢, (0 < € < 1), we have, by (12) and b), 








= < -—(1 — eg'(c) < — te) —(1 + ey’(c), (0<o So,), 
whence, integrating over [o, o.] and taking exponentials, 
(13) Ao < Be? < fo(c) < Ceitoro (0 <a< 0), 


where A,, B., C, > 0. 

Proor oF THEOREM 1. In the following argument the main variables are 
cand w, connected by (5) and supposed ‘sufficiently small’ and ‘sufficiently large’, 
respectively. Limit operations refer to the process o \, 0 or the equivalent 
process w 7 oo, 

In the formula 


[ ” died = = = F(s), (« > 0), 


say, obtained from (2) by partial integration, change s to « + z, multiply by 
k(z/T)e* dz, where T > 0, é is real, and k(z) is any function regular along 
(0, 7], and integrate along a path 1 from 0 to 77. This gives 


(14) [ c A(uje™ K(Tu — T§)T du = I ¥ F(a + z)k(2/T)e* dz, 
0 


SE Hoe 
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where 
(15) Ko I k(Z)e°? dZ 


taken along the path L corresponding to / by the transformation z = TZ, pro- 
vided that R(o + z) > 0 at all points z of 1. For L we may take the segment 
[0, 7] or any sufficiently near path giving the same value of K(v). 

Take 


(16) E= tc) =w+ O(c’) = —¢'(c) + O(c), 
(17) T = T(c) = do, 


with the A of hypothesis (ii), and suppose k(0) ~ 0. Let 1 = U(c) be made up 
of the segment J, from 0 to ir and the broken line , from iz to 77 formed of 
two segments to the left of, and inclined at tan” r/o to, the segment [ir, i7], 
where 7 = 7(c) is chosen so that 


” 4 
(18) 5(c) > r(c) > ld 
—¢'(c) 
This choice is possible by c); and the path L = L(c) corresponding to / = l(c) 
tends to coincidence with the segment [0, 7], its greatest distance from this 
segment being O(7/c) = o(1) by (18) and (4). 
When z = ty is on l, the point o + z is in D, by (18), whence, by (16), (17) 
and hypothesis (i) [since | z/¢| S 1/o = o(1)], 


F(o + z)k(z/T)e* can fle + z) ok(z/Ac) w2+0 (r/o) 








Foo)k(0) ~~ ~—«*«folo):~s so + 2) KO) 
_ folo > z) o(1) o(1) _—zy’(e)+o0(1) _ _—hy2e’" (oe) 2 1 ty2o’'(e) 
sees > alii =e {1 + o(y'¢'"(c) + De 


uniformly in y, by Lemma 1 (with e = 4). Inserting this in (14) and making 
the substitution y{y’’(c)}* = w, we deduce that the contribution of J, to the 
right hand side of (14) is 


ik(0)Fo(c) ( f° —4w2 le , tvs ) __, tk(0)Fo(a)(x/2)? 
war A nithmeivars Sonn eesie nines, (eo 
where (c) = 7(){¢’(c)}? > 1 by (18) and (3). 

When z = x + iy is on k, the point o + z is in the angle ‘A’ of hypothesis 
(ii) and | o + z| > o (as may be seen at once from a figure, the lower segment 
of l, being at right angles to the segment [—<, iz]); whence, by (ii), (16), (17) 
and Lemma 2, 





F(o + z)k(2/T)e* _ ofl o + Zz ). parte) ae O{F(o)e} 
lo+2| 
uniformly in z. Also x < 0 and 


< 
dz 
dx 





= |1 + (¢/r)t| = O(e/7) 
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on each of the segments of 2. Hence the contribution of to the right hand 
side of (14) is 


0 (Fue [ee iz) =0 (Re) rape (gn): 


sincewr = —¢’(a)t(c) > afy"(c)}* by (18). Thus 
[Flo + 2)Rle/ The de ~ BOG! 2)"Fo(0) _ ik(0)eAdlw)e“, 
0 {yg (o)}3 


by the definition of Ao(w). Substituting in (14) and putting u = & + v/7', we 
obtain 








(19) a A(é a v/1 ye’? K(v) dy ~ ik(0)wAo(we*”, 


in which we note that, by (16), (17) and b), 
(20) Té = —Aog'(c) + O(1) > 1. 
Take, firstly 
k(Z) = 2(Z — 1). 
Then 


IV 


K(v) = -2 + 2(1 — ¢*) RK(v) = (=A) 0. 


v v/2 
Taking real parts in (19), and using (20) and hypothesis (iii) [which implies 
A(u) 2 A(O) = 0, (u = 0)], we deduce that 


A(é BE ty 4 aad [ (sr) b< {1 4+ o(1)}2rAo(w)e*”, 


where \ is any fixed positive number. Taking 
§&=o+A/T =w+d/dAo 

(an admissible choice by (16)], we infer that 

—— A(w) a Qn?!“ 


lim < 
Aow) ~ p> /sinv/2\ ,’ 
‘ (: v/2 ) » 


and the second part of (6) follows on putting \ = At. 
Take, secondly, 











cd? —@™ 
k(Z) = &Z — i) — ——_—__,, un > 0, uz = 0(mod 2r). 
m 


Then 





2i ~ivy (2 ; : 
Ko) = -“+ (1-¢ (2 - 4 +n): 
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sin " wv f20,(\r| Sn), 
2) w@—v*\ <0, (\v| = w), 


whence, by a similar argument, with § = w — p/T 


lim A(w) _ Qnre Hla 


— Ao(w) ~ F (= aia uw 2 
Lyu\ 0/2 w— vw 


The denominator here is 
“ = 2 1 1 
2 sin’ v 2(3 + a ) a 
[. / vo wu—v) we +2) 


4 [ (= ay dp ins 1 f sin’ 10/2 ay 
Ln \ 0/2 Jo w 
and the first part of (6) follows on taking p = 2n({A*] + 1). 

An alternative treatment of the range from 77 to 77’ in the above proof is 
possible under certain conditions, for example on the additional assumption 
b’) of §4 (Theorem 1’), and, in particular, in the special case to be applied in §3. 
This consists in taking the segment [77, 77] as path of integration and applying 
an estimate 


F(o + ty)k(iy/T)e* _ O(elletivl-e"letivi)) 
F((c) 


RK(v) = ( 























“s So~ly2g’(o)) o 
= O(e ) o( =), (6 > 0) 


to the integrand. [The first step here depends on (ii) and an application of the 
mean value theorem to log fo(c), followed by (12) and b); but the next step seems 
to require an additional assumption such as b’).] The procedurs places the argu- 
ment on an essentially ‘real variable’ footing, and this may be considered desir- 
able with a view to the logical status of Theorem 1 in arithmetical applications. 
It should be observed, however, that the use of a complex variable technique in 
the original (general) proof does not imply any essential dependence on complex 
function theory. Thus the fact that the special integrals K(v) are independent 
of the path L = L(c) is verified by the calculations without reference to Cauchy’s 
general theorem. And, of course, the incidental appeals to Cauchy’s theorem 
in Lemmas | and 2 can be avoided in particular applications, like that of §3, 
by an independent verification of the results. 
Speciat Cases. Take first 


y(s) = B(M/s)’, —-x(s) = C(M/s)™*4, 
Then 
(21) fo(s) = C(M/s)"®-4 alo? 


4 
(22) perm (=) C(Mu)™ be" (q = B/(8 +1) 


(8, M,C > 0, m real). 





w, 
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as may be verified by a simple calculation. For D we may take, for example, 
any domain of the form |t| < Ago” with Ay > 0, y = 1 [to satisfy d)], and 
y < 1+ 86/2 [to satisfy c)]. The actual result to be used in §3, and quoted 
with special values of M, m, C as (Ag) in §1, is obtained directly by taking y = 1 
and Ay arbitrarily large; but the hypotheses (i) and (ii) on f(s) become more 
general as y is increased (within the permitted range 1 S y < 1 + 8/2). Ac- 
tually it will appear from §4 (Theorem 1’) that in this example we may replace 
(i) by the corresponding hypothesis along the positive real axis, retaining the 
complex variable explicitly only in the hypothesis (ii). 

The scope of the conditions a), b), c), d) may be illustrated by two further 
examples, in which we take x(s) = 1: 

o(s) = L(1/s)In(1/s), a {In(1/0)}* < 8(¢) S80, =O <9 <1); 

g(s) = én(1/s), afen(1/o)}* < 8(c) X o'fer(1/o) «++ ens(1/o)}*. 
Here J, and e, denote iterated logarithms and exponentials, and the conditions 
on 6(c) correspond to c) and d), respectively. A study of such examples, in 
conjunction with the inequalities (13), shows that fo(¢) must increase more 
rapidly than any power of 1/o when o \. 0, but that, subject to conditions of 
regularity and smoothness, any rate of growth above this limit is permitted, 
the latitude in the choice of D becoming greater with the rate of growth. The 
extraneous factor x(s) adds nothing essential, since it can in practice be absorbed 
by adding log x(s) to ¢(s); it serves merely to simplify the calculation of Ao(w) 
in special cases. 


3. Application to partitions 
THEOREM 2. Let 
0O<Ar <A <--- 
be a given sequence with 
(23) N(u) = Bu’ + Riu), (B > 0,8 > 0), 


where N(u) is the number of d, not exceeding u, and 
(24) i RO) gy = blog u + ¢ + o(1) asu— ®, 
0 


For real | let p(l) be the number of solutions of 
L = rrr + Tarde + +e 


in integers r, = 0, and p*(l) the number of solutions with r, = 0 or 1, (where the 
formally infinite sum contains a finite but unrestricted number of non-zero terms). 
For u real and h > 0 let 


P(u) = » pl),  P*(u) = »y p*(I), 


Pw) = PW =PUR-D, pty) = PW PO 
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where each summaiion is over the (discrete) set of 1 for which the summand is 
different from zero. 
Then, when u— ©, 


(25) P(u) sil (? *: “ eM ote le sala al ata bat tl 
Tv 


a | era 
(26) P*(u) ~ (? =") 2’(M*u)* 1(M*u) : 
where 


a= 525, M=(Bre+Dse+D"%, Me=-2°)"o 


Also 


(27) P,(u) ~ ( < 1 e |” Sliced aki anita” vce 
us 


ce: ? iw * a 
(28) Pi(u) ~ (: “ =) oP MPA! bet po tree 


if h is a positive constant for which the left hand side is an increasing function of u. 
This condition is certainly satisfied for P,(u) if h belongs to the given sequence {),}, 
and for Px (u), if h, 2h, 2°h, --+ all belong to {r,}. 

The formulae (26) and (28) for P*(u) and P; (u) remain valid if (24) is replaced 
by the weaker assumption 


(29) g R(v) dv = bu + o(u), 


[derivable from (24) by partial integration]. 
Consider first P(u) and P,(u). By (23) and (24) 


Nw <2f NO as - 2/ 4 “2 hp tie x L(w)) = Olu’), 


u u 


where L(u) is the left hand side of (24). This suffices to justify the formal 
transformations which follow, when ¢ > 0. By the definition of p(J), 


p> p(lje"* = I (1—e”*)* = g(s), 


say. By (23) and (24), 


log g(s) = -> log (1 — e”’) = -[ log (1 — € “*) dN(u) 


(30) ba N(w)du = [5 (Bu'du + udZ(w) 


3 fatten) Fema) 
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(31) = BY(6 + _ sae go l (b log u + c)y’(us)s du — [ S(u)p’(us)s du, 





where ¥(s) = s/(e’ — 1), and S(u) is 0(1) when u — ~, O(| log u |) when u \. 0, 
and continuous for u > 0. The first integral in (31) is 


o 


— blog (1 — | = blogs —c. 


u=0 


us 
evs — ] 





| © log u + c) 


And, since e*y’/(s) and | s |/o are bounded in any fixed angle ‘A’ of the type 
|t| < Ac, (0 < A < ©), the second integral is 


l//o -) 
o(f (jlog «| + 1)e au) + o( f eo du) = o(1) 
0 l/ye 


when s > 0 in any ‘A’. Hence 
log g(s) = B"(M/s)* — b log s + c + o(1), 
(32) g(s) ii icf 


when s > 0 in any fixed ‘A’, where M® = Ber(@ + 1)¢(@ + 1). 
But 


mn e “dP(u) = g(s), 


(33) I " &™* dPi(u) = i( I , 


and (1 — e“)/h ~ s when s > 0 in any way. The results (25) and (27) may 
now be obtained at once by taking m = (b + 3)/8,C = M 8° in the first of 
the special cases of Theorem 1 discussed at the end of §2, since P(u) obviously 
increases with u and P,(u) is explicitly assumed to increase. 

Finally, the identity (33), which is equivalent to an identity between Dirich- 
let’s series, shows that the step-function P,(u) increases with wu if and only if 
the series for (1 — e~™)g(s) has positive coefficients; and this is certainly so if 
h belongs to {A,}, since then 


(1—e™)g(s) = [] Q-e*™”)". 
dpxh 


.) Pasa 





e“*dP(u) — [ x o“*aP(u)) int g(s), 
0 


The formulae for P*(u) and P; (u) follow similarly from 


L pre" = Ta +e™) =), 
g*(s) ~ Pe urine when s —> 0 in any ‘A’, 


where M*¥ = (1— 2*)M*. The last relation may be deduced from (32), since 
9*(s) = g(s)/g(2s). But the direct proof is more elementary and demands only 
(29) in place of (24), because log (1 + e*) and 1/(e’ + 1) are regular at s = 0, 
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so that in the formula corresponding to (30) we can use R(u) du directly without 


‘replacing it by udL(u). The step-function Px (u) increases with u if and only 


if the Dirichlet’s series for (1 — ¢“*)g*(s) has positive coefficients; and this js 
certainly so if the numbers 2*h, (u = 0, 1, 2, ---), all belong to {X,}, since then 


(1 e™g(s) = (1) TT to) ee TT +e, 
p=0 hy 2Hh 
Speciat Cases. The formulae (1) may be deduced at once form (27) and (28), 
respectively, by taking A, = v, (v = 1, 2,---) and h = 1, since 
bab dv = D log = —u= —} log u — $ log 2x + o(1) 
0 


vsu 


(34) 





as u— © (by Stirling’s theorem for log n!), and T'(2)¢(2) = 2°/6. In the case 
of g(n) the simpler result 


f ([v] — v) dv = —gu + o(u) 


may be used in place of (34), in virtue of the concluding remark of Theorem 2. 
The formula for g(n) may, alternatively, be deduced from (27) by taking 
» = aw-lh=1. 

An asymptotic formula for the number of partitions of a positive integer n 
into positive integral k-th powers, where k is any given positive integer, may be 
deduced similarly from (27) by taking \, = v* and h = 1, the verification of (23) 
and (24), with 8 = 1/k, B = 1,b = —},c = —4k log 2m depending on a formula 
equivalent to (34). This particular problem has been studied in detail by 
Wright [9], who obtains by more special methods an asymptotic expansion in 
functions of descending order of magnitude. 

Some obvious extensions of the case \, = v* fall within the scope of Theorem 
2. Thus we may restrict v to certain arithmetical progressions, and modify a 
finite portion of the sequence in any way. In applications of (27) or (28) atten- 
tion must, of course, be paid to the condition that the left hand side increases 
with u, at any rate for large u (this being obviously sufficient). 

Theorem 2 is a very special deduction from Theorem 1 and could easily be 
extended to cover other partition functions, such as the number of partitions 
of n into k,-th and k-th powers. 


4. Notes on the conditions of Theorem 1 


1) THrorem 1’. If, in addition to the conditions a), b), ¢), d), we have 
b’) —a'g'(c) \ Oasa \. 0, for some fixed k, then the hypothesis (i) of Theorem 1 
may be replaced by 
(i’) f(s) ~ fo(s) when s — 0 by real positive values. 
We shall prove the following facts: 
(z) On the assumptions a), b), c), d) only, (i)’ and (iii) [or, alternatively, 
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(i)’ and (ii)) imply (i) with D replaced by a certain sub-domain D, (depending 
on f) for which 





























> then (35) 5;(c) > {o""(a)} 4, asa“ 0, 
where 6;(c) has the same meaning for D; as 5(c) for D; 
7), (8) On the additional assumption b’), the domain D, is ‘admissible’ in the 
sense of conditions a), ¢), d). 
| (28), An appeal to Theorem 1 with D replaced by D,; will then establish Theorem 1’. 
Choose p(o) so that (when o \. 0) 
(36) (v""(o)}* < plo) < 4(0), 
as is possible by c) and (3). Consider 
case i _fietz) _ oa : 
G(z) = G,(z) = jlo +2) 1, (2 = 2+ ty) 
in the circle C(e) defined by | z| S p(c). 
By (iii) and (i)’, | f(e + 2)| S$ flo + x) = Offi(e + x)}, lor, alternatively, 
“ee by (ii) and Lemma 2, f(o + z) = Of{fo(| o + 2|)} = O(fe(o + z)}], uniformly 
king for |z| S p(o) when o “. 0; whence, by Lemma 1, G(z) is regular and satisfies 
G(z)| = o( Mets ) Oo 
oe - grove Bee (a) +81514e"%0)) + O(1) < erProre"(a) 
aula in C(c) (if o is sufficiently small). 
by By (i)’ we have, since p(c) < 36(c) S $c ultimately, 
n in ) 
| Gz) | < €(¢) | 
rem on the diameter [—p(c), p(c)], where e(¢) = ¢(¢) ~ 0 aso \ O and is inde- 
ya pendent of the choice of p(c) in the range (36). 
en- It follows, by a well known convexity theorem [applied separately to the 
Ses upper and lower halves of C(c)], that, in the region bounded by the two circular 


ares —p(c), + iAp(c), p(o), (0 < A < 1), and so in particular in the circle | z| < 
be Ap(c), 


ns ” 


where (1 — &)z is the angle at which the two circular arcs intersect, so that 
0 <#d < 1 and 8 depends only on X. 
Take a fixed X and choose p(c) = p;(c) in the range (36) so that the right 
a1 hand side of (37) is < ¢(c). Then we shall have f(s) ~ fo(s) when s — 0 in 
the sub-domain 


D; = .» d;(c) 


O0<oshy 


of D, where d;(c) is the circular domain of the s-pilane with centre o and radius 
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\ps(c), hy is a sufficiently small positive number, and % denotes logical summa- 
tion over «. Also 8;(¢) = Aps(o) > {¢’(c)}~ by (36). This proves (a), 

Since D; lies in D, contains the segment (0, hs], and satisfies (35), it will 
satisfy all the conditions imposed on D in a), c), d), if ag’(¢) = Of —¢'(o)}. 
But this is so on the assumption b’), which implies that {o“g’(c)}’ < 0 and 
therefore 


og""(c) S —ke'(c). 


This proves (8) and completes the proof of Theorem 1’. 

2) In Theorem 1’ we may regard (iii) and (ii) (for every A) as Tauberian 
conditions which convert the generally false inference (i)’ — (7) into a true 
proposition. An example showing that (iii) alone is not a sufficient Tauberian 
condition has been constructed by Avakumovic and Karamata [3] (353, e). In 
this example (i)’ and (iii) are satisfied but the lim and lim in (6) are 0 and =. 

Another example proving less in this direction, but illustrating the effect of 
the supplementary hypothesis (ii), may be constructed as follows. With the 
special functions (21) and (22), and any fixed U > 0, we can show, by the 
saddle point method, that 


(38) [ Tad ~~ ShR; 


when s — 0 in a certain angle |é| S 650, (6 > 0); whence, by a change of the 
variables and of the path of integration, 


(39) [ ” €™ del pus) ~ fule/e), 


y 


when s > 0 in |t| < 8’c, (0 < 5 < 5), if p = re” is fixed with r > 0, and 3 > 0 
and sufficiently small. 
Choose p so that Rp* = 1. Then Rp* < 1, since 


(cos Bd)” < (cos ad)", 


as may be verified without difficulty (for small positive #) since 8B > a > 0. 
Take 
A(u) = Ao(u) + AMAo(pu), (US U), Alu) =0, OSu< UV), 


with A > 0. Then, since Rp* = 1, 


— A(u) 
ime Ao(u) 


so that (7) is false. On the other hand, since Rp* < 1, fo(o/p) = olfo(c)} 8 
ao “, 0, whence, by (38) and (39), 


(40) =1+), (x’ > 0). 


(41) re) = [ ” &™*GA(u) ~ fale) 
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mma- when s > 0 by real positive values, so that (i)’ is ~atisfied. Also, (iii) is satisfied 
if \ is sufficiently small and U sufficiently large, as may be verified by 

it. will differentiation. 

0'(a)}, In this example, (41) holds in the angle | ¢| < Ac if A is sufficiently small, so 

0 and that we have (ii) and therefore (6) for some A > 0. On the other hand, (40) 


shows that, apart from the precise forms of p(A) and (A), the conclusion (6) 





cannot be improved, at any rate for the smaller values of A. 

The actual form of the supplementary hypothesis (ii) was adopted with 

a view to applications, but it is naturally not the only possible form. 
erian 3) The distinction between Theorem 1’ and the Hardy-Littlewood case fo(s) = 
_ true s“, (a > 0), in which (iii) alone is a sufficient Tauberian condition for an in- 
erian ference of the form (i)’ — (7), can be explained very simply in terms of the ideas 
In of this paper. A valid (if somewhat sophisticated) proof of the Hardy- 
do, Littlewood theorem [quoted in the case a = 1 as (A;) in §1] can be constructed 
ct of by applying, first, a convexity argument, substantially as in Theorem 1’ (a) [with 
1 the x(s) = 1 and g(s) = a log 1/s] or as a Phragmén-Lindeléf theorem, to deduce 
y the from (i)’ and (iii) that f(s) ~ fo(s) when s — 0 in any fixed angle |¢| S Ac, 


(0< A < o), and, then, a slightly modified form of the argument of Theorem 
1, with r = T = Ao and an arbitrarily large A, to deduce (7) with Ay(u) = 
u’/T(a + 1). Thus the convexity argument is completely successful in re- 
moving the tomplex variable from the hypotheses in the Hardy-Littlewood 
' the case, but only partially successful in Theorem 1’, the essential difference lying 
in the fact that {y’’(c)}~ is of the same order as o in the former case, but of 
lower order in the latter. 
4) If we ask what can be proved about A(u) when we simply omit (ii) from 
the hypotheses of Theorem 1’, or, more generally, when we replace the hypothe- | 
>0 ses (i) and (ii) of Theorem 1 by (i)’, a partial answer can be given by the methods a 
of this paper, though the question belongs more naturally to the order of ideas _ 
of Martin and Wiener [5]. We can first use the convexity argument of Theorem 
1'(x) to extend (i)’ to the region | ¢| < C{y’’(c) 14 where C is any positive con- 
stant, and then take r = 7’ = C{y’’(c)}~? in the argument of Theorem 1 [or in 
> 0. the corresponding argument with A(u) du replaced by dA(u) and F(s) by f (s)]. 
The general effect of this, when we reject the parts of the range of integration 
where RK (v) is relatively small and use the condition A(u) 2 0 [or the condition 
‘dA(u) = 0’], is to give information about certain weighted averages of A(u) du 





lor of dA(u)] over an interval about the point u = w = —¢’(c) whose length 
is of order 1/T, i.e. of order {g” (o)}'. But this is just the kind of result that 
0). Martin and Wiener obtain by real variable methods more appropriate to the 
form of the problem. The actual theorems proved by Martin and Wiener do 
as hot emerge readily by the method outlined above, which is somewhat artificial 


in this context, but the discussion serves at any rate to explain the effect of the 
various hypotheses concerning f(s). The extension from the real form (i)’ to 
the complex form ‘(i) + (ii)’ reduces the length of the interval of averaging 
from c{y’"(e)}* to c/¢, and this enables us to draw the conclusion (6) when A(v) 
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is monotonic, because e “’ varies only by a constant factor e*’, when u ranges 
over an interval of length c/o; and the sharper conclusion (7) is possible if ¢ 
can be taken arbitrarily small, because e~* — 1 when c > 0. 
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om EINLEITUNG 
7 Die Theorie der Lie’schen Gruppen war urspriinglich eine “lokale’”’ Theorie: 
n Ex- man betrachtete nur eine Umgebung des Einselementes einer Gruppe, das, was 

man heute einen Gruppenkeim oder eine lokale Gruppe nennt [1]. Diese 
dees Einschrinkung, die dem Gruppenbegriff eigentlich nicht angemessen ist, wurde 
as in der neueren Forschung aufgegeben. Man betrachtet heute die Algebra der 
ajan, ganzen Gruppe und die Geometrie im Grossen des die Gruppe reprasentierenden 

Raumes, der “Gruppen-Mannigfaltigkeit”. Die damit auftretenden geo- 
unit metrischen Fragen sind im wesentlichen topologische Probleme. Die hierher- 
037) gehorigen Ergebnisse, die im Sommer 1935 bekannt waren, hat E. Cartan in 

einem Vortrag “Sur la topologie des groupes de Lie” zusammengestellt [2]. 

ns of (In der vorliegenden Arbeit werden nur kompakte Gruppen, deren Réume 
218. also geschlossene Mannigfaltigkeiten sind, behandelt.) 
and Der topologische Bau einer Mannigfaltigkeit wird in erster Linie beschrieben 
Lote durch ihre Betti’schen Gruppen, sowie durch ihren Homologie-Ring, den man 


aus den Betti’schen Gruppen bekommt, wenn man die Schnitt-Bildung als 
Multiplikation einfiihrt.2 Fiir Gruppen-Mannigfaltigkeiten hat dieser Ring 
eine besondere Bedeutung: er ist—nach Cartan—isomorph dem Ring der | 
invarianten Differentialformen der Gruppe. Daraus ergibt sich weiter, dass . ; 
das topologische Problem, die Struktur des Homologie-Ringes einer Gruppe zu 
bestimmen, aquivalent ist mit einem algebraischen Problem, das von den 
Invarianten linearer Gruppen handelt. Auf beiden Wegen zur Untersuchung 
des Ringes sind aber die Schwierigkeiten so gross, dass heute noch nicht die 
Ringe aller bekannten Gruppen ermittelt sind. 

Immerhin ist diese Aufgabe gelést fiir die Gruppen, die Wey] die “klassischen”’ 
nennt—also die orthogonalen, die unitaéren und die symplektischen—, und zwar 
von Pontrjagin auf dem topologischen [3], von R. Brauer auf dem algebraischen 
Wege [4]. Es stellte sich dabei heraus: Die genannten Gruppen haben die 
gleichen Homologie-Ringe wie gewisse topologische Produkte von Sphiren. 
Die Dimensionszahlen dieser Sphiren, die ja dann den Ring bestimmen, lassen 
sich fiir jede dieser Gruppen angeben. Fiir die Poincaré’schen Polynome—also 


1 Die Nummern im Text verweisen auf das Literaturverzeichnis am Schluss der Arbeit. 
? Wir verwenden als Koeffizientenberich in dieser Arbeit immer den Kérper der ra- 
tionalen Zahlen (oder, was fast auf dasselbe herauskommt, den Koérper der reellen Zahlen; 
dieser Kérper ist bei der im nachsten Satz genannten Isomorphie mit dem Ring der in- 
varianten Differentialformen beniitzt). 
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EINLEITUNG 


Die Theorie der Lie’schen Gruppen war urspriinglich eine “lokale” Theorie: 
man betrachtete nur eine Umgebung des Einselementes einer Gruppe, das, was 
man heute einen Gruppenkeim oder eine lokale Gruppe nennt [1].' Diese 
Einschrinkung, die dem Gruppenbegriff eigentlich nicht angemessen ist, wurde 
in der neueren Forschung aufgegeben. Man betrachtet heute die Algebra der 
ganzen Gruppe und die Geometrie im Grossen des die Gruppe repriasentierenden 
Raumes, der ‘“Gruppen-Mannigfaltigkeit”. Die damit auftretenden geo- 
metrischen Fragen sind im wesentlichen topologische Probleme. Die hierher- 
gehérigen Ergebnisse, die im Sommer 1935 bekannt waren, hat E. Cartan in 
einem Vortrag “Sur la topologie des groupes de Lie” zusammengestellt [2]. 
(In der vorliegenden Arbeit werden nur kompakte Gruppen, deren Réume 
also geschlossene Mannigfaltigkeiten sind, behandelt.) 

Der topologische Bau einer Mannigfaltigkeit wird in erster Linie beschrieben 
durch ihre Betti’schen Gruppen, sowie durch ihren Homologie-Ring, den man 
aus den Betti’schen Gruppen bekommt, wenn man die Schnitt-Bildung als 
Multiplikation einfihrt.? Fir Gruppen-Mannigfaltigkeiten hat dieser Ring 
eine besondere Bedeutung: er ist—nach Cartan—isomorph dem Ring der 
invarianten Differentialformen der Gruppe. Daraus ergibt sich weiter, dass 
das topologische Problem, die Struktur des Homologie-Ringes einer Gruppe zu 
bestimmen, aquivalent ist mit einem algebraischen Problem, das von den 
Invarianten linearer Gruppen handelt. Auf beiden Wegen zur Untersuchung 
des Ringes sind aber die Schwierigkeiten so gross, dass heute noch nicht die 
Ringe aller bekannten Gruppen ermittelt sind. 

Immerhin ist diese Aufgabe gelést fiir die Gruppen, die Wey] die “klassischen’”’ 
nennt—also die orthogonalen, die unitiéren und die symplektischen—, und zwar 
von Pontrjagin auf dem topologischen [3], von R. Brauer auf dem algebraischen 
Wege [4]. Es stellte sich dabei heraus: Die genannten Gruppen haben die 
gleichen Homologie-Ringe wie gewisse topologische Produkte von Sphiaren. 
Die Dimensionszahlen dieser Sphiren, die ja dann den Ring bestimmen, lassen 
sich fiir jede dieser Gruppen angeben. Fiir die Poincaré’schen Polynome—also 





‘Die Nummern im Text verweisen auf das Literaturverzeichnis am Schluss der Arbeit. 

? Wir verwenden als Koeffizientenberich in dieser Arbeit immer den Kérper der ra- 
tionalen Zahlen (oder, was fast auf dasselbe herauskommt, den K6rper der reellen Zahlen; 
dieser Kérper ist bei der im nachsten Satz genannten Isomorphie mit dem Ring der in- 
varianten Differentialformen beniitzt). 
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fiir die Polynome in einer Unbestimmten ¢, deren Koeffizienten die Betti’schen 
Zahlen der betreffenden Mannigfaltigkeit sind—folgt, dass sie in Faktoren der 
Gestalt (1 + ¢”) zerfallen; dabei sind die Exponenten m die erwahnten Dimen- 
sionszahlen. 

Diese wichtigen Untersuchungen von Pontrjagin und Brauer—(ebenso wie 
eine etwas jiingere topologische Arbeit von Ehresmann [5], in der dieselben 
Ergebnisse erhalten werden)—haben einen “‘speziellen” Charakter: es wird 
jedesmal eine spezielle Klasse von Gruppen betrachtet, und es werden jedesmal 
ganz spezielle Eigenschaften dieser Gruppen beniitzt. Daher erhebt sich die 
Frage nach einer allgemeinen topologischen Theorie der Gruppenmannigfal- 
tigkeiten, aus der man die erwahnten Satze tiber die klassischen Gruppen durch 
Spezialisierung gewinnen kénnte. So schliesst auch Cartan seinen genannten 
Vortrag nach einem Bericht itiber die Pontrjagin-Brauer’schen Untersuchungen 
mit den Worten: “Il faut espérer qu’on trouvera aussi une raison de portée 
générale expliquant la forme si particuliére des polynomes de Poincaré des 
groupes simples clos.”’ [6] 

In dieser Hinsicht ist nun ein wichtiger Schritt der folgende Satz von Hopf: [7] 
“Fiir jede (geschlossene) Gruppe ist der Homologie-Ring isomorph dem Ring 
eines gewissen topologischen Produktes von Sphiaren, deren Dimensionen un- 
gerade sind’’; es gilt also allgemein das, was Pontrjagin und Brauer fiir die 
klassischen Gruppen festgestellt haben—insbesondere zerfallt das Poincaré’sche 
Polynom jeder Gruppe in Faktoren der Gestalt (1 + ¢”) mit ungeraden Expo- 
nenten m. Dieser Satz besitzt offenbar die gewiinschte Allgemeinheit; jedoch 
wird in seinem Beweis die Gruppen-Eigenschaft nicht vollstandig ausgeniitzt 
und vor allem ein wichtiges Hilfsmittel nicht herangezogen, das Pontrjagin in 
seiner Arbeit [3] eingefiihrt hat: eine Multiplikation von Zyklen mit Hilfe der 
Gruppenmultiplikation, die kurz so aussieht: Durchlauft der Punkt p den 
Zyklus x und der Punkt g den Zyklus y, dann durchlauft der Produktpunkt pq 
den “Produktzyklus” von x und y. 

Auf der Betrachtung dieser ‘Pontrjagin’schen” Multiplikation und ihrer 
Kombination mit dem Satz von Hopf basiert nun die vorliegende Arbeit. Und 
zwar beweisen wir in Kap. I, §3 einen Satz (den “Aufspannsatz’’) iiber die 
Struktur des Ringes einer Gruppe, dessen Beweis fiir die klassischen Gruppen 
einen wesentlichen Teil des Inhaltes der Pontrjagin’schen Arbeit bildet und 
dessen Giiltigkeit fiir alle Gruppen von Cartan [8] vermutet wurde. Der Inhalt 
dieses Satzes ist eine ganz bestimmte Dualitat zwischen der Gruppen- (Pontrja- 
gin’schen)-Multiplikation der Zyklen und der Schnitt-Bildung der Zyklen; 
dadurch wird die Gruppe in eine noch engere Analogie zu einem Sphiiren-Produkt 
gebracht als durch den Satz von Hopf; es handelt sich um einen “doppelten” 
Isomorphismus. 

Der §1 von Kap. I enthalt eine Zusammenstellung bekannter Tatsachen 
iiber Homologie-Ringe von Mannigfaltigkeiten, und die Definition und Eigen- 
schaften der (bei Hopf [7] eingefiihrten) Begriffe ‘““maximales” und “‘minimales”’ 
Element eines Homologie-Ringes. In §2 wird der Satz von Hopf zitiert, und 
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es werden die fiir das folgende grundlegenden Eigenschaften des Ringes einer 
Gruppe dargestellt. Der §3 enthalt den Beweis des oben genannten “Auf- 
spannsatzes’’. 

Auf Grund dieses Satzes werden dann in Kap. II die beiden wichtigsten 
gruppentheoretischen Begriffe “homomorphe Abbildung” und “Untergruppe” 
in topologischer Hinsicht untersucht. Es wird die Frage diskutiert, wie die 
Mannigfaltigkeit einer Untergruppe in die Gruppe eingelagert ist, d.h. welche 
Zyklen aus der Untergruppe in der Gruppe homolog Null sind; dabei ergeben 
sich einfache Gesetze. Diese spielen im folgenden eine Rolle. 

Eine kontinuierliche Gruppe G ist gewoéhnlich gegeben als transitive Trans- 
formationsgruppe emer Mannigfaltigkeit W, des ‘“Wirkungsraumes” (“espace 
homogéne”’) [9]. Diejenigen Transformationen, die einen bestimmten Punkt 
von W festhalten, bilden eine Untergruppe U von G, die sogenannte “‘Isotropie- 
gruppe” von W, die bis auf innere Automorphismen von G unabhingig von der 
Wahl des festen Punktes ist. Die Nebengruppen, in welche G nach U zerfailt, 
stehen in eineindeutiger und stetiger Beziehung zu den Punkten von W; geo- 
metrisch gesehen liegt eine “‘Faserung’”’ von G in die (untereinander homé- 
omorphen) Nebengruppen von U vor [10]. 

Eines der Hauptprobleme der weiteren Theorie besteht nun in der Unter- 
suchung der Bezichungen zwischen G, U und W. Einerseits ist das der natiir- 
liche Ansatzpunkt zur Untersuchung einer als Transformationsgruppe gegebenen 
Gruppe; andererseits sind die Wirkungsraume, also die Mannigfaltigkeiten, die 
transitive Transformationsgruppen zulassen, an und fiir sich interessant. Hier 
hat man nun Méglichkeiten, wenn man die Satze der Kap. I und II dieser Arbeit 
verkniipft mit topologischen Satzen iiber die Faserungen von Mannigfaltigkeiten. 
Dazu werden in Kap. III und IV einige Beitrage geliefert. 

Das Kap. III behandelt den Fall, dass der Wirkungsraum W eine Sphare ist. 
Das Ergebnis ist, dass man auf eine sehr einfache Weise aus dem Homologie-Ring 
der Isotropiegruppe U und der Dimension der Wirkungs-Sphare W den Ring der 
Gruppe G bestimmen kann. Dieser allgemeine Satz gibt miihelos durch eine 
Rekursion die Pontrjagin-Brauer’schen Resultate iiber die Ringe der “klas- 
sischen” Gruppen; denn diese Gruppen sind bekanntlich transitive Transforma- 
tionsgruppen von Sphiaren, und die zugehérigen Isotropiegruppen sind auch 
klassische Gruppen. 

Im Kap. IV werden die Beziehungen zwischen G, U und W ohne spezielle 
Voraussetzungen iiber W untersucht. Unter anderem wird der Satz bewiesen: 
Ist U nicht homolog 0 in G, dann ist der Homologie-Ring von G isomorph dem 
Ring des topologischen Produktes von U und W. Dabei ergibt sich noch: 
Ein Wirkungsraum W, dessen Isotropiegruppe U nicht homolog 0 in der Gruppe 
G ist, hat den gleichen Riag wie ein gewisses Produkt von Spharen ungerader 
Dimensionen. Das ist eine Verallgemeinerung des Satzes von Hopf tiber den 
Ring einer Gruppen-Mannigfaltigkeit (eine Gruppe lisst sich auffassen als 

Wirkungsraum, dessen Isotropiegruppe ein Punkt ist, und ein Punkt ist nie 
homolog 0). 
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KApItTE. I 


Ermn Satz tjBER GRUPPEN-MANNIGFALTIGKEITEN 





| Die §§1 und 2 enthalten eine geeignete Zusammenstellung bekannter Dinge 
ag (im wesentlichen ohne Beweise) und einen Bericht tiber eine Arbeit von Hopf 
PY iiber Gruppenmannigfaltigkeiten, auf die sich die vorliegende Arbeit stiitzt. 
aay In §3 wird ein allgemeiner Satz iiber Gruppenmannigfaltigkeiten bewiesen. 


systeme, maximale und minimale Elemente 


1. M sei eine geschlossene, orientierbare Mannigfaltigkeit der Dimension n, 

} Die Homologieklassen von M, die Elemente der Betti’schen Gruppe 8(M), 

bilden einen Ring, den Homologie- oder Schnittring #(M), wenn man die Addi- 

tion durch die Addition in der Betti’schen Gruppe und das Produkt durch die 

‘ia Schnittbildung erklart [11]. Dabei sollen in dieser Arbeit immer die rationalen 

he ey | Zahlen als Koeffizienten dienen. 
f 


it 1. Der Homologie-Ring einer Mannigfaltigkeit. Irreduzible Erzeugenden- 
1 
i 





R(M) enthalt ein Eins-Element, nimlich den orientierten n-dimensionalen 
Grundzyklus von M; es wird mit 1 bezeichnet. Die Dimension eines homogen- 


fate etna tpn 


; 7 dimensionalen Elementes z von #(M) bezeichenen wir mit d(z); die Zahl 6(z) = 
epee i i Hee n — d(z) heisse die duale Dimension von z. Das Null-Element 0 hat jede 
Hie ee 4 ; Dimension. 

amy Fir homogen-dimensionale Elemente z, 2’ ist auch das Produkt oder der 
Schnitt z-z’ homogen-dimensional und zwar gilt: 


5(z-2’) = 6(z) + d(z’). 
Weiter ist: 


zz! = (—1)°% 2.2, 





ene also speziell: 


z-z2=0 bei ungeradem 6(z). 








Die rationalen Vielfachen der 1 heissen die Skalare. 
Wo im folgenden Homologieklassen auftreten, sollen sie immer, wenn nicht 
anders bemerkt, homogen-dimensional sein. 





2. B,(M), oder kurz %, , sei die r-te Betti’sche Gruppe von M, also die additive 
Gruppe der r-dimensionalen Elemente von #t(M); ihr Rang p, ist die r-te Bet- 
ti’sche Zahl von M. Die volle Betti’sche Gruppe 8(M) ist die direkte Summe 


Bo(M) + B(M) + --- + Br(M). 


Fiir r < n sei U, die Gruppe derjenigen Elemente von 9%, , die sich aus den 
Elementen der Gruppen 
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durch Multiplikation und Addition erzeugen lassen (vgl. [7], Nr. 30), die sich 
also als >, %a-Yn mit 6(2,) > O und 4(y,) > 0 schreiben lassen; die Elemente 
von ll, heissen ‘‘zusammengesetzt.”’ 

Ein nicht-skalares Element heisst maximal, wenn es nicht zusammengesetzt 
ist, wenn es sich also nicht als Summe von Produkten von héherdimensionalen 
Elementen darstellen lisst. Ist z maximal und w zusammengesetzt, dann ist 
auch z + w maximal, weil U, eine Gruppe ist. Die Skalare werden nicht als 
maximal angesehen; die héchstdimensionalen unter den nicht-skalaren, nicht- 
verschwindenden Elementen sind immer maximal. 

Man stelle B, als direkte Summe U, + 3, dar; das ist méglich, weil die ratio- 
nalen Zahlen als Koeffizienten dienen. Die Elemente von 3. sind dann maximal. 
Wahlt man in jeder Gruppe 3, eine Basis, so bildet die Gesamtheit dieser Basis- 
elemente mit der 1 zusammen, wie man leicht sieht, ein Erzeugendensystem des 
Ringes #(M); d.h.: jedes Element von #(M) lisst sich als Polynom in den 
Elementen dieses Systems schreiben. Man bestitigt auch leicht, dass ein 
irreduzibles Erzeugendensystem vorliegt, d.h. dass kein echtes Teilsystem ein 
Erzeugendensystem ist. 

Der Rang der Gruppe 3,-,, also auch der Rang der Restklassengruppe 
¥,-- — Un, werde l, genannt. (Rang = Maximalzahl linear unabhangiger 
Elemente.) Man stellt fest, dass die nicht-skalaren Elemente eines beliebigen 
irreduziblen Erzeugendensystems (1, 21, z2, +--+ , 2.) von #(M) maximal sind, 
und dass die Zahl derjenigen z;, fiir die 6(z;) = r ist, immer gleich l, ist; die 
Anzahl der Elemente eines solchen Systems (ohne die 1) ist also immer 


J at Byte Tynes ly ([7], Nr. 31) 


Ersetzt man die Elemente z; eines solchen Systems durch 2; + yi, wo die Ele- 
mente y; nicht maximal sind, so erhalt man wieder ein irreduzibles Erzeugenden- 
system; das kommt daher, dass die z; Reprasentanten fiir die Restklassengruppe 
%, — U, sind. 


3. Unter den Vielfachen z-v eines Elementes v von #(M), wo x alle Elemente 
von (M) durchlauft, treten immer auf: 

a) die rationalen Vielfachen von v, deren Dimension gleich der von v ist— 
man setze fiir x einen beliebigen Skalar ein—und 

b) alle null-dimensionalen Elemente, d.h. der Punkt mit einem beliebigen 
Koeffizienten, wenn v ¥ 0 ist—wegen des Poincaré-Veblen’schen Dualitatssatzes. 

Wir definieren nun: 

Ein Element v von R(M) heisst minimal, wenn es keine anderen Vielfachen 
besitzt, d. h. wenn aus 0 < d(x-v) < d(v) folgt: x-v =0. (Statt 0 < d(x-v) < d(v) 
kann man auch sagen: 0 < 6(x) < d(v).) (Vgl. [7], Nr. 32) 

Die nulldimensionalen Elemente gelten nicht als minimal, so wie die n-dimen- 
sionalen Elemente nicht als maximal gelten. Dagegen ist die Null minimal. 
Es gilt der folgende Satz: 

Das s-dimensionale Element v ist dann und nur dann minimal, wenn es ein 
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Annulator der Gruppe Un. ist, d.h. wenn u-v = 0 ist fiir jedes Element u von 
Uns (s = 1, ---,n) ({7], Nr. 33). Daraus entnimmt man: die s-dimensionalen 
minimalen Elemente bilden eine additive Gruppe &%, , eine Untergruppe von &, . 
Aus dem Poincaré-Veblen’schen Dualititssatz folgt leicht, dass der Rang von 
%, gleich 1, ist, nimlich gleich dem Rang von 3,-. in der direkten Summe 
Bree = Uns + Bas} Bs und Bn_, sind gewissermassen dual zueinander. Die 
direkte Summe ¥, + B: + --- + Bn aller dieser Gruppen heisst die Gruppe 
der minimalen Elemente von #t(M); sie wird mit B(M), oder kurz mit B bezeich- 
net. Ihr Rang ist 


l=h+bht+-:-- +h. 


4. M und M’ seien zwei Mannigfaltigkeiten, f eine Abbildung von M in M’? 
f bildet den Ring R(M) in den Ring R(M") ab. Dann gilt der wichtige In- 
varianzsatz: 

Ist v ein minimales Element von R(M), so ist sein Bild f(v) ein minimales 
Element von R(M").  ([7], Nr. 34) 

Eine spezielle Folgerung hieraus ist: 

Ein Element von 9(M), das durch das stetige Bild einer Sphiare S, (n > 0) 
reprisentiert wird, ist ein minimales Element. Denn in #(S,) ist der Grund- 
zyklus S,—die 1 von #(S,)—minimal. 


5. M und M’ seien zwei geschlossene, orientierbare Mannigfaltigkeiten; f sei 
eine Abbildung von M in M’. Durch f wird eine Abbildung von #(M) in R(M’) 
bewirkt, die auch f heisse; sie ist additiv, aber im allgemeinen nicht multipli- 
kativ homomorph. Dann existiert eine Abbildung ¢ von 8(M’) in R(M)— 
der Umkehrungshomomorphismus—amit folgenden Eigenschaften: [12] 

1) ¢ ist ein Ring-Homomorphismus, also additiv und multiplikativ homo- 
morph, 

2) ¢ ist mit f durch die Funktionalgleichung 


f(e(2’)-2) = 2’-f(x) 


verkniipft, in der x ein beliebiges Element von #(M) und z’ ein beliebiges Ele- 
ment von R(M’) ist, 

3) ist z’ ein homogen-dimensionales Element von 9(M’), so ist auch ¢(2’) 
homogen-dimensional, und zwar ist 


8(y(2’)) = 5(2’), 
anders geschrieben: 
d(p(z’)) = d(z’) + d(M) — d(M’). 


(Vgl. [7], Nr. 25) Mit Hilfe dieser Eigenschaften lisst sich allgemein bei gege- 
bener Abbildung f, bzw. yg, die Abbildung ¢, baw. f, anschreiben; wir werden 





* Alle in dieser Arbeit vorkommenden Abbildungen sind eindeutig und stetig. 








 U von 
ionalen 
‘on &, . 
ng von 
Summe 
. Die 
xruppe 
ezeich- 


nM’; 
ge In- 


imales 


> 0) 
rund- 


;f sei 
t(M’) 
Itipli- 
M)— 


LOmo- 


sege- 
rden 


BEITRAGE ZUR TOPOLOGIE DER GRUPPEN-MANNIGFALTIGKEITEN 1097 


jedoch diese Beziehung, die wir nur in spezieller Weise brauchen, jedesmal 
direkt ableiten. 


6. Es soll jetzt noch ein Hilfssatz abgeleitet werden, der spiter gebraucht 
wird. Es sei 2, baw. 29, der einfach gezihlte Punkt von M, baw. M’. 

Hirssatz: Ist y(zo) ¥ 0, so ist f eine Abbildung von R(M) auf R(M’). 

Es sei also y(2o) ¥ 0; wir zeigen zunichst: Ist 2’ von Null verschieden, dann 
ist auch g(x’) nicht Null. Weil x’ nicht Null ist, gibt es ein duales y’ mit 
yz! = z). Wegen der Multiplikativitaét von ¢ ist o(y’)-9(2’) = g(y’-2’) = 
y(~) # 0. Also ist auch g(x’). ¥ 0. Die Gruppe derjenigen Elemente von 
$(M’), die bei der Abbildung f als Bilder von Elementen von 8(M) auftreten, 
die Bildgruppe f(@(M)), hat dann die folgende Eigenschaft: 

Sie enthalt zu einem beliebigen Element x’(# 0) von 8(M’) ein Element y’ 
mit z’-y’ = 2. 

Denn aus x’ ¥ 0 folgt o(x’) ¥ 0; also gibt es ein y so, dass g(x’)-y = % ist; 
iibt man auf diese Gleichung f aus und beachtet die Funktionalgleichung fiir ¢, 
so erhilt man 2x’-f(y) = 2. Die Behauptung ist also mit y’ = f(y) erfiillt. 

Aber aus dieser Eigenschaft der Bildgruppe folgt nach dem _ Poincaré- 
Veblen’schen Dualititssatz sofort, dass die Bildgruppe mit 8(1/’) zusammen- 
fallt, was zu beweisen war. 


7. Zu zwei Mannigfaltigkeiten M und M’ gehért die Produktmannigfaltigkeit 
M X M’. Ueber die Homologieeigenschaften von M X M’ ist bekannt [13] 
(vgl. [7], Nr. 19): 

Zu jedem Element x von §%(M) und jedem Element x’ von 9t(M’) gehoért ein 
Element x X 2’ von R(M X M’); diese Produktbildung ist mit der Addition 
distributiv verkniipft; es gilt: d(z X x’) = d(x) + d(z’). 

Jedes Element von ®(M X M’) lasst sich als > (x, X 2,) darstellen; genauer 
gilt: Ist (Z,, Ze, --- Z,) eine additive Basis von §t(M)—d.h. eine Basis von 
¥(M)—und ist (Z; , Z;, --- Zp) eine additive Basis von #(M’), so bilden die 
Elemente Z; X Z;, eine additive Basis in R(M X M’); die Elemente von 
R(M Xx M’) lassen sich in eineindeutiger Weise als > tu(Z: X Z) mit ra- 
tionalen Koeffizienten t;, schreiben. (All das gilt auch fiir den Produktkomplex 
zweier Komplexe.) 

Fir die Multiplikation gilt [14]: 

(x X 2')-(y X y’) = (-1IPOPM"(a-y XK 2'-y’); 
dabei miissen 2 und y’ homogen-dimensional sein. Ausserdem gelten die 
iiblichen distributiven Gesetze. 


8. Der folgende Abbildungssatz fiir topologische Produkte wird spater 6fters 
verwendet: 

A, B, A’, B’ seien Mannigfaltigkeiten; f sei eine Abbildung von A in A’, g sei 
eine Abbildung von B in B’. Man konstruiert eine Abbildung h von A X B 
in A’ X B’, indem man setzt: 
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hip X @ =f(p) X g(Q). 


Ist dann x, bzw. y, ein Homologieelement von A, bzw. B, so gilt: 


h(x X y) = f(x) X gly). 


Man beweist das, indem man f und g simplizial approximiert. Ist dann a, 
bzw. b, ein Simplex von A, bzw. B, so ist das Bild der Zelle a X b die Zelle 


f(a) X g(b): 
h(a X b) = f(a) X g(d); 


i fl denn beide Zellen rechts und links haben dieselben Eckpunkte,. und auch die 
7 Orientierung stimmt iiberein, wie man leicht sieht. Durch Addition gewinnt 
man die Formel dann fiir Komplexe, Zyklen und Homologieklassen. 





9. Wie man ganz leicht sieht, besteht die Gruppe 8(M X M’) der minimalen 
1 Elemente von M X M’ genau aus den Elementen (v X 2) + (z X v’), wo 2, 

baw. 2), der einfach gezihlte Punkt von M, bzw. M’, ist und v, bzw. v’, ein 
beliebiges Element von %(M), baw. B(M’), ist. 


Ges 2. Der Ring einer Gruppen-Mannigfaltigkeit 

1. G sei eine geschlossene Gruppen-Mannigfaltigkeit, also eine geschlossene 
Mannigfaltigkeit (der Dimension n), zwischen deren Punkten eine Multiplika- 
Pie bs cH tion erklart ist, die die bekannten Gruppenaxiome erfiillt, und die die weitere 
1 Ba Be f ee Eigenschaft hat, dass das Produkt pq zweier Punkte p, q von G stetig von dem 
oe. ae Paar (p, g) abhangt, und ebenso das Inverse p stetig von p abhangt. (Grup- 
penmannigfaltigkeiten sind bekanntlich orientierbar.) 
Ueber den Homologie-Ring von G ist der folgende Satz bekannt ((7], Nr. 2): 
| Satz A. Der Ring R(G) (mit rationalen Koeffizienten) einer Gruppen-Mannig- 
ae faltigkeit G ist dimensionstreu isomorph dem Ring SR(I1) eines topologischen 
Produktes 
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TI = Sm, X Smy X +++ KX Sm, ; 2 1, 


wo Sm die m-dimensionale Sphire bezeichnet, und die Dimensionen m; ungerade 
sind. 








2. Der Beweis dieses Satzes verlauft so, dass man zeigt: Bilden die Elemente 
2, 2, +++ 2, mit der 1 zusammen ein irreduzibles Erzeugendensystem von i(@), 
dann ist 


a) das Produkt 2-2. --- z; von Null verschieden, 
b) 6(z:) = m; ungerade (i = 1, --- , 2) ((7], Nr. 15). 
Daraus folgert man: Es ist 

Zi+2e = —2y-2Z;, speziell 2-2; = 0; 


und eine volle additive Basis von R(G) (eine Basis von 8(G@)) wird gebildet von 
den 2’ Elementen 
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3. Zi, Zi, * Pig (t, < ie), Zi, * Zig * Zig (t, < te — is), eee » 21°Ze- eee #21. 


Diese Basis, die also durch das irreduzible Erzeugendensystem (1, 2; , 22 , «++ , 21) 
bestimmt ist, heisse die Basis [z;]. 


Sind z, y zwei Elemente (+ 1) dieser Basis, so ist x-y ~ 0, wenn kein Element 
z; in beiden Elementen zugleich als Faktor auftritt, dagegen ist r-y = 0, wenn 
wenigstens ein z; in beiden Elementen als Faktor auftritt, wie man leicht mit 
Hilfe der Assoziativitat, der Antikommutativitét der Elemente z; und der 
Tatsache 2:-Z:- «++ -2, * O bestatigt. Man kann §®(@) als den Ring der in- 
homogenen Multilinearformen in den antikommutativen Gréssen 2; , 22, «++ 2, 
beschreiben. Die Dimension von G ist 


n= mM + Me + -+e + mM. 


Das Produkt 2-22. --+ -2, ist nulldimensional; man kann annehmen, dass es 
gleich dem einfach gezihlten Punkt von G ist, der v heissen soll (man kann 
nimlich etwa 2; durch ein geeignetes rationales Vielfaches ersetzen). 

Die Isomorphie zwischen R(G) und R(II) wird folgendermassen hergestellt: 
Der orientierte Grundzyklus der Sphiare S,, werde auch mit S,, bezeichnet; 
p sei ein einfach gezéhlter Punkt von S,,. Man bilde die Elemente 


Z: =p X Sm, X Sms X +++ K Sm, 


Zi = Sm, X Sm, X Sms X +++ XP 


von (11). Die Z; haben auch die Eigenschaften a) und b); die Zuordnung 
2; > Z; ergibt offenbar einen Isomorphismus von %(G) und (II). 

Die Elemente z; sind maximal, weil sie zu einem irreduziblen Erzeugenden- 
system gehéren (§1, Nr. 2). 

Ein Produkt 2z;,-2:,- +++ -2:, ist durch seine Faktoren bis auf das Vorzeichen 
bestimmt; in diesem Sinne kann man von dem Produkt der z;, sprechen, ohne 
auf ihre Reihenfolge zu achten. 


3. Die Gruppe %(G) der minimalen Elemente von §(@) lasst sich leicht 
bestimmen. Von den Elementen der Basis [z;] sind minimal die und nur die, 
die Produkte von 1 — 1 Faktoren z; sind, also die Elemente 


Ui = Z1+Ze- «ee *Zi-1° Zi41° eee #21. 


Denn ist z ein Element dieser Basis, das Produkt von héchstens / — 2 Faktoren 
2; ist, also mindestens zwei der z;, etwa z, und z,, nicht als Faktoren enthiit, 
so ist z,.4 * O und 0 < d(z,-x) < d(z), also x nicht minimal. Dagegen ist 
y-v; = 0 fiir jedes von z; und 1 verschiedene Basiselement y, weil y dann min- 
destens einen Faktor z, enthalt, der auch in v; vorkommt; aus 0 < 5(y) < d(v;) 
folgt also y-v; = 0 (denn wegen 6(z:) = d(v;) ist dann y ¥ 2;); also ist v; minimal. 
Mit derselben Ueberlegung stellt man fest, dass die von den Elementen »v; 
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erzeugte Untergruppe von %(G) schon die ganze Gruppe &(G) ist, dass also die 
minimalen Elemente von %(G@) genau die Linearkombinationen i av; mit 
rationalen Koeffizienten a; sind; die Elemente v; (¢ = 1, --- , 1) bilden also eine 
Basis von B(G). 

Der Schnitt z;-v; ist gleich +v9. Wir wollen das Vorzeichen der Elemente 
v; so definieren, dass 2;-v; = vo gilt; die v,; erfiillen dann die Gleichungen 


Zi Vn = Oixdo (2, k= 1, ++. ), 


durch die sie, wie man leicht iiberlegt, auch vollstaéndig bestimmt sind. 
Im Spharenprodukt II entsprechen den v; die ‘‘Spharen selbst,”’ namlich die 
Elemente 


Vi= Sm Xp XpX-++Xp 
=p XS8Sn,XpX--- 


die offenbar eine Basis von Q(II) darstellen. (Um die richtigen Vorzeichen zu 
erhalten, muss man die Elemente Z; aus Nr. 2 durch die Elemente (—1)'* Z; 
ersetzen; es gelten nimlich die Gleichungen Z;-V. = (—1)’*6%Vo mit Vo = 
pXpxX--- Xp. Die in Nr. 2 genannten Eigenschaften der Z; gelten auch 
fiir die Elemente (—1)’*Z;.) 

Hieran sieht man unmittelbar, dass >> d(v;) = n ist (das gilt dann natiirlich 
fiir jede Basis (v; , v2 , --+ v7) von B(G)). 

Die Dimension d(v;) = 6(z;) = d(Sn;) = m; ist ungerade; in einer Gruppe 
gibt es also nur ungerade-dimensionale minimale Elemente ([7], Nr. 36). 

Die Zahlen 1; , die Range der Gruppen ¥i(G) (§1, Nr. 3), geben an, wieviel 
der Faktor-Sphiren S,,, des Produktes II 7-dimensional sind; durch die |; ist I, 
und folglich auch #(G@) vollstandig bestimmt. Die Zahlen 1; sollen die charak- 
teristischen Zahlen der Gruppe G genannt werden. 1; ist Null fiir gerades ?. 
Die Zahl 


(G4) =h+hkh+4h4+--- 


soll der Rang* der Gruppe heissen; der Rang einer Gruppe G ist also gleich dem 
Rang der Gruppe &(G@) der minimalen Elemente von G. 


4. Die von den Elementen 
«Mle Sd Ge tos Sa I 


gebildete Basis [z,] ist zu sich selbst dual, d.h. die duale Basis besteht aus 
denselben Elementen (bis auf das Vorzeichen). 


2iy * Zig’ cee 02; 





‘Fir den Zusammenhang dieser Definition des Ranges einer Gruppe mit der iiblichen 
Definition des Ranges einer Lieschen Gruppe vgl.: H. Hopf: Uber den Rang geschlossener 
Liescher Gruppen [Comm. Math. Helv. 13 (1940/41)]. 
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Ist nimlich x = 2;,-2;,- +--+ -2;, ein beliebiges dieser Elemente, und ist # = 
2),:2j.° *** *2i,-, das Produkt derjenigen z; , die in z nicht als Faktoren auftreten, 
so ist ¢-2 = =v; ist aber y ein von & verschiedenes Element der Basis [z,] 
mit d(y) = d(Z), so ist y-x = 0, weil y mindestens einen Faktor z; enthalt, der 
auch in x vorkommt. 

In Nr. 2 sind wir ausgegangen von einem beliebigen irreduziblen Erzeugenden- 
system (21, 22, +--+ ,2:, 1) von R(G); nach Nr. 3 sind den z,; die minimalen 
Elemente v; zugeordnet, die eine Basis von %(@) bilden. Man sieht ganz leicht, 
dass man auf diese Weise, d.h. durch geeignete Wahl der z; , jede Basis von &(G) 
erhalten kann (mit der unwesentlichen Einschrankung, dass man, wegen der 
Bedingung 21-22: --- -2; = vo, nur solche Basen von &(G) bekommt, die durch 
eine lineare Transformation mit der Determinante 1 auseinander hervorgehen; 
das bedeutet nur, dass man eventuell v; durch ein rationales Vielfaches ersetzen 
muss.). Das beweist man z.B. mit Hilfe der Bemerkung, dass die Gleichungen 
2;:V; = 60, durch die bei gegebenen z; die v; vollstaéndig bestimmt sind, in- 
variant bleiben, wenn man auf die z; und die v; kontragrediente lineare Trans- 
formationen ausiibt. 

Man nehme die zu einem beliebigen irreduziblen Erzeugendensystem (2; , 
%,+++,21, 1). von R(G) gehérenden minimalen Elemente v; in eine sonst 
beliebige Basis von 8(G@) auf. Dann ist das zu v; duale Element z; der dualen 
Basis von der Form z; = z; + y; mit nichtmaximalem y; ; das bestatigt man 
leicht auf Grund der Tatsache, dass z;-v; = vo ist, dass aber fiir jedes von 2; 

und 1 verschiedene Element x der Basis [z,;] der Schnitt x-v,; gleich Null ist. 
Diese Elemente z; bilden ebenfalls mit 1 zusammen ein irreduzibles Erzeugen- 
densystem von #(G); sie besitzen auch die Eigenschaften a) und b) (§1, Nr. 2); 
es ist namlich 6(z;) = 6(z;) und Zy+Zge +++ «Zp = ByeRqe +++ +2, 3 aus den Gleich- 
ungen 2;-v% = 5,400 folgen ohne weiteres die Gleichungen Zi+Ue = Sixdo 


3. Der Pontrjagin’sche Ring und der “Aufspann-Satz”’ 


1. G sei, wie in §1, eine (geschlossene) Gruppenmannigfaltigkeit. Die Multi- 
plikation in G, die jedem Punktepaar (p, g) von G den Punkt p-q zuordnet, 
kann man auffassen als eine Abbildung F des topologischen Produktes G X G 
zweier Exemplare von G in G, die definiert ist durch: 


F(p X q) = Pg. 
Sind x, y zwei Homologieklassen von G, so wollen wir unter dem Pontrjagin’ schen 
Produkt [3] (kiirzer: P-Produkt) von x und y das Bild des Elementes x X y von 
R(G X G) bei F verstehen; wir bezeichnen es mit xoy; also: 


F(z X y) = rey. 


Anschaulich, aber etwas unscharf, kann man das so sagen: Durchlauft der 
Punkt p den Zyklus az, und der Punkt g den Zyklus y, dann durchlauft der Punkt 
pq den Zyklus roy. 

Es ist d(xoy) = d(x) + d(y). 
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erzeugte Untergruppe von 8(G) schon die ganze Gruppe &(G) ist, dass also die 
minimalen Elemente von §(@) genau die Linearkombinationen >> a,v; mit 
rationalen Koeffizienten a; sind; die Elemente v; (¢ = 1, --- , 2) bilden also eine 
Basis von %(G). 

Der Schnitt z;-v; ist gleich +-v). Wir wollen das Vorzeichen der Elemente 
v; so definieren, dass 2;-v; = vo gilt; die v; erfiillen dann die Gleichungen 


Zien = bixVo (i, k= 1, wits ,l), 


durch die sie, wie man leicht iiberlegt, auch vollstandig bestimmt sind. 
Im Sphirenprodukt II entsprechen den v; die ‘“Spharen selbst,” namlich die 
Elemente 


Vi= Sn, Xp XpX-++ Xp 
V2=p XSn,XDX-+- XP 


die offenbar eine Basis von Q(II) darstellen. (Um die richtigen Vorzeichen zu 
erhalten, muss man die Elemente Z; aus Nr. 2 durch die Elemente (—1)’* Z; 
ersetzen; es gelten naimlich die Gleichungen Z;-V; = (—1)’*8xVo mit Vy = 
pXpX--- Xp. Die in Nr. 2 genannten Eigenschaften der Z; gelten auch 
fiir die Elemente (—1)'*Z;.) 

Hieran sieht man unmittelbar, dass >, d(v;) = n ist (das gilt dann natiirlich 
fiir jede Basis (v; , 2 , --- vz) von B(G)). 

Die Dimension d(v;) = 6(z:) = d(S»;) = m; ist ungerade; in einer Gruppe 
gibt es also nur ungerade-dimensionale minimale Elemente ([7], Nr. 36). 

Die Zahlen 1; , die Range der Gruppen %;(@) (§1, Nr. 3), geben an, wieviel 
der Faktor-Spharen S,,, des Produktes II 7-dimensional sind; durch die /; ist Il, 
und folglich auch #(G) vollstandig bestimmt. Die Zahlen 1; sollen die charak- 
teristischen Zahlen der Gruppe G genannt werden. 1; ist Null fiir gerades 7. 
Die Zahl 


(@G)=h+h+h+--- 
soll der Rang* der Gruppe heissen; der Rang einer Gruppe G ist also gleich dem 
Rang der Gruppe &(G@) der minimalen Elemente von G. 
4. Die von den Elementen 
(4; < tg < +--+ < 4,), 1 


gebildete Basis [z;] ist zu sich selbst dual, d.h. die duale Basis besteht aus 
denselben Elementen (bis auf das Vorzeichen). 


Bi, Zig’ eee Zi, 





‘Fur den Zusammenhang dieser Definition des Ranges einer Gruppe mit der tiblichen 
Definition des Ranges einer Lieschen Gruppe vgl.: H. Hopf: Uber den Rang geschlossener 
Liescher Gruppen [Comm. Math. Helv. 13 (1940/41)]. 
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Ist nimlich x = 2;,-2:,- --- -2;, ein beliebiges dieser Elemente, und ist # = 
2), *Zig °° * *2ir-, das Produkt derjenigen z; , die in x nicht als Faktoren auftreten, 
so ist Z-2 = bv; ist aber y ein von & verschiedenes Element der Basis [z;] 
mit d(y) = d(#), so ist y-x = 0, weil y mindestens einen Faktor z; enthalt, der 
auch in « vorkommt. 

In Nr. 2 sind wir ausgegangen von einem beliebigen irreduziblen Erzeugenden- 
system (21, 22,---,2:, 1) von R(G); nach Nr. 3 sind den z; die minimalen 
Elemente v; zugeordnet, die eine Basis von %(G) bilden. Man sieht ganz leicht, 
dass man auf diese Weise, d.h. durch geeignete Wahl der z; , jede Basis von ¥B(G) 
erhalten kann (mit der unwesentlichen Einschrinkung, dass man, wegen der 
Bedingung 21-22: «++ «2: = v9, nur solche Basen von B(@) bekommt, die durch 
eine lineare Transformation mit der Determinante 1 auseinander hervorgehen; 
das bedeutet nur, dass man eventuell v; durch ein rationales Vielfaches ersetzen 
muss.). Das beweist man z.B. mit Hilfe der Bemerkung, dass die Gleichungen 
2;-Ve = 6ix¥0, durch die bei gegebenen 2z; die v; vollstandig bestimmt sind, in- 
variant bleiben, wenn man auf die z; und die v; kontragrediente lineare Trans- 
formationen ausitibt. 

Man nehme die zu einem beliebigen irreduziblen Erzeugendensystem (2; , 
Z%,-++,21, 1) von R(G) gehérenden minimalen Elemente »v; in eine sonst 
beliebige Basis von $(G) auf. Dann ist das zu v; duale Element z; der dualen 
Basis von der Form z; = z; + y; mit nichtmaximalem y; ; das bestitigt man 
leicht auf Grund der Tatsache, dass z;-v; = vo ist, dass aber fiir jedes von z; 
und 1 verschiedene Element x der Basis [z;] der Schnitt x-v; gleich Null ist. 
Diese Elemente z; bilden ebenfalls mit 1 zusammen ein irreduzibles Erzeugen- 
densystem von #(G); sie besitzen auch die Eigenschaften a) und b) ($1, Nr. 2); 
es ist namlich 8(z;) = 6(z;) und zj-2g- +++ +2; = Z1+@+ «++ +2, 3 aus den Gleich- 
ungen z;-v; = do folgen ohne weiteres die Gleichungen z;-v, = dix0o - 


3. Der Pontrjagin’sche Ring und der “‘Aufspann-Satz’”’ 


1. G sei, wie in §1, eine (geschlossene) Gruppenmannigfaltigkeit. Die Multi- 
plikation in G, die jedem Punktepaar (p, g) von G den Punkt p-q zuordnet, 
kann man auffassen als eine Abbildung F des topologischen Produktes G X G 
zweier Exemplare von G in G, die definiert ist durch: 


F(p X q) = p-4. 


Sind x, y zwei Homologieklassen von G, so wollen wir unter dem Pontrjagin’ schen 
Produkt [3] (kiirzer: P-Produkt) von x und y das Bild des Elementes x X y von 
RG X G) bet F verstehen; wir bezeichnen es mit xoy; also: 


F(x X y) = xey. 


Anschaulich, aber etwas unscharf, kann man das so sagen: Durchlauft der 
Punkt p den Zyklus 2, und der Punkt g den Zyklus y, dann durchlauft der Punkt 
pq den Zyklus zxoy. 

Es ist d(xoy) = d(x) + d(y). 































1102 HANS SAMELSON 


Wegen des Assoziativgesetzes in G ist diese Multiplikation auch assoziatiy; 
fiir drei Homologieelemente x; , 22, 23 gilt: 


(11°22) °2X3 = 2° (2023). 


Das P-Produkt ist mit der Addition distributiv verkniipft, wie man sofort sieht. 

Das bedeutet: Man kann die Betti’sche Gruppe 8(G) nicht nur durch die 
Schnittbildung x-y zu einem Ring R(G), sondern auch durch die Pontrjagin’ sche 
Produktbildung xoy zu einem Ring $(G), dem Pontrjagin’schen Ring von G, 
machen. 

Auf den Ring $(G@) kann man die tiblichen algebraischen Begriffe anwenden; 
sind x; , 2, --- 2, irgendwelche Elemente von {3(G@), so ist klar, was man unter 
dem von den z; erzeugten Pontrjagin’schen Teilring und was man unter dem 
von den z; erzeugten Pontrjagin’schen Ideal (Rechts-, Links-, oder zweiseitig) 
zu verstehen hat. 

(Jedes von homogen-dimensionalen 2; erzeugte Ideal in R(G) ist iibrigens 
zweiseitig, wegen der Regel x-y = +y-zx fiir homogen-dimensionale z, y; es wird 
sich zeigen, dass das auch in [§(G) so ist.) 

Der Ring $(G) besitzt eine Eins, némlich das nulldimensionale Element 1 , 
das man etwa durch den einfach gezihlten Einheitspunkt e, das Gruppen- 
Einselement von G, reprasentieren kann; denn wegen F(e X p) = ep = p fiir 
jeden Punkt p von G ist offenbar F(v) XK x) = x fiir jedes Element z von $(G), 
und ebenso ist F(x X vo) = 2, d.h.: 

Up°r = LV = 2. 

2. Der Ring %(G) und sein Verhaltnis zu dem Ring R(G) soll nun untersucht 
werden. 

Die Pontrjagin’schen Untersuchungen [3] haben ergeben, dass fiir die Gruppen 
der bekannten vier Killing-Cartan’schen Klassen die Ringe R(G@) und $(G) ein 
ganz bestimmtes, in gewissem Sinn duales, Verhalten aufweisen. Von Cartan 
[15] und in anderer Form von Hopf [16] ist die Vermutung ausgesprochen 
worden, dass diese Dualitit den Ringen ®(@) und $(G) aller (geschlossener) 
Gruppenmannigfaltigkeiten zukomme. Diese Vermutung wollen wir im fol- 
genden beweisen. Satz I ist die Cartan’sche, Satz I’ die Hopf’sche Formu- 
lierung der Vermutung. Aus Griinden, die bei der Formulierung und beim 
Beweis der Vermutung, besonders in der Form I’, klar werden werden, wollen 
wir die zu beweisende Tatsache den “Aufspann-Satz’” nennen. Die Cartan’sche 
Formulierung ist [15]: 

Satz I. G sei eine geschlossene Gruppen-Mannigfaltigkeit der Dimension n, 
vom Rang l. 

a) Dann gibt es im Ring (G) (mit rationalen Koeffizienten) | Elemente 
V1, U2, +++ ¥, ungerader Dimensionen, fiir die gilt: 


Vj, = —v,0v; Und v,0v; = 0; 
. l 
die 2) — 1 Elemente 
Vj, OVj,° +++ OV;, (iy <te <see < i;) 
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bilden mit dem Punkt vo zusammen eine volle Betti’sche Basis (Basis der Betti’ schen 
Gruppe B(G)). 

b) Sind wy = Vi, 0Vigo° +++ OD;, UN We = 0j,°0j,° +++ ov;, Zwei solche 
Basiselemente, so ist der Schnitt w,-w2 gleich Null, wenn eines der Elemente v; weder 
in dem Produkt w, noch in dem Produkt w2 als Faktor vorkommt; kommt jedes v; 
entweder in W, oder in W. oder in beiden als Faktor vor, dann ist der Schnitt w,- we 
(bis auf das Vorzeichen) gleich dem Produkt vp,0v;,° +++ Ue, (ki < ke < +++ <he) 
derjenigen v; , die sowohl in w, als auch in w, als Faktor auftreten, oder, falls kein v; 
sowohl in w, als auch in we vorkommt, gleich vo . 

Teil a) von Satz I beschreibt den Ring $(G); die Elemente v; sind antikom- 
mutativ und bilden ein irreduzibles Erzeugendensystem von $(G); aus dem 
Beweis wird hervorgehen, dass man fiir diese Elemente v; die Elemente einer 
beliebigen Basis der Gruppe %(@) der minimalen Elemente von 9(G) wiihlen 
darf. Die in I a) genannte Basis von $(G) wollen wir die Basis (v;) nennen; 
sie ist durch die Elemente v; bestimmt. 

Teil b) enthalt die Beziehung zwischen #(G@) und $(G@); denn b) bestimmt 
den Schnitt zweier beliebiger Elemente von $(G). Diese Beziehung tritt klarer 
hervor in der Hopf’schen Formulierung des Satzes I, die durch den Satz I’ 
gegeben wird. Dazu ist eine Vorbereitung ndotig. 


3.1 = Sm, X Sm, X Sm, X +--+ X Sm, sei ein Produkt von Sphiaren S,,; 
der Dimensionen m;. Z; und V; seien die in §2, Nr. 2 u. 3 definierten maxi- 
malen und minimalen Elemente von §(I1). 

In S(II) lasst sich neben der Schnittbildung in naheliegender Weise noch 
eine zweite Multiplikation, das ‘Aufspannen,” erkléren [16]. Das Produkt 
aweier Elemente X, Y von QS(II) wird mit X & Y bezeichnet; die Definition 
geschieht folgendermassen: 

Fir i << % <.--. < 7, ist Vi, KR Vi, W--- BW Vi, dasjenige Element 
% X t%2 X +++ X a, von Bil), in dem 


zj=S,, fir j=%,%,---,% und 
“4; =p fiir alle anderen 7 
ist. Das sind mit dem Punkt V» zusammen 2’ Elemente, die eine volle Betti’sche 
Basis von Q(I1) bilden. 
Fir zwei solche Elemente 
X = Vi, BVi, R--- KVi,, Y = V;, BV;, R--- BV;, 
wird das “aufgespannte” Element X 3 Y dadurch definiert, dass man die 


rechten Seiten nach dem assoziativen Gesetz miteinander multipliziert und die 
Regeln 


Vi SV, = (-1)" "Vi Vi, V;8%V; =0 


(m; = d(V;)) anwendet; dann wird X %{ Y entweder = 0 oder (bis auf das 
Vorzeichen) eins der oben genannten Basiselemente. Fiir beliebige Elemente 
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von Q(II) definiert man das Produkt, indem man sie durch die Elemente dieser 
Basis darstellt und die distributiven Gesetze anwendet. Es ist d(X 3{ Y) = d(X) 
+ d(Y). 

Durch diese Multiplikation wird die Betti’sche Gruppe S(II) zu einem Ring 
Qu). Es existiert eine Eins: 


Vo=pXpX--- XP. 


Die Ringe 9(I1) und Q(M) sind isomorph; die Isomorphie bekommt man, wenn 
man die Erzeugenden Z; von (II) den Erzeugenden V; von Q(II) zuordnet. 

Es besteht aber weiter eine gewisse Dualitit; es gilt namlich die folgende 
“Formel (A)”’: 


(A) Zi, Zig: Say Zi, — +V;, KX Vin Ki eee xX re 


wenn die Mengen {7 , %2,--- ,72-} und {j1, je, --- ,ji-r} komplementire Teil- 
mengen der Menge der Zahlen von 1 bis/ sind. Beide Seiten bedeuten namlich 
dasjenige Element 2; X x2 X --- X 2, von B(II), in dem 


5 = Sm; fiir J=NAsh5°°° , ji und 
tj; = Pp fiir J = t1,%2,-°° 5 te 


ist. Das Vorzeichen hangt auf gewisse Weise von den Indizes ab. 

Mit Hilfe dieser Formel (A) lasst sich jedes Element von S(II) sowohl als 
Element von (il) als auch als Element von Q(II) schreiben. Infolgedessen 
kann man den Schnitt X-Y zweier beliebiger Elemente X, Y von Q(II) und das 
Produkt X 3% Y zweier beliebiger Elemente X, Y von (II) berechnen; die 
Formel (4) bestimmt die Beziehung zwischen §t(IT) und Q(I) vollkommen. 


4. Der Satz I’ lautet nun folgendermassen [16]: 

Satz I’. Die auf Grund von Satz A mégliche, isomorphe Abbildung der Ringe 
R(G) und R(I1) (wo Il ein gewisses Sphdrenprodukt ist) lasst sich so wihlen, dass 
zugleich die Ringe B(G) und Q(Il) isomorph aufeinander abgebildet werden. 

Der Beweis fiir die Satze I und I’ wird in den Nummern 5-8 geliefert; er geht 
folgendermassen vor sich: Wir beweisen zunachst (in Nr. 5, 6, 7) den Teil a) 
von Satz I, und zwar in der folgenden verscharften Form: Die Elemente »; einer 
beliebigen Basis (v;, v2, --+ v,) der Gruppe %(G) der minimalen Elemente von 
#(G) haben die in I a) genannten Eigenschaften. Den Teil b) von Satz I 
beweisen wir in Nr. 8 folgendermassen: Wir bilden mit den Elementen 2; die 
in I a) genannte Basis (v,;); die in der dualen Basis zu den v; dualen Elemente 
nennen wir 2; ; sie haben die in §2, Nr. 4, Ende, genannten Eigenschaften. 


Dann beweisen wir die Giltigkeit der der Formel (A) (Nr. 3) entsprechenden 
“Formel (D)”: 


(D) Rip Zige °° °2i, = Vz, 00;,0 +++ OVj,_,, 


r 


fiir komplementire Teilmengen {i,, i2,---,i,} und {j,, jo, +++ ,Ji-r} der 
Menge {1, 2, --- , l}. 
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Aus dieser Formel folgt dann sofort I b): Man schreibe die Elemente w,; und 
w, mit Hilfe von (D) als Schnitt gewisser z; ; dann bilde man den Schnitt w;-w» , 
der entweder 0 oder wieder ein Schnitt gewisser z; ist; im zweiten Falle schreibt 
mal W;-W. Wieder mit Hilfe von (D) als P-Produkt gewisser v;. Man bestitigt 
ohne Miithe, dass der Schnitt w;-w. das in I b) angegebene Verhalten zeigt, 
wegen der Dualitat der Formel (D), die man folgendermassen aussprechen kann: 
Kommt in (D) auf der linken Seite das Element z; vor, so kommt rechts das dazu 
duale v; nicht vor; kommt links das Element z;, nicht vor, so kommt rechts das 
dazu duale v; vor. 

Der Satz I’ ist dann auch bewiesen: ordnet man die eben genannten z; den 
Elementen Z; von (II) zu, so erhalt man einen Isomorphismus 9(G) = R(I). 
Dabei entsprechen wegen §2, Nr. 4 die Elemente v; von 9t(@) den Elementen V; 
von (II). Wegen der Formeln (D) und (A) entspricht dann dem P-Produkt 
irgendwelcher v;, das von den entsprechenden V ;, “‘aufgespannte”’ Element, d. h. 
es liegt ein Isomorphismus zwischen $(G) und Q (II) vor; um Uebereinstimmung 
der Vorzeichen in (D) und (A) zu erhalten, muss man jedoch die Elemente Z; 
durch die Elemente (—1)'*Z; ersetzen (vgl. §2, Nr. 3). 


5. Wir beginnen mit dem Beweis von I und I’. Wir betrachten die Abbildung 


F(p X q) = pg 
des Produktes G X G zweier Exemplare von G in G; ¢ sei der zugehérige Um- 
kehrungshomomorphismus (§1, Nr. 5). 

Das Bild ¢(z) eines beliebigen Elementes z von 8(@) hat eine sehr spezielle 
Gestalt, auf der alle weiteren Ueberlegungen beruhen; sie ist eine Folge der 
Tatsache, dass der Punkt vp in 8(G@) die Rolle der Eins spielt, also eine Folge 
der Gleichungen 


F(x X vo) = 2, F(vu Xy) =y 
fir beliebige Elemente xz, y von B(G). 


Das Bild ¢(z) eines beliebigen z(# 1) lasst sich in der folgenden Form 

schreiben: 
g(z) = (1X y) + (@ XI +L (eX w), 

wo die Ungleichungen d(z) < d(xn) < n, d(z) < d(yn) < n fiir alle h gelten; 
denn auf die Form der rechten Seite kann man jedes Element von R(G X G) 
bringen, und die Ungleichungen folgen aus der Gleichung 6(¢(z)) = 6(z). Hierin 
lassen sich nun y und zx bestimmen: 

Wir bilden den Schnitt ¢{z)-(v) X 1). Der Schnitt von vp mit nicht skalaren 
Elementen ist immer 0; auf Grund der in §1, Nr. 7 genannten Siatze findet man 
sofort: 


(z)-(v0 X 1) = v0 X y. 


Uebt man auf diese Gleichung die Abbildung F aus und beachtet die Funktional- 
gleichung fiir 4 ($1, Nr. 5), so erhalt man: 
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z-l=y, also z=y. 
Entsprechend bilden wir den Schnitt ¢(z)-(1 X uv). Man findet: 
o(z)-(1 X m) = (—1)%? "(a X 0). 


Durch Ausiibung von F und Anwendung der Funktionalgleichung fir ¢ erhilt 
man, wenn man noch beachtet, dass 6(vo) = n ist: 


z= (-1)"° 2. 
Damit ist gezeigt: Fiir jedes Element z(~ 1) von #(G) gilt die “Formel (¢)”: 


(¢) o(z) = (1 Xz) + (-1)""'@ KX 1) + D (ta X w) 


mit den Ungleichungen d(z) < d(a,) < n, d(z) < d(yn) < n. Ausserdem ist 
natiirlich ¢(1) = 1 X 1. 

Wir fiihren nun eine Basis in 8(G) ein. Und zwar wahlen wir die von einem 
beliebigen irreduziblen Erzeugendensystem (1, 21 , 22, --- 2:) von R(G) erzeugte 
Basis [z;] (§2, Nr. 2); wir diirfen 2;-2.- --- -z; = vo annehmen. Das Vorzeichen 
der Elemente v; , die zu dieser Basis gehéren, ist durch 


i-l 
Vi = (—1)” Sear oe Spa inae oes By 


definiert; dann sind in der dualen Basis, die nach §2, Nr. 4 bis auf Vorzeichen 
aus denselben Elementen wie die Basis [z;] besteht, gerade die Elemente 2; zu 
den Elementen v; dual, d. h. es ist 2;-v; = vo ; es gelten dann die Gleichungen: 


2i-UE = Oixdo. 


Die Elemente v; bilden eine Basis von ¥(G); nach §2, Nr. 4 kann man durch 
geeignete Wahl der Elemente z; jede Basis von %(@) auf diese Weise erhalten. 

Durch die Basis [z;] in 8(G) ist eine Basis in 8(G X G) bestimmt (§1, Nr. 7), 
die wir die Basis [z;]* nennen wollen; auch diese Basis ist (bis auf Vorzeichen) zu 
sich dual. 


Fiir die maximalen Elemente z; ist 6(z:) ungerade. Daher heisst fiir sie die 
Formel (¢): 


($i) o(z;) = (1 Xz) + (-1)"@ XID + RB; 


dabei ist der Term )> (xa X yn) aus (f) mit R; bezeichnet worden. Weil alle 
6(z;) ungerade sind, ist fiir jeden Term (2, X ys) von R; entweder 6(x,) oder 
(yn) gerade, also nie sowohl 2; als auch y, maximal, sondern wenigstens eines 
zusammengesetzt. 


6. Wir beweisen zunichst die Behauptungen 
vjov; = 0 und vov, = —v,00; 


von I a); anders gesagt, wir beweisen: fiir die Elemente v; X v; und (v; X vs) + 
(vu, X v;), die wir fiir den Moment mit v;; und v,,, bezeichnen, gilt: 
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F (vj) sani F(vix) = 0. 


Zum Beweis beachten wir, dass die Funktionalgleichung fiir ¢ die Gleichung 
F(g(2’)-vis) = 2’-F(vii) und die entsprechende fiir v4, mit einem beliebigen 
re ¢ BG) liefert. Um zu zeigen, dass F(v;;) = 0 ist, geniigt es wegen des 
Poincaré-Veblen’schen Dualititssatzes, die folgende Behauptung (a) zu beweisen: 

(a) fiir jedes x von B(G) mit (x) = d(v,;) ist die Schnittzahl ¢(x)-v;; gleich 
Null. 

Ebenso geniigt es fiir den Beweis von F(vy%.) = 0, zu zeigen: 

(b) fiir jedes y von B(G) mit 6(y) = d(vx) ist die Schnittzahl (y)-v% gleich 
Null. 

Wir betrachten nun die Menge derjenigen Elemente >, (x, X yn) in R(G X G), 
in denen in jedem Term 2; X y, entweder x, oder y; oder beide zusammengesetzte 
Elemente von §t(G) sind; wie man sofort einsieht, ist diese Menge, die U1 heisse, 
ein zweiseitiges Ideal in R(G XK G). Die Elemente (z; X 2;), (2: & zx), (2% X 2) 
gehéren zu verschiedenen Restklassen von Ul. 

Aus der Formel (¢;) und der anschliessenden Bemerkung iiber R; folgen die 
Kongruenzen : 


(zr) = (1 X z-) + (-1)"(z X& 1) mod U. 
Weil die Elemente (1 X z,-zs) und (z,-z; X 1) zu U gehGren, folgt daraus sofort: 
b(Zr-2s) = (Zr) (2s) = (—1)"(z. X 2) — (—1)"(& X 2s) mod U, 


wo das Vorzeichen des zweiten Gliedes daraus folgt, dass die 5(z;) ungerade sind. 
Ebenso rechnet man sofort aus: 


(Zr Ze-Z1) = (Zr) (Ze) -b(%) = 0 


und das Gleiche fiir alle Produkte mit mehr als drei Faktoren. Stellt man also 
fiir irgendein Element x der Basis [z;] von 8(G) das Bild ¢(x) durch die Basis 
(2: von B(G X G@) dar, so tritt darin das Basiselement z; X 2; nicht (d. h. mit 
dem Koeffizienten Null) auf; die Basiselemente z; X z, und z, X 2; treten nur 
dann mit nichtverschwindendem Koeffizienten auf, wenn x = 2;-2 ist, und 
dann treten sie mit entgegensetzten Koeffizienten auf (nimlich mit +1 und —1). 
Nun sind aber die Elemente (z; X 2), (2: X 2x), (2 X 2:), wenn man sie noch 
mit den Vorzeichen (—1)" versieht, die zu den Elementen (v; X v;), (vi X vx), 
(. X v;) dualen Elemente der Basis [z;]* (man beachte, dass Basis und duale 
Basis bis auf Vorzeichen mit der Basis [z,]* tibereinstimmen). 
Daraus schliesst man sofort die Behauptung (a): 


mod U, 








o(x)-(v; X v;) = 0, wenn A(x) = d(v; X v4). 


Auch fiir die Behauptung (b) muss man nur noch den Schnitt $(2;- 2) -vix priifen. 
Aber wegen der Verschiedenheit der Vorzeichen von (z; X zx) und (z X 2,) in 
$(zi-2x) ist auch dieser Schnitt Null. Damit ist (a) und (b), also auch die 
Behauptung am Anfang dieser Nummer, bewiesen. 
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7. Als zweites beweisen wir die Gleichung: 
VjOVg0 +--+ ov, = 1. 


Wegen der eben bewiesenen Antikommutativitat der v; diirfen wir annehmen, 
die v; seien so angeordnet, Hass d(v;) S d(v,) ist fiir 7 < k. 

Dass das Produkt der v; gerade +1 ist, liegt daran, dass die z; so definiert 
sind, dass 2-2 +--+ 2; = +t ist; das Wesentliche ist, dass das—n-dimensionale— 
Element vj070 --- ov, nicht Null ist, dh. dass die ganze Mannigfaltigkeit G 
von der Basis {m, v2,---v:} der Gruppe &(G) “aufgespannt” wird; dem 
entspricht die Gleichung V; & V2 &{ --- & Vi = 1 beim Spharenprodukt I. 

Wir bezeichnen mit w, das Teilprodukt rovz.j0 --- ov, (k = 1, 2,--- , l) 
und setzen noch wii, = vo. 

Dann beweisen wir fiir k = 1, 2, --- , 1 die Gleichungen: 


(1x) Ze We = (—1)" “wes 
(2;) z;-uz = 0 fir? <k 


Das ist richtig fir k = 1, wegen z;-v; = v. Die Gleichungen seien bewiesen 
fiir k; wir beweisen sie fiir k — 1. 
Wir gehen aus von der Tatsache 
F(vpa X We) = Wer, 
die aus der Definition der w, folgt. 


Fiir ein beliebiges Element z; ergibt die Funktionalgleichung fiir ¢ die 
Gleichung: 


(3) F((z:i)+ (Vin K we)) = 25+ Wer. 
Fiir i < k setze man jetzt $(z;) aus der Formel (¢;) (Nr. 5) ein. Man erhilt: 
(4) b(2:)- (Una XK we) = (—1)"* (e504) K we) firi <k. 


Denn wegen (2,) ist (1 X 2:)-(vx-1 X we) = 0; und ist zx X y ein Element aus 
R; = Do tn X ya, 80 ist wegen d(x) > d(z;) = d(zx_1) der Schnitt z-v4,1 = 0, 
also auch R;- (vg. X wz) = 0 (die zweite Ungleichung folgt aus der Voraussetzung 
iiber die d(v;)). 

Fir 7 = k — 1 erhalt man also: 


(1’) : (2x1) + (Vea X We) = (—1)*-” (vy X we), 
fiir i < k — 1 erhalt man dagegen: 
(2') $(2:)+ (Vea X we) = 0 firi <k—-1. 


Aus (1’) und (3) entnimmt man jetzt: 
Ze-1-We = (—1)"* wy, , 
aus (2’) und (3) dagegen: 
2;-Wi-s = O firi <k —1; 


und das sind die Gleichungen (1,_;) und (2-1). 
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Aus den damit fir k = 1, 2, --- , 1 bewiesenen Gleichungen (1,) schliesst man 
jetat der Reihe nach: w; ¥ 0 (wegen win, = v: ¥ 0), wi ¥ 0,---, wm #0. 
Also ist jedenfalls wy = vjov,0 --- ov, # 0. Bei Durchfiihrung der elementaren 
Rechnung erhalt man die genauere Aussage: 









VjOV_Q0 +--+ oy, = I, 


Aus den Tatsachen, dass die v; antikommutativ sind (in $(@)), und dass 
joo --- ov) ¥ O ist, kann man nun schliessen, dass die Elemente v; (zusammen 
mit »») den Ring %(G@) erzeugen. Dazu betrachten wir die 2' Elemente 







Vo und Vi,;OVi,0 +++ OV;, (2, < 12 Sree < tr). . 
i ‘ 
das man aus den v; bilden kann, entweder 0 oder—bis aufs Vorzeichen—einem 





' 
Wegen der Antikommutativitat der v; ist jedes beliebige Potenz-P-Produkt, tf d 
| . 


dieser Elemente gleich. Nun stellt man leicht fest, dass diese Elemente linear 
unabhingig sind: ' 

0 = >> a;-y; sei eine Relation zwischen solchen Elementen y; mit Koeffi- | a 
zienten a;. Es sei y; ein “kiirzestes’’ dieser Elemente, d. h. eines mit méglichst 4 
kleiner Zahl von Faktoren v; ; mit 7, werde das P-Produkt derjenigen v; bezeich- 
net, die in y; nicht als Faktoren auftreten. 




















Nun multipliziere man die Gleichung 0 = >> a;-y; im Sinne des P-Produktes bie 
mit j,. Auf der rechten Seite ergibt a:-y:09, das Element +a,-1; denn es ist ih 
Wot, = vjoto +--+ ov,. Fiirdie y;mit7z > 1 ist aber y;og, = 0, weil mindestens i 
ein vy, in y; und in g, zugleich vorkommt. Man erhilt also: 0 = -ta; ; ebenso D 
zeigt man, dass alle a; verschwinden. 4 

Nun hat aber B(G) den Rang 2’ (§2, Nr. 2). Also bilden die Elemente E 

Vj,;OV;,0 +++ OV;, (0, <eSeee < ir) Ng 
mit v) zusammen eine Basis von B(@), die die Basis (v;) genannt werden soll. iy 

Da nach §2, Nr. 3 die d(v;) ungerade sind, ist jetzt I a) vollstandig bewiesen. 

Die Elemente v; bilden ein irreduzibles Erzeugendensystem von $(G@). 













8. Wir kommen jetzt zum Beweis von I b). Wir betrachten wieder die 
Abbildungen F und ¢. Aber als Basis in G und zur Bildung der Basis in G XK G 
nehmen wir jetzt die Basis (v;). In der dualen Basis sind zu den v; dual gewisse 
Elemente z; , die nach §2, Nr. 4 ein irreduzibles Erzeugerndensystem von 9t(() 
bilden, und fiir die die Gleichungen 









, 
25°Ve = Oixo 





gelten. Die z; nennen wir wieder 2; ; fiir die so durch die v; bestimmten 2; 
beweisen wir die Formel (D). 

Wir behaupten: fiir die so bestimmten z; verschwindet der Rest R, in der 
Forme] (¢;), d. h. es gilt die verfeinerte Formel (¢o): 


(¢0) o(z:) = (1 X 2s) + (—1)"(e X 1). 
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Zum Beweis betrachten wir die Abbildung F; sie ist vollstandig zu tibersehen. 
Die Bilder der Elemente der durch die Basis (v;) von 8(G) bestimmten Basis 
(v;)* von 8(G X G) werden durch folgende Gleichungen gegeben: 


F ((vj,00;,° eae ov;,) x (0;,00j,0 — ov;,)) = Vi, OVi,0 +++ 0V;,00;,00j,0 oes OOg. 4 


Dabei ist das Element rechts entweder 0 oder—bis aufs Vorzeichen—ein 
Element der Basis (v;).  (vi,00i,0 +++ o¥;, Oder v;,00j,0 «++ ov;, kann auch das 
Element vp bedeuten; dann ist F durch F(vp X x) = F(x X vo) = x gegeben.) 

Nun seien w; und w. zwei beliebige Elemente der Basis (v;) von 8(G), die der 
Bedingung 6(z;) = d(wi) + d(w.) geniigen, sodass also w = w; X w» ein Element 
der Basis (v;)* von B(G X G) mit 6(¢(z:)) = d(w) ist. Wir betrachten die 
Schnittzahl ¢(z;)-w. Wegen der Funktionalgleichung fiir ¢ ist 


F (o(2;) -w) = 2i-F(w). 


Weil z; das zu v; duale Element ist, ist diese Schnittzahl nur dann nicht Null, 
wenn F(w), das ja ein Element der Basis (v;) von 8(G) ist, gleich v; ist. Daraus 
folgt: Der Schnitt $(z;)-w ist nur dann nicht Null, wenn entweder w = 0; X 
oder w = uv X v; ist. Das bedeutet: in der Darstellung von ¢(z,) durch die zu 
der Basis (v,)* duale Basis treten nur die zu v; X vo und vp X v; dualen Elemente 
mit von Null verschiedenem Koeffizienten auf; und das sind eben die Ele- 
mente (1 X z;) und (—1)"(z; X 1). Damit ist die Formel (¢)) bewiesen. 

Wir betrachten ein beliebiges Produkt v;,0v;,0 --- ov;, (mit lauter ver- 
schiedenen Faktoren v). Wir behaupten das Bestehen der folgerden Gleich- 
ungen: 


Uo fir r = 1, 

(1) *iy* (V;,00;,0 eh: ovi,) _ r—1 = 
(—1) VigOVigO +++ OV;, fiir r > 1, 
(2) zx+(vi,0v;,0 - ++ o¥;,) = 0, wenn keiner der Indizes 7; , i2, «++ , 7, gleich k ist 


Beachtet man die Antikommutativitat der v; , so erhalt man aus der Gleichung 
(1) die folgende etwas allgemeinere, in der 7, ein beliebiger der Indizes 1: , 
12 , tee & ist: 


(1’) Zi, * (Vi,0Vi,0 22° OVz,0 os 00;,) 
= +0;,00j,0 +++ oVi,_,0Vi,4,0 «++ 00:, (firr > 1). 


Diese Gleichungen besagen: Der Schnitt eines Elementes w = 0;,0V;,0 +++ Ui, 
mit einem Element z; ist dann und nur dann nicht Null, wenn das zu z; duale 
v; als Faktor in w auftritt; tritt v; als Faktor in w auf, dann erhalt man den 
Schnitt z;-w (bis aufs Vorzeichen), indem man den Faktor v; aus dem Produkt 
Vi,00;,0 +++ o¥;, Weglasst. 

Den Beweis fithren wir durch Induktion nach r; fiir r = 1 ist die Richtigkeit 
von (1) und (2) klar. (1) und (2) seien also richtig fiir alle P-Produkte mit 
weniger als r Faktoren 2; . 
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Wir gehen aus von der Tatsache: 





F(v;, x (v;,00;,° see 0V;,)) = V4,00;,0 +++ OVE. 






die aus der Definition des P-Produktes folgt. 
Nach der Funktionalgleichung fiir ¢ ist: 





(3) F(o(z;) . (vi, ».4 (v;,00;,0 ee oV;,))) = 2; (v;,00;,0 tee ov;,). f 





In dem darin auftretenden Produkt 
$(2z;)- (vi, x (U;,00;,° eee ovi,)), | 


das wir fir den Moment X nennen wollen, setzen wir fiir ¢(z;) den Ausdruck aus Ph ‘ 






Formel (¢o) ein. Wir erhalten: BS: 
X= (Vi, Xx (2+ (Vigovi,° sh °v;,))) + (—1)""((z;-0%,) x (v;,00;,0 see ov;,)). | E 
Ist erstens 7 = 2%, so ist nach Induktionsvoraussetzung z;-(v;,00;,0 - ++ o¥;,) | 





gleich Null; andererseits ist dann z;-v;, = %. Also ist 
xX = (—1)""v xX (v;,00;,0 eee oUi,) 


und die Gleichung (3) liefert die Gleichung (1) fiir den Index r. 

Ist zweitens 7 keiner der Indizes 7; , 72, --+ , 7, , So ist nach Induktionsvoraus- 
setaung z;-(vi,0V;,0 «++ 0d;,) gleich Null. Aber auch z;-v;, ist gleich Null; also 
ist X = 0. Dann liefert die Gleichung (3) die Gleichung (2) fiir den Index r. is 

Durch die Gleichungen (1) und (2) ist das gegenseitige Verhalten von #(@) und 
{(G) vollkommen bestimmt; wir wollen jetzt die Dualititsformel (D) daraus 
ableiten : 












(D) Zi, Zig ++ Zi, = =EVj,OVj,0 +++ OVj,_, 


wenn {i;, i2,-++-,%} und {j1, je, --- ,Ji-r} komplementiire Teilmengen der re 
Menge der Zahlen von 1 bis 1 sind. 

(Das Vorzeichen hingt auf etwas komplizierte Weise von den Indizes ab; es 
sei bemerkt, dass 















l—r) 
ZicZe+s 2 = (—1)" 'p410 Vp420 see OV; 






ist. Dass die Vorzeichen in (D) und (A) iibereinstimmen (nach der Ersetzung 
von Z; durch (—1)'*Z;, vgl. Nr. 4), ergibt sich nach einer elementaren Rech- 
nung.) 

Wir gehen aus von der Tatsache 








VyoVg0 +++ OV] = 1, 






und betrachten ein beliebiges Produkt z;,-2:,- --- -2:,. Wir multiplizieren die 
Gleichung vjormo «++ ov; = 1 mit z;,. Rechts entsteht dabei z,, ; und links fallt 
nach Gleichung (1) der Faktor v;, weg. Die so entstandene Gleichung multi- 
plizieren wir mit z;,. Rechts entsteht dabei z;,-2:, ; und links fallt auch noch 
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der Faktor v;, weg. So fahren wir fort; jedesmal kommt rechts ein Faktor 
z;, (im Schnitt-Sinn) dazu, und links fallt der P-Faktor v;, weg. So entsteht die 
Gleichung (D). Nach Nr. 5 ist damit I b), und damit der ganze “Aufspann- 
Satz” bewiesen. 


9. Zum Rechnen in {(G) bemerken wir noch folgendes: 


. / / , 
Gehen die Elemente v;, , vi, , +--+ , vi, aus den Elementen v;, , vj, , --- , v;, 
durch eine lineare Transformation 
/ . 
a a pm D jRVi;, (j,& = 1,2,... r) 


mit der Determinante | a; | hervor, so gilt wegen der Antikommutativitat der 
v; die Gleichung: 


a , 
Uj,00j,0 +++ 0%, = | a jk |vi,0Vig0 so Oi, 


Daraus folgt z. B., dass das Produkt (in {(G@)) von linear abhiangigen mini- 
malen Elementen v; i Vig oe , immer Null ist. 
Weiter gilt: fiir beliebige (homogen-dimensionale) Elemente z, y ist 


toy = (— 1)? "4M yon: 


zum Beweis muss man nur z und y in der Basis (v;) schreiben. 

In Nr. 5 sind wir ausgegangen von einer beliebigen Basis [z;] von 8(G@) ; dadurch 
wurden die Elemente v; , die eine Basis von %(@) bilden, bestimmt; nach §2, 
Nr. 4 kann man jede Basis von ¥%(G@) auf diese Weise bekommen. In der 
Fassung I des Aufspannsatzes kann man also unter den Elementen »; die Ele- 
mente einer beliebigen Basis von %(G@) verstehen. Die Elemente z; , die dann 
in der Formel (D) auftreten (und die ein irreduzibles Erzeugendensystem von 
R(G) bilden), sind folgendermassen bestimmt: sie sind in der zu der Basis (v;) 
dualen Basis die zu den v; dualen Elemente. Auf Grund der Formel (D) beste- 
hen die Basis [z;] und die Basis (v;) aus denselben Elementen; nun ist die Basis 
[z;] zu sich selbst dual (bis auf Vorzeichen); also ist die Basis [z,;] zu der Basis 
(v;) dual. Man bestatigt auch leicht unmittelbar an der Formel (D), dass das 
einzige Element der Basis [z;], das mit dem Element v;,0v;,0 --+ 0v;, der Basis 
(v;) den Schnitt -tvo ergibt, das Element z;,-z;,- --- -2:, ist. Wir wollen diese 
und noch zwei andere Regeln notieren, die unmittelbar aus (D) folgen: 


(1) 2iy Zig eee +2i,* (Vi, 00i,0 eee ovi,) = +9 ; 
(2) 2iy° Zig? °° -2i,+ (Vj,00j,° cee ov;,) = 0, wenn 


die Indexmengen {7; , i2, --- ,7,} und {j1, jo, --- , jr} voneinander verschieden 
sind, 


(3) Bi, * Zig? eee *2i,* (VE, OR,© eee oUz,) = 0, wenn § < Fe 


Um sie zu beweisen, hat man nur die P-Produkte der v; mit Hilfe von (D) als 
Schnitt der z; zu schreiben, und dann die Rechenregeln fiir t(@) anzuwenden. 
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10. Es seien 2 = 24, -2ig¢ +++ +2, und y = 2;,-2;,- +--+ -2;,_, zwei Elemente 
der Basis [z;], und es sei z-y = +0, d. h. die Elemente z;, , ---,2i,, 2j,, °°: , 
z;,-, sind die Elemente 2 , z2 , --- , 2:, nur in anderer Reihenfolge. Auf Grund 


yon (D) ist dann 
LOY = Vj, Oj, +++ OVj,_,OVj,OVi,0 +++ OV; 5 


und dieses Produkt ist gleich +1, weil die darin auftretenden v; bis auf die 
Reihenfolge mit den Elementen 2; , v2, --- , v; tibereinstimmen. Fiihrt man die 
elementare Bestimmung des Vorzeichens durch, so erhalt man: Aus r-y = v9 
folgtzoy = 1. Daraus folgt leicht allgemein: Sind X, Y zwei beliebige Elemente 
von B(G) mit d(X) + d(Y) = n, dann ist die Schnittzahl von X und Y gleich 
ihrer “Aufspannzahl,” d. h. in X-Y = a-vo und in XcY = b-1 sind die Koeffi- 
zienten a und 6b gleich; diese Gleichheit ist ja anschaulich sehr naheliegend. 

Eine letzte Bemerkung ist folgende: 

Die Elemente 1, --- ,v, seien irgendwelche, linear unabhaingige Elemente 
von ¥(@); dann sind die Elemente 


Vjz,0Vj,0 +++ Oj, (1 a 7, 4) Kas eee < ts) 


linear unabhingige Elemente von S(G). Zum Beweis hat man nur die 0, 
.+.,0, in eine Basis 1, --- ,v. von &(G) aufzunehmen, und mit dieser Basis 
die Basis (v;) von 8(@) zu bilden. 


Kapire. II 


ErstE ANWENDUNGEN DES AUFSPANNSATZES 


Der Aufspannsatz soll jetzt mit den wichtigsten gruppentheoretischen Be- 
griffen in Zusammenhang gebracht werden: mit dem der homomorphen Ab- 
bildung und hauptsi&chlich denen der Untergruppe und der Nebengruppen- 
zerlegung. 


1. Homomorphe Abbildung 


1. G und G’ seien zwei Gruppenmannigfaltigkeiten. Eine Abbildung / von 
(in G’ heisst homomorphe Abbildung, wenn sie 

a) eine homomorphe Abbildung im gewéhnlichen gruppentheoretischen Sinn 
ist, und 

b) eine stetige Abbildung der Mannigfaltigkeit G in die Mannigfaltigkeit 
Gr’ ist. 

Die homomorphe Abbildung h bildet den Ring 8(G) homomorph in den Ring 
KG’) ab; die additive Homomorphie ist klar; die Gleichung 


h(xoy) = h{x)oh(y) 


fiir zwei beliebige Homologieklassen x, y von G und ihre Bilder h(x), h(y) bei h 
beweist man etwa folgendermassen : 

Man bilde das topologische Produkt G X G durch die Abbildung f(p X q) = 
h(pq) in G’ ab. Ist F die Abbildung F(p X q) = pq von G X Gin G, ist F’ die 
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der Faktor v;, weg. So fahren wir fort; jedesmal kommt rechts ein Faktor 
z:, (im Schnitt-Sinn) dazu, und links fallt der P-Faktor v;, weg. So entsteht die 
Gleichung (D). Nach Nr. 5 ist damit I b), und damit der ganze “Aufspann- 
Satz” bewiesen. 


9. Zum Rechnen in $(G@) bemerken wir noch folgendes: 


. / / , 
Gehen die Elemente 2;, , vi,,--+ , 2, aus den Elementen 0,, , vi, , --- , v;, 
durch eine lineare Transformation 
/ . 
Vi; 7 a CL jKVi;, (j, k = 3 2, ite ,r) 


mit der Determinante | a; | hervor, so gilt wegen der Antikommutativitat der 
v; die Gleichung: 


, , , 
Vjz,00j,9 +++ CUZ, = | Aik |v;,0Vi,0 oo* OUg,. 


Daraus folgt z. B., dass das Produkt (in $(@)) von linear abhangigen mini- 
malen Elementen v;, , v:, , «++ , ¥:, immer Null ist. 
Weiter gilt: fiir beliebige (homogen-dimensionale) Elemente z, y ist 


roy = (— 1)? "4 poz: 


zum Beweis muss man nur z und y in der Basis (v;) schreiben. 

In Nr. 5 sind wir ausgegangen von einer beliebigen Basis [z;] von 8(@) ; dadurch 
wurden die Elemente v; , die eine Basis von ¥%(G) bilden, bestimmt; nach §2, 
Nr. 4 kann man jede Basis von %(G@) auf diese Weise bekommen. In der 
Fassung I des Aufspannsatzes kann man also unter den Elementen 1; die Ele- 
mente einer beliebigen Basis von %(G) verstehen. Die Elemente z; , die dann 
in der Formel (D) auftreten (und die ein irreduzibles Erzeugendensystem von 
R(G) bilden), sind folgendermassen bestimmt: sie sind in der zu der Basis (v;) 
dualen Basis die zu den v; dualen Elemente. Auf Grund der Formel (D) beste- 
hen die Basis [z;] und die Basis (v;) aus denselben Elementen; nun ist die Basis 
[z;] zu sich selbst dual (bis auf Vorzeichen); also ist die Basis [z;] zu der Basis 
(v;) dual. Man bestatigt auch leicht unmittelbar an der Formel (D), dass das 
einzige Element der Basis [z;], das mit dem Element v;,00;,0 --+ ov;, der Basis 
(v;) den Schnitt + ergibt, das Element Zi,*Zig¢ +++ +2, ist. Wir wollen diese 
und noch zwei andere Regeln notieren, die unmittelbar aus (D) folgen: 


(1) Zip Figs eee *2i,* (Vi,00i,0 see ovi,) = +, 
(2) Zi Zig? cee +2i,+ (0;,00;,° cee ov;,) = 0, wenn 


die Indexmengen {7; , i2, --- , 7,} und {j,, jo, --- , jr} voneinander verschieden 
sind, 


(3) Bi, * Zig? eee *2i,* (VE, oVK,0 eee oUk,) = 0, wenn § < Fa 


Um sie zu beweisen, hat man nur die P-Produkte der v; mit Hilfe von (D) als 
Schnitt der z; zu schreiben, und dann die Rechenregeln fiir #(@) anzuwenden. 
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10. Es seien © = 24,-2i,¢ +++ +2:, und y = 2;,-2),- +++ -2;,_, zwei Elemente 
der Basis [z;], und es sel z-y = +o, d. h. die Elemente z;, , ---,2i,, 2j,,-°-+, 
z,-, sind die Elemente 2: , 22, --- , 2., nur in anderer Reihenfolge. Auf Grund 
yon (D) ist dann 


LOY = Vj, OVjg0 +++ OVj,_,OVj{,OV;{,9 +++ OV; 5 


und dieses Produkt ist gleich +1, weil die darin auftretenden v; bis auf die 
Reihenfolge mit den Elementen 2; , v2, --- , v: ibereinstimmen. Fiihrt man die 
elementare Bestimmung des Vorzeichens durch, so erhalt man: Aus r-y = 0 
folgtzoy = 1. Daraus folgt leicht allgemein: Sind X, Y zwei beliebige Elemente 
von B(G) mit d(X) + d(Y) = n, dann ist die Schnittzahl von X und Y gleich 
ihrer “Aufspannzahl,” d. h. in X-Y = a-v) und in XoY = b-1 sind die Koeffi- 
zienten a und b gleich; diese Gleichheit ist ja anschaulich sehr naheliegend. 
Eine letzte Bemerkung ist folgende: 


Die Elemente v; , --- , v, seien irgendwelche, linear unabhingige Elemente 
von B(G); dann sind die Elemente 
Vj,0Vj,0 +++ Oj, QIsSsxyS7,4 <a <ceee < ts) 


linear unabhingige Elemente von 8(G@). Zum Beweis hat man nur die 2, 
.+.,0, in eine Basis 1, --- ,v: von ¥(G) aufzunehmen, und mit dieser Basis 
die Basis (v;) von 8(G@) zu bilden. 


KapitTe. II 


ErstrE ANWENDUNGEN DES AUFSPANNSATZES 


Der Aufspannsatz soll jetzt mit den wichtigsten gruppentheoretischen Be- 
griffen in Zusammenhang gebracht werden: mit dem der homomorphen Ab- 
bildung und hauptsachlich denen der Untergruppe und der Nebengruppen- 
zerlegung. 


1. Homomorphe Abbildung 


1. G und G’ seien zwei Gruppenmannigfaltigkeiten. Eine Abbildung h von 
in G’ heisst homomorphe Abbildung, wenn sie 

a) eine homomorphe Abbildung im gewohnlichen gruppentheoretischen Sinn 
ist, und 

b) eine stetige Abbildung der Mannigfaltigkeit G in die Mannigfaltigkeit 
@r’ ist. 

Die homomorphe Abbildung h bildet den Ring $(G) homomorph in den Ring 
K(G’) ab; die additive Homomorphie ist klar; die Gleichung 


h(xoy) = h(x)oh(y) 


litt zwei beliebige Homologieklassen x, y von G und ihre Bilder h(x), h(y) bei h 
beweist man etwa folgendermassen: 

Man bilde das topologische Produkt G X G durch die Abbildung f(p X q) = 
i(pq) in G’ ab. Ist F die Abbildung F(p X q) = pq von G X G in G, ist F’ die 
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entsprechende Abbildung fir G’, und bezeichnet man mit g die Abbildung 
g(p X q) = h(p) X h(g) vonG X Gin G’ X G’, dann kann man wegen h(p-.q) = 
h(p)-h(q) die Abbildung f sowohl als hF als auch als F’g schreiben. Nun ist 
F(x X y) = roy, also hF(x X y) = A(xoy). Andererseits ist (nach Kap. I, $1, 
Nr. 8) g(x X y) = h(x) X h(y), und folglich F’g(x X y) = h(x)oh(y). Damit 
ist die Behauptung bewiesen. 

Ist speziell h(x) homolog Null in G’, so folgt, dass auch h(xoy) homolog Null 
ist fiir beliebiges y; denn es ist 0’oz’ = 0’ (0’ die Nullklasse, z’ eine beliebige 
Homologieklasse von G’). 


2. Der Kern einer homomorphen Abbildung eines Ringes bzw. einer Gruppe 
ist die Menge derjenigen Elemente, deren Bild die Null ist; der Kern ist ein 
Ideal bzw. eine (invariante) Untergruppe. 

Wir betrachten die Gruppen %(@) und &(G’) der minimalen Elemente von G 
und G’. Durch h wird &(@) homomorph in %(G’) abgebildet (nach Kap. I, 
$1, Nr. 4); %°(@) sei der Kern dieser Abbildung. &(@) werde als direkte 
Summe ¥°(G) + %'(G@) dargestellt; dann wird &'(G) isomorph abgebildet. 
fv, , +++, v0} sei eine Basis von B°, {vo4,,-+,- , vz} eine von B; {xy,, --- , 0] 
ist dann eine Basis von ¥(G@). Die Elemente 1, --- ,vj werden auf Null 
abgebildet; die Elemente h(vj4;), --- , h(vz) sind in G’ linear unabhingig. 

Wir betrachten die von v und den Produkten 


Vi,;00;,9 +++ OV;, (0, < 12 Given dr) 


gebildete Basis (v;) von 8(G) (vgl. Satz I a)). Nach der letzten Bemerkung in 
Nr. 1 wird ein solches Produkt sicher auf 0 abgebildet, wenn auch nur ein Faktor 
v;, auf 0 abgebildet wird, wenn also wenigstens ein Index 7% aus der Reihe 1, 2, 

.,l° stammt. Andererseits werden diejenigen Elemente Vj,0Vj,o +++ OV;, 5 
in denen alle Indizes > I’ sind, auf die Elemente 


A(vj,00j,0 +++ o¥;,) = h(vj,)oh(v;,)o «++ oh(v;,) 


abgebildet, und diese Elemente sind in G’ linear unabhangig, weil die—nach 
Kap. I, §1, Nr. 4 minimalen—Elemente h(v;) (j = I° + 1, --- , J) linear unab- 
hangig sind (Kap. I, §3, Nr. 10). 

Das bedeutet offenbar, dass der Charakter der Abbildung h durch folgenden 
Satz bestimmt ist: 

Satz II. Ist h eine homomorphe Abbildung von G in G’, so ist der Kern der 
dadurch bewirkten homomorphen Abbildung von B(G) in B(G’) das Ideal von ¥(G), 
das erzeugt wird von denjenigen minimalen Elementen von R(G), deren Bild bei h 
die Null ist. 

Der Restklassenring von $(G) nach diesem Ideal—der ja durch h isomorph 
abgebildet wird—, ist isomorph dem von den Elementen v9, v1041, +++ 52 
erzeugten Teilring von [(G). 

In jedem von Null verschiedenen Ideal von (G) ist das Element 1 (die Eins 
von ‘k(G@)) enthalten; denn wegen der Gleichung v;ox20 --- ov; = 1 gibt es zu 
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jedem Element 2(# 0) ein y mit xoy = 1. Daher ist eine direkte Konsequenz 
des Satzes II das folgende. 

Korottar 1. Das Bild h(1) des Elementes 1 ist dann und nur dann ~0 in G’, 
wenn durch h wenigstens ein minimales Element (¥ 0) von G auf 0 abgebildet 
wird. Ist h(1) ~ 0, dann wird der ganze Ring Y(G) isomorph abgebildet. 

Daraus schliesst man nun weiter: 

Korottar 2. Ist G durch f homomorph in G’ abgebildet, und G’ durch g homo- 
morph in G’’ abgebildet, ist weiter f(@) ~ 0 in G’, und g(G’) ~ 0 in G", so ist 
gf(G) ~ 0 in G"”’ (G, G’ bezeichnen hier die Einselemente von 2(G@), W(G@’)). 

Denn durch den Homomorphismus gf wird sogar der ganze Ring (@) iso- 
morph abgebildet, weil f und g Isomorphismen sind. 

3. In Anwendung dieser Begriffe soll jetzt die Abbildung qg(p) = p’ von G 
in sich, die also jedem Punkt p von G sein Quadrat p” zuordnet, untersucht 
werden. 

Bezeichnet man mit f die Abbildung f(p) = p X p vonGin G X Gund mit F 
die schon betrachtete Abbildung F(p X p’) = p-p’, so kann man die Abbildung 
q(p) als zusammengesetzte Abbildung Ff(p) schreiben. Das Produkt G X G 
ist selbst eine Gruppe, als direktes Produkt von G und G; und f(p) = p X p 
ist ene homomorphe Abbildung von G in G X G. 

Nach Nr. 2 wird man die f-Bilder der minimalen Elemente von G betrachten. 
Wir behaupten: Fiir jedes Element v von &(G) ist 


f(v) = (v X v) + (vw X v). 


Zum Beweis beachten wir, dass f(v) als minimales Element von 8(G@ X G@) von 
der Form (v' X vo) + (vo X v”) mit v', v’ « BG) ist (Kap. I, §1, Nr. 9). Um zu 
zeigen, dass v = v” = v gilt, betrachten wir die Abbildungen m(p X p’) = p 
und m(p X p’) = p’ von G X G in G; die Abbildungen mf und mf sind dann 
die Identitat von G. Man erkennt sofort: Fiir jedes Element X der Form 
(t X vw) + (vu X y) ist m(X) = x und m(X) = y; fiir jedes z von B(G) ist 
mf{(z) = mf(z) = z. Damit hat man die folgenden Gleichungen: 


v = mf(v) = m((v' X v0) + (vo X v)) = 0; 


ebenso zeigt man: v = v', womit die obige Behauptung bewiesen ist. 
Sei jetzt {v,, ve, --- , vz} eine Basis von B(G). Nach dem eben Bewiesenen 
ist dann 


S(vi) = (vi X v0) + (vo X vi); 


also 


q(vi) = Ff(v,) = F((vi X vo) + (vo X vi)) = vi + vi = 20; 


Die Bilder f(vi,0v;,0 «++ 0v;,) der Elemente der Basis (v;) bestimmt man 
jetzt daraus, dass f homomorph ist. Man hat dabei zu beachten, dass fiir die 
Pontrjagin’sche Multiplikation in G@ X G, wie man leicht sieht, gilt: 


(x X y)o(a’ X y’) = (-1)°""" (aox') X (yoy’). 
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i Damit laiuft die Rechnung so: U 
| Flviovr) = fivijof(rr) D 
= ((vi X vo) + (v0 X 4))o((ve X v) + (v0 X ve)) kh 
| = ((viov,) X vo) + (Vi X ve) — (Ve K vi) + (vo X (viorx)); 2 
also g° 
qiviovr) = Ff(vierx) ; 
= F((viove) X vo) + F(vi X ve) — Flue X vi) + F(vo X (vj00x)) au 
| = (vjovr) + (viov,) — (vgovs) + (vi00%); F 
| und wegen v;ov, = —v,0v; erhadlt man endlich: 
(a 


q(viov~) = Avjov, . 


Entsprechend verfaihrt man im allgemeinen Falle, bei der Berechnung von 
Q(vi,00i,0 +++ o¥;,) = Ff(vi,0v;,0 --- 0v;,). Man geht aus von der Gleichung 

















| JVisoVi,0 +++ 0V;,) = Fi, )of(Vig)o «++ of(vi,), ist 
; setzt f(vi,) = (vi, X vo) + (vo X v:,) ein, und multipliziert aus. Man erhiilt ~ 
ey 2” Summanden, von denen jeder das Element + 1;,0v;,0 --- ov;, als Bild bei F “ 
/ hat—und man stellt fest, dass immer das positive Vorzeichen gilt. Damit hat C 
Bs | man den Satz: i 
es Der Homologietyp der Abbildung q(p) = p’ von G in sich ist bestimmt durch dic WM " 
Ay ar folgenden Gleichungen, in denen die q-Bilder der Elemente der Basis (v;) von 8(G) 
angegeben sind: P 
i q(vi,0Vi,° eee 00;,) = 2'0;,00;,0 eee oU;, (2, < Io i, ae XK, ty) E 
(und natiirlich q(vo) = vo). is 
Darin ist, wegen der Gleichung 1 = v,0%0 --+ ov, enthalten:> Die Abbildung 
2 aa ° 1 de 
q(p) = p von G in sich hat den Grad 2’. . 
2. Untergruppen und Nebengruppenzerlegung 
si 
1. G sei wie immer eine Gruppenmannigfaltigkeit. Eine Teilmenge U’ heisst 
eine Untergruppe, wenn sie : 
a) eine Untergruppe von G im gewohnlichen gruppentheoretischen Sinn ist, und | ow 
b) eine abgeschlossene Teilmenge von G ist. a oh 
ai ; Dazu bemerken wir folgendes: Es ist bekannt, dass jede geschlossene Gruppen- 
i ie mannigfaltigkeit eine Lie’sche Gruppe, also jedenfalls einige Male differenzierbar 
iad ist. Ueber das Verhalten einer Untergruppe U ist bekannt [17]: Man kann in E 
bi einer hinreichend kleinen, dem Euklidischen R, (n = d(@)) homéomorphen, 
: 
i Pate 5 Vgl.: H. Hopf: Uber den Rang geschlossener Liescher Gruppen (Comm. Math. Helv 13. wi 
lap (1940/41)], Satz I fir k = 2. he 
es ae 
ny 


preqnarnne 
gener 2 ecm 












































On 


d 


i- 


n 


VER re 


BEITRAGE ZUR TOPOLOGIE DER GRUPPEN-MANNIGFALTIGKEITEN 1117 
Umgebung V des Einheitspunktes e der Gruppe G ein solches Koordinaten- 
system einfiihren, dass diejenigen Punkte von U, die zu V gehdéren, die also den 
Durehschnitt U-V bilden, eine gewisse Ebene durch e erfiillen. U ist also im 
kleinen euklidisch. Beachtet man noch, dass U als abgeschlossene Teilmenge 
yon G kompakt ist, so sieht man leicht: Ist die Untergruppe U zusammenhin- 
gend, dann ist sie eine differenzierbare und differenzierbar in G eingelagerte, 
geschlossene, Gruppenmannigfaltigkeit; ist U nicht zusammenhiingend, dann 
ist die Komponente U’, die den Punkt e enthilt, selbst eine zusammenhangende 
Untergruppe von G, also eine Gruppenmannigfaltigkeit in G, und U besteht 
aus endlich viel Komponenten, die Nebengruppen von U’” sind. 

Deshalb bedeutet es kaum eine Einschrankung, wenn wir im folgenden die 
Forderung b) ersetzen durch die Forderung 

b’) U ist eine (differenzierbar) in G eingelagerte geschlossene Mannigfaltigkeit 
(also zusammenhangend). 

Da U eine Gruppenmannigfaltigkeit ist, haben fiir sie die Definitionen und 
Sitze des Kap. I Giiltigkeit. 


2. G sei eine Gruppe, U eine Untergruppe. Die Gruppenmannigfaltigkeit U 
ist dadurch, dass sie eine Untergruppe von G ist, auf natiirliche Weise homo- 
morph, sogar isomorph, in G abgebildet; man hat dazu die Punkte von U, die 
ja auch Punkte von G sind, eben als Punkte von G aufzufassen. Das Bild einer 
Homologieklasse u von U bei dieser Abbildung ist u, als Homologieklasse von 
(¢ betrachtet; genauer: das Bild von u ist die Homologieklasse von G, in der 
die Zyklen aus u, die ja auch Zyklen in G sind, liegen. Die Homomorphie 
besteht darin, dass fiir die Homologieelemente von U die Pontrjagin’sche Multi- 
plikation in U tibereinstimmt mit der in G. 

Man kann also die Satze des §1 anwenden. Wir stellen die Frage: Welche 
Elemente von 8(U) sind homolog 0 in G? Nach §1 hangt das davon ab, welche 
minimalen Elemente von (U) in G homolog 0 sind. Aus dem Satz IT folgt der 

Satz III. Die Gesamtheit der Homologieelemente der Untergruppe U, die in 
der Gruppe G homolog 0 sind, ist das Ideal von $(U), das erzeugt wird von denje- 
ngen minimalen Elementen von R(U), die in G homolog 0 sind. 

Das sind also die Elemente 8 Wpov, , WO die w, beliebige Elemente von $(U) 
sind, und die », Elemente von &(U) bedeuten, die in G homolog 0 sind. 

Daraus entnimmt man sofort das 

Korottar 1. Eine Untergruppe U ist dann und nur dann ~0 in der Gruppe G, 
wenn wenigstens ein von Null verschiedenes minimales Element aus R(U) in G 
homolog 0 ist. 

Weiter gilt: 

Korotuar 2. Ist U nicht homolog 0 in G, dann ist kein von Null verschiedenes 
Element von 8(U) homolog 0 in G. 

Daraus wieder folgt sofort: 

Korotuar 3. Ist G”’ eine Untergruppe von G’, die nicht homolog 0 ist in G’, 
und ist G’ eine Untergruppe von G, die nicht homolog 0 ist in G, dann ist G’’ nicht 
homolog 0 in G. 
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Dann ist sogar kein Element von $(G’’) homolog 0 in G. 

Diesen Satz verallgemeinert man zu folgendem: 

Ist Gy D Gz D G; D --- D G, eine absteigende Kette von Untergruppen, und ist 
Gis1 ~ 0 in G; (fiir i = 1, 2,---,r — 1), dann ist G, x O in Gy. 

Man kann die Ueberlegungen, die zum Satz III fiihren, etwas anders fassen: 

¥°(U) sei die Gruppe derjenigen Elemente von Q(U), die ~0 in G sind. 
Man stelle B(U) als direkte Summe B°(U) + &'(U) dar. Die Elemente 
V1, 02, +++, 0, einer Basis von %'(U) sind dann in G linear unabhingig; man 
kann sie sowohl in eine Basis von %(U) als auch in eine Basis von ¥(G) auf- 
nehmen. Die Produkte v;,00;,0 +++ o¥i, (41 < ae << +++ <t%,1 S %& S 1), die 
man sowohl als Elemente von $(U) als auch als Elemente von 8%(G) auffassen 
kann, sind nach dem Aufspannsatz sowohl in $(U) als auch in $(G@) linear 
unabhangig; sie bilden eine Basis der Gruppe derjenigen Homologieklassen von 
G, in denen Homologieklassen von U liegen; die Elemente von 8(U), die ~0 
in G sind, sind die Elemente >> wyov, mit w, C BU), un C BV (UV). 

Gleichbedeutend damit, dass U ~ 0 in G ist, ist: B°(U) enthalt nur die Null. 


3. Ist G eine Gruppe, U eine Untergruppe, so zerfallt G in die (etwa linkssei- 
tigen) Nebengruppen, was man durch die Gleichung 


G = U+a-U +a-U + ee 


ausdriickt, in der die a; gewisse Elemente von G sind. (Wir gebrauchen die 
iibliche Schreibweise auch hier, wo die Anzahl der Nebengruppen kontinuier- 
lich ist.) 

Die Wichtigkeit dieser Nebengruppenzerlegung fiir topologische Gruppen G 
besteht darin, dass man die Nebengruppen als Punkte eines topologischen 
Raumes, des Nebengruppenraumes, auffassen kann, dessen Topologie eng mit 
der von G verkniipft ist. Dieser Raum, der mit G/U oder mit W (‘“Wirkungs- 
raum,” vgl. Nr. 5) bezeichnet wird, ist also folgendermassen definiert: 

Die Punkte von W sind die Nebengruppen aU von U; eine Umgebung eines 
Punktes aU’ besteht aus den Nebengruppen a’.l, wo der Punkt a’ eine Umge- 
bung von a in G durchlauft. 

Auf Grund der Bemerkungen in Nr. 1 ist leicht zu sehen, dass auch der 
Nebengruppenraum eine differenzierbare Mannigfaltigkeit ist. Man fihrt dazu 
in einer (hinreichend kleinen) Umgebung des beliebigen Punktes a von @ ein 
Koordinatensystem so ein, dass die Nebengruppe aU durch eine r-dimensionale 
Ebene (r = d(U)) durch a dargestellt wird; man stellt leicht fest, dass die 
Nebengruppen, die eine Umgebung von aU in W bilden, eineindeutig den 
Punkten der zu aU senkrechten, (n — r)-dimensionalen Ebene durch a ent- 
sprechen (n = d(@). Damit hat man in der Umgebung des Punktes aU’ von W 
ein Euklidisches Koordinatensystem eingefiihrt. Die Differenzierbarkeit zeigt 
man ebenso. 

Wir kénne und wollen also im folgenden annehmen, dass der Nebengruppen- 
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raum W eine differenzierbare, also triangulierbare [18], geschlossene Mannig- 
faltigkeit ist. 

4, Die Zerlegung von G in die Nebengruppen aU ist eine Faserung mit der 
Faser U; dabei versteht man unter der Faserung einer Mannigfaltigkeit M mit 
der Faser (-Mannigfaltigkeit) F folgendes [10]: M ist zerlegt in Mannigfaltig- 
keiten, die alle einer festen Mannigfaltigkeit F homéomorph sind, und die 
“Fasern” von M heissen; durch jeden Punkt von M geht also eine und nur eine 
Faser; und eine Umgebung einer beliebigen Faser ist fasertreu homéomorph 
dem topologischen Produkt E X F, wo E ein Element (Vollkugel) der Dimen- 
sion (EZ) = d(M) — d(F) ist. 

“Fasertreu homéomorph”’ heisst dabei: jede Faser der Umgebung ist topo- 
logisch auf eine der Mannigfaltigkeiten p X F abgebildet (p ein Punkt von E)— 
verschiedene Fasern natiirlich auf verschiedene p X F. 

Fasst man die Fasern als Punkte eines Raumes, mit natiirlichem Umgebungs- 
begriff, auf (bildet man den sog. Zerlegungsraum der Zerlegung von M in die 
Fasern), so erhalt man den Faser- oder Basisraum B, der offenbar eine Mannig- 
faltigkeit ist; der Faserraum wird auch, in einer naheliegenden Schreibweise, 
mit M/F bezeichnet. 

Wir sprechen im folgenden von Faserungen auch bei Teilmengen einer gefa- 
serten Mannigfaltigkeit, die ganz aus Fasern bestehen, d. h. zu einer beliebigen 
Faser entweder fremd sind oder sie ganz enthalten; und ist K ein beliebiger 
Komplex, so nennen wir das topologische Produkt K X F gefasert—die Fasern 
sind natiirlich die Mengen p X F, wo p ein beliebiger Punkt ven . ist. Es ist 
dann klar, was man unter einer fasertreuen (topologischen) Abbildung zu ver- 
stehen hat. 

Ordnet man jedem Punkt einer gefaserten Mannigfaltigkeit M die Faser zu, 
auf der er liegt, so erhalt man eine stetige Abbildung von M auf den Faserraum 
B, die Projektion P. Das Urbild P™’(7) einer Teilmenge T von B ist die 
(gefaserte) Menge der Punkte der “‘iiber 7’ stehenden” Fasern. Fiir jede hin- 
reichend kleine Umgebung V eines beliebigen Punktes von B ist P ‘(V) faser- 
trea homéomorph mit V X F; M ist im kleinen ein topologisches Produkt. 
Ueber dieses lokale Zerfallen in ein topologisches Produkt gilt der folgende Satz 
von Feldbau [19]: 

Ist E ein Element (Vollkugel) im Faserraum B, dann ist die Urbildmenge P ‘(E) 
dem Produkt E X F fasertreu homéomorph. 

Nach Nr. 3 ist leicht zu sehen, dass die Zerlegung einer Gruppe G in die 
Nebengruppen aU einer Untergruppe U eine Faserung von G mit der Faser U 
ist. Man erkennt namlich sofort: Durchlauft p die in Nr. 3 genannte, zu aU’ 
senkrechte Ebene, die E heissen mége, in der Umgebung von a, und durchlauft 
q die Untergruppe U, dann ist f(p X q) = p-q eine fasertreue topologische 
Abbildung von E X U auf die Umgebung von U (pq ist das Produkt von p 
und g in G). 

Der Faserraum dieser Faserung ist der Nebengruppen- oder Wirkungsraum W. 
Die Projektion P besteht darin, dass man dem Punkt p von G die Nebengruppe 
pU (als Punkt von W) zuordnet. 
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5. Eine Mannigfaltigkeit W heisst Wirkungsraum der Gruppenmannigfaltig- 
keit G (“espace homogéne’’) [9], wenn folgendes erfillt ist: 

Jedem Punkt p von G ist eine topologische Transformation 7, von W auf 
sich zugeordnet; die Transformationen 7’, hangen stetig von dem Punkt p ab; 
es gilt: T,-T, = Tp, ; und die aus den 7, bestehende Transformationsgruppe 
von W ist transitiv, d. h. jeder Punkt von W (es geniigt: ein bestimmter Punkt 
von W) kann (durch geeignete Transformationen 7',) in jeden Punkt von W 
iibergefiihrt werden. 

a sei ein Punkt von W; diejenigen Punkte p von G, fiir die T,(a) = a gilt, 
d. h. deren 7’, den Punkt a als Fixpunkt hat, bilden eine Untergruppe von G, 
die “Isotropiegruppe” von W. (Setzt man W = R, und nimmt als G die 
Gruppe der Bewegungen des R, , so ist die Isotropiegruppe die Gruppe der 
Rotationen um einen festen Punkt.) Die zu verschiedenen Punkten a von W 
gehoérigen Isotropiegruppen sind in G konjugiert, sodass man von der Isotro- 
piegruppe U sprechen kann. 

Die Punkte p von G, deren 7’, den Punkt a in den gleichen Punkt b transfor- 
mieren, bilden eine linke Nebengruppe von U. Diese eineindeutige Zuordnung 
der Punkte von W und der linken Nebengruppen von U ist eine Homéomorphie 
zwischen W und dem Nebengruppenraum G/U. 

Die Transformationen 7’, kénnen also auch als Transformationen des Neben- 
gruppenraumes G/U aufgefasst werden; sie haben da eine einfache Bedeutung: 
Die Transformation 7, besteht namlich darin, dass man jeder Nebengruppe qU 
die Nebengruppe pgU zuordnet. 

Ein Wirkungsraum W ist also identisch mit dem zur Isotropiegruppe l’ von W 
gehérigen Nebengruppenraum G/U (bei der Definition des Nebengruppenraums 
muss man dann mehrkomponentige Untergruppen (vgl. Nr. 1) U zulassen). 

Diese Definition des Wirkungsraumes ist etwas allgemeiner als die iibliche: 
wir lassen zu, dass 7’, fiir gewisse p die Identitat von W ist (p gehért dann zu LU’). 

Ist U zusammenhingend, dann ist W orientierbar (aber nicht nur dann): 
Man stelle (nach Nr. 4) die Umgebung einer Nebengruppe pU als topologisches 
Produkt E X U dar. Die Orientierung von G und die von U bestimmen dann 
eindeutig eine Orientierung von E, und diese iibertrigt man mittels der Pro- 
jektion P in den Wirkungsraum W. (Entsprechend fiir Faserungen M/F.) 





6. Das Problem, das sich jetzt erhebt, ist: Zusammenhange zwischen G, U, W, 
insbesondere zwischen ihren Homologieeigenschaften, zu finden. Es handelt 
sich z. B. um die Aufgabe, aus den Homologieeigenschaften von G und U die 
von W zu bestimmen, wobei man natiirlich die Lage von U in G beriicksichtigen 
muss. Zur Lésung dieser Aufgabe werden in Kap. IV einige Beitrige geliefert. 
Noch naheliegender ist die Fragestellung: was kann man bei gegebenem @ und 
W iiber U aussagen?, also die Frage nach der Isotropiegruppe U eines vorge- 
legten Wirkungsraumes W. Diese Frage wird im Kap. III fiir den speziellen 
Fall W = S,, gelést; als Anwendung werden die Homologieringe der Gruppen 
A,, B,, Cr, Dn bestimmt. 
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Kapiret III 
Diz SPHAREN ALS WIRKUNGSRAUME 


In diesem Kapitel wird der Spezialfall untersucht, dass der zu der Gruppe G 
und der Untergruppe U gehérige Wirkungsraum W der m-dimensionalen Sphiire 
S,, homéomorph ist. Dieser Fall tritt auf bei den Gruppen der bekannten vier 
Klassen A, , B, , C, , D, ; die Homologieringe dieser Gruppen lassen sich damit 
vollstindig bestimmen. 


1. G/U = Sn 


1. G sei eine Gruppe; der Rang von G (Kap. I, §2, Nr. 3) sei l; U sei eine 
Untergruppe von G. Wir beweisen den folgenden Satz: 

Satz IV. Der zu der Untergruppe U der Gruppe G gehérige Wirkungsraum 
G/U = W sei der m-dimensionalen Sphire S, homéomorph; dann gilt: 

a) ist m ungerade, so ist R(G) tsomorph mit R(U XK Sy»), und U ist ~0 in G, 

b) ast m gerade, so ist R(U) tsomorph mit RIL XK Sms), wo Il ein topologisches 
Produkt von | — 1 Sphdren ungerader Dimensionen ist, und R(G) ist tsomorph mit 
RII & Seni); und U ist ~0 in G. 

Bemerkung: fiir! = 1 bedeutet b): R(U) Y RCS), und R(G) LY R(Sem—s). 
(Dann ist tibrigens, was aber fiir das folgende unwesentlich ist, notwendiger- 
weise m = 2.) 

Fiir die Range 1(G), 1(U) und die charakteristischen Zahlen 1;(@), 1;(U) (Kap. 
I, §2, Nr. 3) bedeutet dieser Satz das Bestehen der folgenden Gleichungen: 

a) m ungerade: 


UG) = UU) + 1, 
lm(G) = lm(U) + 1, 
L(G) = 1(U) fiir 7 ¥ m, 
b) m gerade: 
lG) = KU) 


Ima(G) = lma(U) — 1, 
lom—1(G@) = lom—(U) + 1, 
L(G) = 1,(U) fir: # m — 1, ¥ 2m — 1. 


Der Beweis beruht auf der Betrachtung der Faserung von G in die Neben- 
gruppen al’ von U. 


2. Wir erinnern zunichst an einige Begriffe: 

Ein endliches, euklidisches Polyeder ist die Menge der Punkte, die zu einem 
endlichen, euklidischen, simplizialen (allgemeiner: Zellen-) Komplex gehéren. 
Ein endliches, krummes Polyeder (kurz: Polyeder) P in einer Mannigfaltigkeit 
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M ist das topologische Bild in M eines endlichen, euklidischen Polyeders [20]. 
Ein stetiger Zyklus ist das stetige Bild eines, in einem euklidischen R,, liegenden, 
simplizialen “‘Parameter’’-Zyklus. Ein stetiger Zyklus z in einem Polyeder P 
bestimmt eine Homologieklasse von P, die man eben durch z reprasentieren 
kann [21]. Im folgenden verstehen wir unter Zyklen immer stetige Zyklen. 

Wir betrachten eine beliebige Gruppe G. Im Kap. I, §3, Nr. 1 ist mit Hilfe 
der Abbildung F(p X g) = pg von G X G in G das Pontrjagin’sche Produkt roy 
zweier Homologieklassen x und y von G definiert worden. Diese Definition 
lasst sich unmittelbar erweitern zu der des Pontrjagin’schen Produktes 2,02, 
zweier stetiger Zyklen z,, z. in G: man bilde den stetigen Zyklus z; X z in 
G X G, und definiere 2,022 durch 


z10% = F(z, X 22); 


21022 ist ebenfalls ein stetiger Zyklus in G. 


3. Jetzt sei gemiiss der Voraussetzung von Satz IV der zur Untergruppe U der 
Gruppe G gehérige Nebengruppenraum G/U der S,, homéomorph. P bezeich- 
net die Projektion von G auf G/U = S,,. 

Wir zerlegen die S,, durch eine (m — 1)-dimensionale Aequatorsphire S,,_; 
in zwei Elemente (Vollkugeln) EZ’ und E”, die “nérdliche und siidliche Halb- 
kugel.” Es ist also E'+ EF = S, und E'-.E” = Sn. Das Urbild P(E’) 
von E’ heisse G’, das Urbild P'(E”) von E” heisse G”’. Es ist G = G’ + G"; 
d. h., G wird von G’ und G” iiberdeckt. Der Durchschnitt G’.G’’, der H heisse, 
ist das Urbild P™'(Sn_1) von Sn. 

Wir wenden jetzt den Satz von Feldbau an (Kap. II, §2, Nr. 4). Weil E’ 
ein Element ist, ist danach die Menge G’, die ja ganz aus Nebengruppen von U’ 
besteht, dem topologischen Produkt E’ X U fasertreu homéomorph. Dabei 
ist nur benutzt, dass eine Faserung von G in die Nebengruppen von U’ vorliegt. 
Indem man nun die Gruppeneigenschaft stirker ausniitzt, kann man die Dar- 
stellung von G’ als Produkt E’ X U in einer speziellen Weise wihien. Man 
betrachte dazu fiir einen beliebig, aber fest gewahlten Punkt g von U das in 
E" X U liegende Element E’ X q. Ihm entspricht infolge der Homéomorphie 
von E’ X U und G’ ein Element E’ in G’. Aus der Definition folgt unmittelbar, 
dass E’ mit jeder zu G’ gehérenden Faser von G (Nebengruppe von U) genau 
einen, und mit jeder nicht zu G’ gehérenden Faser keinen Punkt gemeinsam 
hat und dass E’ durch P topologisch auf E’ abgebildet wird. Man betrachte 
nun das in G X G liegende Polyeder EZ’ X U. Bei der Abbildung F wird dieses 
Polyeder topologisch-fasertreu auf G’ abgebildet. Denn ist p ein beliebiger 
Punkt von EH’, so wird die Teilmenge p X U von E’ X U topologisch auf die, 
in G’ enthaltene, Nebengruppe pU abgebildet (das ist geradezu die Definition 
der Nebengruppe); sind p; , p2 zwei verschiedene Punkte von E’, so sind, wie 
eben bemerkt, die Nebengruppen p,-U und p)-U, auf die die Mengen pi X U 
und p. X U abgebildet werden, verschieden; und man erhalt so auch alle zu G’ 
gehérenden Nebengruppen. Die urspriingsliche Homéomorphie zwischen 














[20]. 
den, 
ar P 
eren 


lilfe 
Loy 
tion 
710 29 


2 In 


der 
ich- 


nad 
ilb- 
E’) 


se, 


bei 
gt. 
ar- 
an 


nie 
ar, 
au 
im 
ite 
eS 


er 


BEITRAGE ZUR TOPOLOGIE DER GRUPPEN-MANNIGFALTIGKEITEN 1123 


E' x U und G’ ist also jetzt ersetzt durch die durch F vermittelte Homéomorphie 
gwischen E’ X U und G’. Entsprechend lisst sich G” darstellen als topolo- 
gisches F-Bild eines in G X G liegenden Produktes Z” X U, wo E” ein Element 
in G ist, das durch P topologisch auf E” abgebildet wird. G’ und G” sind also 
krumme Polyeder in G; sie sind sogar berandete Mannigfaltigkeiten. 

Die Randsphire von £’ heisse S’, die von E” heisse S”. Beide Sphiaren 
werden durch P topologisch auf S,_; abgebildet. Dann sieht man: Bei der 
topologisch-fasertreuen Abbildung F von E’ X U auf G’ erscheint als Bild des 
Randes S’ X U von E’ X U die Menge H = P™'(Sm1) = G’-G". Denn S’ X U 
wird bei F topologisch auf die Menge der Punkte derjenigen Nebengruppen 
von U abgebildet, die einen Punkt mit S’ gemeinsam haben, deren Projektion, 
d. h. deren Bild bei P, also zu Sp» -1 gehért. Als topologisches Bild der Mannig- 
faltigkeit S’ X U ist H eine Mannigfaltigkeit in G. 

Ebenso stellt man fest, dass H topologisch-fasertreues F-Bild des Randes 
8” x U von E” X U ist. 


4. Den orientierten Grundzyklus der Sphire S’ bezeichnen wir auch mit S’; 
p’ sei ein einfach gezahlter Punkt von S’; die Zyklen wu, --- , u, mégen eine 
Basis von S(U) bilden. Dann bilden die Zyklen p’ X u; und S’ X u; (i = 
1,--- , r) eine Basis von 8(S’ X U); fiir das topologische Bild H = F(S’ X U) 
bedeutet das: die (nach Nr. 2 gebildeten) Zyklen 


p’ou: , S’ou; (= 1,---,7r) 


bilden eine Basis von 8(H); diese Basis heisse 8,. Ebenso folgt aus der 
Tatsache, dass H topologisches F-Bild von S” X U ist, dass die Zyklen 


pou , Sou; (2 = 1, see wp 


eine Basis von (A) bilden; p’’, S” sind analog wie p’, S’ definiert. 

Man sieht nun leicht ein, dass man die beiden Punkte p’ und p” und ebenso 
den einfach gezihlten Punkt po von $(U) durch den Einheitspunkt e von G 
reprisentieren kann. (Man kann zunichst S,. so wihlen, dass U in 
P"'(S».1) = H liegt, und kann dann die Elemente E’ und E” so bestimmen, 
dass sie den Punkt e in ihrem Rand enthalten.) 

Man betrachte die Untergruppe von 8(H), die von den Elementen p’ou mit 
beliebigem wu aus B(U) gebildet wird; sie ist mit 8(U) isomorph (entsprechend 
der Tatsache, dass die Gruppe der Elemente p’ X u von S(S’ X U) mit B(U) 
isomorph ist). Wegen der speziellen Wahl von p’ ist 


pou = ou = U; 


das bedeutet: man kann die Elemente p’ou dieser Untergruppe mit den Ele- 
menten u von 8(U) identifizieren, man kann also 8(U) als Untergruppe von 
¥(H) auffassen. Die Elemente S’ou (und ebenso die Elemente S’’ou) gehéren 
nicht zu dieser Untergruppe. Wir bemerken schliesslich noch, dass wir, wegen 
Po = e, das Element S’op) von S(H) mit der Sphiire S’ identifizieren kénnen; 
ebenso identifizieren wir S’’op mit S’”. 
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5. Wir stellen jetzt die Frage: Welche Elemente von 8(U) sind homolog 0 
in G? Um sie zu beantworten, verallgemeinern wir sie zu der Frage: Welche 
Elemente von 8(H) sind homolog 0 in G? 

Wir gehen aus von der Tatsache, dass G iiberdeckt ist mit den Polyedern G’ 
und G’’, deren Durchschnitt eben das Polyeder H ist. Daher lasst sich ein 
elementarer Satz aus dem Kreis der “Additionssatze der kombinatorischen 
Topologie” [22] anwenden, der besagt: 

Die Homologieklasse z von H ist dann und nur dann homolog 0 in G, wenn 
sie sich in H darstellen lasst als Summe z; + 22 zweier Homologieklassen z, , z, 
von H, wobei 2; in G’ und z, in G”’ homolog 0 ist. 

(Im rein kombinatorischen Fall verliuft der Beweis dieses Satzes folgender- 
massen: der in H liegende Zyklus z sei ~0 in G, alsoz = C. (Mit C bezeichnen 
wir den Rand des Komplexes C.) Unter C; verstehe man den Teilkomplex 
von C, dessen Simplexe in G’ liegen, unter C2. den von den tibrigen Simplexen 
von C gebildeten Teilkomplex von C; es ist also C = C; + C2. Dann ist 
z2=C =C, +, und(y, baw. C2, ist ein Zyklus in H, der ~0 in G’, baw. , 
ist. Im vorliegenden Fall krummer Polyeder muss man die vorkommenden 
Zyklen und Komplexe als stetige Zyklen und stetige Komplexe annehmen und 
noch einige einfache Approximationen vornehmen.) 


6. Die Zyklen von H, die in G’ homolog 0 sind, sind nun genau die Zyklen 
S’ou, wo u ein beliebiges Element von 8(U) ist, entsprechend der Tatsache, 
dass in E’ X U genau die Homologieklassen S’ X u des Randes S’ & U von 
E' X U homolog 0 sind. Analog sind genau die Elemente S’’cu von 8(H) in 
G” = F(E” X U) homolog 0. Die Elemente R von 8(H), die in G homolog 0 
sind, sind also nach dem genannten Additionssatz die Elemente 


(1) R = S’ou + Sous 


mit beliebigem wu; und ue, aus B(U). 
Um eine Uebersicht iiber sie zu bekommen, schreiben wir sie in der Basis 8; 
von 8(H). Dazu stellen wir zundchst einmal S” in dieser Basis dar: 


S” ~ S’ou’ + p’ou in H. 


Aus Dimensionsgriinden ist u’ gleich cpp mit einem gewissen Koeffizienten 


c. Wegen der in Nr. 4 getroffenen speziellen Wahl von po und p’ hat man 
also: 


S’~ cS’ + u in H. 


S’und 8” sind als Sphiren minimale Elemente von #(H) (vgl. Kap. I, §1, Nr. 4); 
da die minimalen Elemente eine Gruppe bilden, ist auch wu ein minimales Element 
von #(H). Aus dem Zusammenhang zwischen den minimalen Elementen eines 
topologischen Produktes mit den minimalen Elementen seiner Faktoren (Kap. 
I, §1, Nr. 9) folgt, dass wu sogar ein minimales Element von (UU) ist, das wir 
mit 0 bezeichnen wollen. Es ist also schliesslich: 
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(2) S” ~ cS’ + 3d in H. 
Dabei ist 3 eventuell das Nullelement. 
(2) in (1) eingesetzt, ergibt die folgende Gleichung: 


R ~ S'o(uy + cuz) + Bore in H. 


(Dabei ist beniitzt, dass fiir einen Zyklus z in H und einen Zyklus u in U das 
Produkt zou in H liegt, und dass fiir zwei Zyklen z; , z2 in H und einen Zyklus u 
in U gilt: 

(2, + Z2)ou ~ Z0uU + Zou in H. 


Um das zu beweisen, beachte man, dass H aus linken Nebengruppen von U’ 
besteht, und dass folglich die Teilmenge H XK U von G X G durch F in H 
abgebildet wird. In H X U ist nun (2 + 2) X u homolog (a: XK u) + (22 X u); 
iibt man darauf F aus, so erhalt man die behauptete Homologie.) 

Damit hat man schliesslich: 

Die Gesamtheit der Elemente von %(H), die in G homolog 0 sind, wird 
gebildet von den Elementen 


(3) S'ou + dot , 


Wo u, Ue beliebige Elemente von $(U) sind. 

Unter den Elementen (3) sind nur die mit wu = 0 in der Gruppe &(U) ent- 
halten; also folgt: 

Die Gesamtheit der Elemente von S(U), die in G homolog 0 sind, wird 
gebildet von den Elementen 


Dou 


mit beliebigem u aus B(U), sie ist also das von 6 = S’’ — cS’ erzeugte Ideal 


von $(U). 


7. Nach Satz III (Kap. II, §2, Nr. 2) ist daher d das einzige minimale Element 
von 9(U), das homolog 0 in G ist; genauer: die Gruppe ¥°(U) derjenigen mini- 
malen Elemente von #(U), die in G homolog 0 sind, besteht aus den rationalen 
Vielfachen von 0. 

Aus der Definition von 0 folgt: d(#) = d(S’) = d(S”) = m — 1. Wir unter- 
scheiden jetzt die Faille } = 0 und d ¥ 0. Der Kiirze halber wird der Rang 
von B(G@) mit 1 und der Rang von &(U) mit l’ bezeichnet. 

a) Es sei 0 = 0. Dann ist also (ausser 0) kein minimales Element von 
K(U) ~ 0 in G; also ist nach Kap. II, §2, Nr. 2, Korollar 1 die Untergruppe 
U ~ 0 in G, und nach Korollar 2 kann man $(U) als Untergruppe von 8(G) 
auffassen. Eine Basis {v,, v2,---,v} von B(U) kann man aufnehmen in 


eine Basis {v,, v2, +++ , i, Virga, ++ , U2} Von BIG). Wegen >. d(v;) = d(U), 
7 


l 
2, dvi) = d(G) und d(G) = d(U) + m gilt dabei: 
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A(vir41) + A(virge) + +++ + d(v1) = m. 


Nun ist aber jede Homologieklasse von G, deren Dimension kleiner als m ist. 
in G einer Homologieklasse von U homolog. Denn aus der Tatsache, dass E' 
ein m-dimensionales Element ist (¢ = 1, 2), schliesst man ohne weiteres, dass 
man jeden héchstens (m — 1)-dimensionalen Zyklus von G auf den gemeinsamen 
Rand H von G’ und G@” deformieren kann. Aber die Homologieelemente von 
%(H), die ~0 in G sind, sind in G den Elementen der Untergruppe 8(U) von 
%(H) homolog (weil die Elemente S’ouw von 8(H) in G homolog 0 sind). 

Die Dimensionen der nicht zu der Untergruppe 8(U) von 8(G) gehérigen 
Elemente vyr41, Virse, +++ , ¥: miissen also =m sein; da die Summe der Dimen- 
sionen, wie oben festgestellt, gleich m ist, gibt es nur ein einziges solches Element, 
und es hat die Dimension m. 

Das bedeutet: Man erhalt eine Basis von ¥%(G), indem man zu einer Basis 
{v1 , v2, +++, vv} von B(U) ein gewisses Element v; mit d(v;) = m hinzufiigt. 

Im Falle eines ungeraden m ist nun das Element 0 ein minimales Element der 
geraden Dimension m — 1, und folglich gleich Null (Kap. I, §2, Nr. 3). Die 
eben angestellten Ueberlegungen sind also anwendbar auf diesen Fall, und 
enthalten offenbar einen Beweis der Behauptung a) aus Nr. 1. 

Da aus 3} = 0 die Existenz eines minimalen Elementes v; # 0 mit d(v;) = m 
folgt, und andererseits ein minimales Element gerader Dimension immer Null 
ist, so muss im Fall eines geraden m das Element # von Null verschieden sein. 
Damit kommen wir zum Fall b). 

b) Es seit # 0. Nimmt man 0 in eine Basis {2 , v2, --- , vir-1, 5} von BU) 
auf, so sind, weil die rationalen Vielfachen von 6 die einzigen Elemente von %(U) 
sind, die in G homolog 0 sind, die Elemente 1, , v2, --+ , ¥--1 in G linear unab- 
hangig und kénnen durch Elemente v, , v4; , --- , v; zu einer Basis von &(G) 
erginzt werden. Wegen d(i) = m — 1 gilt 


d(vy) + d(virgs) + ++» + d(x) = dG) — (d(U) — d(v)) = 2m — 1. 


Nun kann aber, genau wie in a), unter den Elementen vy, viii, +++, U% 
keines vorkommen, dessen Dimension kleiner als m ist; folglich kann es nur 
ein solches Element geben, und es muss die Dimension 2m — 1 haben. 

Das bedeutet: Es gibt in 8(U) ein Element 5 der Dimension m — 1, dass 
nicht Null ist; und aus einer Basis von B@(U), in der dieses Element 3 als Basis- 
element auftritt, erhilt man eine Basis von &(G), indem man d ersetzt durch ein 
gewisses Element v; der Dimension 2m — 1. 

Aus 0 ~ 0 in G folgt nach Kap. II, §2, Nr. 2, Korollar 1, dass auch U ~ 0 
in G ist. 

Damit ist die Behauptung b) von Nr. 1 vollstandig bewiesen. 


2. Die Gruppen A, , Bn, Cn, Dn 


Mit Hilfe des Satzes IV aus §1 lassen sich die Homologieringe der klassischen 
Gruppen A,, B,, C,, D, leicht bestimmen, auf Grund der Tatsache, dass 
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diesen Gruppen in natiirlicher Weise Sphiren als Wirkungsriume zugeord- 
net sind. 

1. Die Gruppe A, (n = 1, 2, --- ) ist die Gruppe der linearen, unitaren, uni- 
modularen Transformationen in n + 1 Variabeln, also die Gruppe der Trans- 
formationen 


/ 
25 = Do ape 
mit der Determinante | a; | = 1, die die Hermite’sche Form 
2-2 + 22-2 + ene + 2n+1°2Zn41 


invariant lassen [23]. Wir setzen z; = 2; + ty; (x;, y; reell); die Hermite’sche 
Form geht dabei iiber in 


g+ytatywte:- that ya. 


Die Transformationen von A, lassen sich also auffassen als (reelle) orthogonale 
Transformationen eines Euklidischen Re2,,2 mit den Koordinaten 21, yi, 2, 
yo,***,%nsi, Ynsi, die paarweise zu den komplexen Koordinaten z; = 
z; + iy; zusammengefasst sind. A, ist also eine Gruppe von topologischen 
(sogar orthogonalen) Transformationen der (2n + 1)-dimensionalen Sphire 
Sena, die durch 


gityitatyt- thu tyn = 1 


gegeben ist. Man sieht leicht, dass diese Gruppe die Se,,; transitiv trans- 
formiert. Es geniigt zu beweisen, dass man den Punkt (2; = 1, z; = 0 (¢ > 1)) 
in einen beliebigen Punkt (a; , de, -++ , @n4i1) (mit 7 a;-G; = 1) tiberfihren 
kann. Und das kann man, weil man immer unitire, unimodulare Matrizen 
angeben kann, deren erste Spalte (au, der, +++ , Qn41,1) Mit (a1, G2, +++ , Mn4s) 
iibereinstimmt. Sen4: ist also ein Wirkungsraum von A, (die Bedingung 
T,-T, = Ty-q aus Kap. II, §2, Nr. 4 ist natiirlich erfiillt). Die Isotropiegruppe 
ist die Untergruppe, die einen Punkt, etwa den Punkt (a: = 1, 2; = 0 (¢ > 1)) 
festhalt; das ist offenbar die Gruppe An. 

2n + 1 ist ungerade; man erhilt also nach Satz IV a) (§1): Der Homologiering 
R(A,) ist isomorph dem Ring R(An-+a X Sensi). Die Mannigfaltigkeit A; ist 
bekanntlich der Sphare S; homéomorph. Damit erhalt man durch Induk- 
tion [24]: 

Der Homologiering R(A,) ist isomorph dem Ring R(Il) der Mannigfaltigkert 


Tl = S; X Ss X S71 K +++ K Soni; 


dabei bezeichnet S; die i-dimensionale Sphire. 
Definiert man fiir einen beliebigen Komplex k das Poincaré’sche Polynom 
P,(t) durch: 


Py(t) = pot pret + poet +++, 
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wobei p; die i-te Betti’sche Zahl von k und ¢ eine Variable ist, und beachtet, 
dass 


Pi,xk,(t) = Pr, (t)- Px, (0) 


ist, so liest man ab: 
Das Poincaré’sche Polynom von Ay ist 


P,() =(1+)-04+?)-04+f)---a+?™). 


2. Die Gruppe B, ist die orthogonale Gruppe in 2n + 1 Variabeln [23]. Das 
ist eine transitive Transformationsgruppe der Sphiére Se, ; also ist S», ein 
Wirkungsraum von B,,. 

Die Gruppe D,, ist die orthogonale Gruppe in 2n Variabeln [23]. Das ist eine 
transitive Transformationsgruppe der Sphare S2,-; ; also ist Se,1 ein Wirkungs- 
raum von D,,. 

B,, ist definiert fiir n = 1, 2, --- ; D, wird bei der Aufzahlung der einfachen 
Gruppen nur fiir n 2 3 betrachtet; fiir unsere Zwecke k6nnen wir aber die 
Fille n = 1, 2 in die Definition von D, einbeziehen. D, ist dem Kreis 8S, 
homéomorph. 

Die Isotropiegruppe des Wirkungsraumes S2,_; von D,, ist die Gruppe By ; 
das sieht man, wenn man als Punkt der Sphire >> 2? = 1, den man festhilt, 
den Punkt (1, 0, 0, --- ,0) waihlt. 2n — 1 ist ungerade; aus Satz IV a) folgt 
also: 

Der Ring (D,,) ist isomorph dem Ring R(Br1 & Sens). Dabei ist n > | 
vorausgesetzt; 9(D,) ist isomorph R(S)). 

Die Isotropiegruppe des Wirkungsraumes S2, von B, ist die Gruppe D, ; 
das sieht man wieder, wenn man den Punkt (1, 0, --- ,0) festhalt. 2n ist 
gerade; also kann man Satz IV b) anwenden. Danach hat man §(D,,) als 
MIMI & Sen) darzustellen, und erhalt dann 2#(B,) als R(T &K Sana). Wegen 
des eben erhaltenen Resultats tiber (D,,) kann man B,,_,; fiir II einsetzen; damit 
ist gezeigt: 

Der Ring K(B,,) ist isomorph dem Ring (Bn. & Sans), fir n > 1. Fir 
n = 1, folgt, nach der Bemerkung nach Satz IV, aus der Isomorphie von Sv(D,) 
mit R(S,), dass #(B:) mit R(S3) isomorph ist; das ergibt sich auch daraus, dass 
B, bekanntlich mit dem projektiven Raum P; homéomorph ist. 

Durch Induktion erhalt man jetzt sofort [24]: 

Der Homologiering R(B,) ist isomorph dem Ring R(IL) der Mannigfaltigkert 


Tl = 83; X S; X Su X +++ XK Sana; 
Der Homologiering R(D,) ist isomorph dem Ring R(I1) der Mannigfaltigkert 
Tl = Ss X SX Su X ++» X Sins X Sona (fir: n > 1); 
R(D1) ist isomorph R(S)). 


Fiir die Poincaré’schen Polynome entnimmt man daraus: 
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in @ ist, den Ring R(W) durch R(G) und R(U) zu bestimmen. 
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Pzn(t) = (1 + f)(1 + t’) e+e (1 + gry. 
Port) = AQ +t@)\A+¢)--- Ate) +0") firn>1;Po,() =1+t. 


3. Die Gruppe C, (n = 1, 2,---) ist die symplektische Gruppe [23, 25]: 
die Gruppe derjenigen unitiren Transformationen eines Re, mit den (komplexen) 
Koordinaten (21, t, Xe, te, +++ ,2n, 2a), die die schiefsymmetrische Bi- 
linearform 


(xy — 11y1) + (xey2 — ray) +--+ + (eny, — rym) 


invariant lassen. 

Den #2, kann man, indem man die Koordinaten x ;, x; in Real- und Imaginirteil 
zerlegt, als einen reellen, Euklidischen, Ry, auffassen; die Transformationen von 
(, sind dann wegen ihrer Unitaritaét in R2, orthogonale Transformationen der 
(4n — 1)-dimensionalen Sphire (etwa mit dem Radius 1) um den Nullpunkt 
des Rin. Ist (e:, ¢1, +++ ,€n, €n) ein beliebiger Punkt dieser Sphiire (ist also 
Cyt) + cy-%; +--+ + c,-%, = 1), so kann man eine Matrix aus C, angeben, 
deren erste Spalte (ci, C11, Cor, C21, *** 5 ni, Cni) Mit (C,, CL, +++, en, Ca) 
iibereinstimmt [25]; das bedeutet: die S,,; wird transitiv transformiert, sie ist 
ein Wirkungsraum von C,. 

Die zugehérige Isotropiegruppe ist C,1: Man halte den Punkt (1, 0,0, --- , 0) 
(im R,) fest; dann rechnet man (unter Beachtung der Invarianz der Bilinear- 
form und der Unitaritaét) sofort nach, dass auch der Punkt (0, 1, 0, --- , 0) des 
R:, festbleibt. Beachtet man noch einmal die Unitaritit, so erkennt man: Die 
Isotropiegruppe besteht aus den Transformationen von C,, , fiir die 


, / 
Mj 711, KA ae’ | 


gilt, und das ist eben die Gruppe Cy-1. 

4n — 1 ist ungerade. Nach Satz IV a) ist also R(C,) isomorph mit 
R(Cra X Sgn). Beachtet man noch, dass die Gruppe C; mit der Gruppe A; 
identisch ist, so erhalt man durch Induktion [24]: 

Der Homologiering R(C,,) ist isomorph dem Ring R(T) der Mannigfaltigkeit 


Tl = S; X S; X Su XK +--+ K Sana 
Daraus liest man ab: Das Poincaré’ sche Polynom von C,, ist 
Pot) = (1+ 14+0)---a+e""). 
KapitTet IV 


HOMOLOGIEEIGENSCHAFTEN DER WIRKUNGSRAUME 


Nachdem wir im Kapitel III den speziellen Fall W = S,, behandelt haben, 
wollen wir jetzt zur Untersuchung beliebiger Wirkungsriume iibergehen. Die 
Untersuchung, die wir im Folgenden durchfithren, erméglicht es, wenn U ~ 0 
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1. Die Gruppe P(S(G)) 


1. Wie immer, bedeute G eine Gruppe, U eine (zusammenhangende) Unter- 
gruppe, W den zugehérigen Wirkungsraum G/U. Dann ist W eine orientier- 
bare, geschlossene Mannigfaltigkeit der Dimension d(W) = d(@) — d(U). Die 
Projektion P von G auf W bewirkt eine Abbildung P der Betti’schen Gruppe 
%(G) in die Betti’sche Gruppe 8(W). Die Gruppe derjenigen Elemente von 
%(W), die vermége P Bilder von Elementen von &(G) sind, heisse die Bild- 
gruppe P(%(G)); ihre Struktur soll untersucht werden. 

Wenn U ein Normalteiler von G ist, dann ist P die natiirliche homomorphe 
Abbildung von G auf die Faktorgruppe G/U, hat also die in Kap. II, §1 
beschriebenen Eigenschaften. Wir werden nun zeigen, dass auch dann, wenn l’ 
kein Normalteiler ist, die Abbildung P von diesem Typ ist; nur muss beriick- 
sichtigt werden, dass es in W im allgemeinen keine Multiplikation gibt. 


2. Es sei also U eine beliebige (zusammenhiangende) Untergruppe von G. 
Wir beweisen dann den 

Satz V. Der Kern der Abbildung P von 8(G) in B(W) ist das Ideal in B(G) 
(aufgefasst als Untergruppe von 8(G)), das erzeugt wird von denjenigen minimalen 
Elementen von G, deren Bild bet P die Null ist. 

Die Restklassengruppe von 8(G) nach diesem Ideal (das Ideal als Unter- 
gruppe von %(@) aufgefasst) wird also isomorph auf die Bildgruppe abgebildet. 
(Die Elemente dieser Restklassengruppe bilden zugleich den Restklassenring 
von %(G) nach dem Ideal.) 

Der Beweis geht aus von dem Aufspannsatz in der Form I (Kap. I, §3, Nr. 2) 
und wird folgendermassen gefiihrt: 

Die Gruppe &(G) ist durch P homomorph in %(W) abgebildet. B°(G) sei 
der Kern dieser Abbildung; &(G@) werde als direkte Summe B°(G) + %'(@) 


dargestellt; B'(G) wird also isomorph abgebildet. {v:, v2, --- ,%m} sei eine 
Basis von BG), und {vmii, Ume2,-+:,v} eine von B(G); dann ist 
[U1 , V2, +++, v2} eine Basis von B(G). Die Produkte 

Vi,OV7,9 +++ OVi, (2, Kite <eee < 1+) 


bilden mit vp zusammen eine Basis (v;) von 8(G) nach Satz I. Dann bewei- 
sen wir: 

a) Ein solches Produkt wird durch P auf 0 gebildet, wenn wenigstens ein 
Faktor v;, zu 8°(G) gehért, wenn also wenigstens ein Index i, > m ist; 

b) diejenigen Produkte, in denen alle Faktoren v;, zu ¥'(@) gehoren, in 
denen also alle Indizes i, < m sind, werden durch P auf linear unabhangige 
Elemente von 8(W) abgebildet. Aus a) und b) folgt dann sofort der Satz V: 
Die in a) auftretenden Elemente bilden eine Basis des von %°(@) erzeugten 
Ideals von $(G); dieses Ideal ist das in Satz V genannte. Aus a) folgt, dass 
das von ¥°(@) erzeugte Ideal durch P auf 0 abgebildet wird; aus b) entnimmt 
man, dass nur die Elemente dieses Ideals auf 0 abgebildet werden, womit Satz 
V_ bewiesen ist. 








cot CO Na me 
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Man kann b) auch so formulieren: der von v und v;, v2, «++ , Um erzeugte 
Teilring von $(G) wird eineindeutig abgebildet; wegen a) wird er auf die Bild- 
gruppe abgebildet. Bezeichnet S; eine Sphiire mit d(S;) = d(v,) fir i = 1, 
2,.-- ,m, so sieht man daraus: Die Gruppe P(%(G)) ist isomorph der Betti’schen 
Gruppe der Mannigfaltigkeit S; X S. X S; X --- X Sn. 

Aus a) und b) kann man noch folgenden Schluss ziehen, der den Charakter 
der Abbildung P besser verstehen lasst: vj , v2, «++ , v, seien irgendwelche Ele- 
mente von B(G); das Bild P(vjovgo ‘+--+ ov.) von vjovgo +++ ov, ist dann und nur 
dann ~0 in W, wenn die Elemente ; = P(v;) in W linear abhingig sind. 

Sind namlich die ; unabhangig, so kann man die v; in eine Basis von ¥'(G) 


aufnehmen, und nach b) ist P(vjovg0 - -- ov,) nicht Null. 
Sind aber die n; abhangig, so kann man durch eine lineare Transformation 
der v; erreichen, dass 7, = P(v,) gleich Null ist; das Produkt vjovzo «++ ov), ist 


nach Kap. I, §3, Nr. 9 invariant gegen eine solche Transformation, und aus 
P(v,) = 0 folgt nach a), dass auch P(vjovg0 --- ov.) = 0 ist. 
Wir kommen jetzt zum Beweis unseres Satzes. 


3. Zuerst beweisen wir den Teil a). 
Wir definieren eine Abbildung 7' des topologischen Produktes G X W auf W, 
indem wir setzen: 


T(p X q’) = T,(7’), 


wo p ein Punkt von G, und q’ ein Punkt von W ist; 7, ist erklart in Kap. IT, 
§2, Nr. 4. Schreibt man W als Nebengruppenraum, und bedeutet g’ die Neben- 
gruppe gl’, dann ist T(p X q’) die Nebengruppe pql’. 

Der Punkt T(p X q’) heisst das Produkt von p und q’ und wird auch mit pq’ 
bezeichnet. (Wenn Produkte c-d auftreten, so wird es immer klar sein, ob es 
sich um das Gruppenprodukt in G handelt, wenn namlich c, de G, oder um 
das eben definierte Produkt, wenn naimlich ce G, d « W; das gleiche gilt fiir das 
sofort zu definierende verallgemeinerte Pontrjagin’sche Produkt; es werden 
deshalb die alten Zeichen fiir die Multiplikation beniitzt.) 

Ueber dieses Produkt sei bemerkt: p-q’ ist bei festem p als Abbildung von 
W in sich aufzufassen, namlich als 7,,(q’); diese Abbildung ist topologisch und 
zur Identitit homotop—man lasse p nach e, dem Einheitspunkt von G, wandern. 

Bei festem gq’ dagegen ist p-q’ eine Abbildung von G auf W, die zu der Pro- 
jektion P homotop ist: man lasse q’ in den die Nebengruppe U selbst darstel- 
lenden Punkt e’ von W wandern; p-e’ ist dann die Nebengruppe pU, als Punkt 
von W betrachtet, und das ist eben P(p). 

Die Eigenschaft des Produktes p-q’, die wir brauchen, ist eine Funktional- 
gleichung fiir P; es gilt namlich: 


P(pi-p2) = Pi: P(pr2); 


Pi, P2 sind zwei beliebige Punkte von G; links steht die Projektion des Pro- 
duktes p,-p. ; rechts steht das Produkt des Punktes p; von G mit dem Punkte 
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P(p2) von W, also T(p: X P(pe2)); beide Seiten der Gleichung bedeuten die 
Nebengruppe 71: pe: U, als Punkt von W. 

Die Abbildung 7 bewirkt eine Abbildung 7 der Homologieklassen. Wir 
definieren nun, wie ja nahe liegt, das ‘‘verallgemeinerte Pontrjagin’sche Produkt 
xoy’”’ eines Elementes x von 8(G) mit einem Element y’ von 8(W), indem wir 
setzen: 

roy’ = T(x X y’); 
das ist wieder ein Element von 8(W). 

Diese Multiplikation ist offenbar distributiv mit der Addition verkniipft. 

Ks gilt 
ro0’ = Ooy’ = 0’, 
wo 0, baw. 0’, das Nullelement von $(G), baw. B(W), ist, und z, y’ beliebig sind: 

Die Funktionalgleichung fiir P gibt fiir die Homologieklassen die entsprech- 

ende Funktionalgleichung, namlich: 


P(a,02%2) = X10P(22), 


wenn 2) , 22 zwei beliebige Elemente von 8(G) sind. Das ergibt sich so: F sei 
die bekannte Abbildung von G X G in G; mit S bezeichne man die Abbildung 
von G X GinG X W, die durch S(p: XK peo) = pi K P(pe) gegeben ist. Dann 
ist wegen der Funktionalgleichung die Abbildung PF von G X G in W gleich 
der Abbildung 7S. Nun ist PF(a, X 2) = P(a0%2); andererseits ist 
S(a, X 2) = 41 X P(x) (vgl. Kap. I, §1, Nr. 8), also T/S(a1 X x2) = x0P(2x). 

Jetzt folgt sofort die Behauptung a). ;,0v;,0 --- ov;, sei ein Element der 
Basis (v;), und es sei P(v;,) = 0’,k Sr. Wegen der Antikommutativitat der 0; 
darf man k = r annehmen, und kann also das Element in der Form wov;, mit 
W = V;,00;,0 +++ 0¥;,_, Schreiben. Dann ist 


P(wov;,) = woP(v;,) = wo’ = 0’. 


4. Jetzt beweisen wir die Behauptung b); wir beniitzen den Umkehrungs- 
homomorphismus ¢ der Abbildung P. 
Als Basis in 8(@) bentitzen wir die von v und den Elementen 
Vi1OVi,0 +++ Vi, (4 <p < +++ <t) 


gebildete Basis (v;). Nach dem Aufspannsatz (vgl. Kap. I, §3, Nr. 9) ist die 
duale Basis die Basis [z;], die erzeugt wird von den zu den v; dualen Elementen 2; . 


Die Bilder n; = P(v,;) der Elemente 1 , v2, --+ , ¥m sind nach Voraussetzung 
in W linear unabhingig. Sie werden in eine Betti’sche Basis von 8(W) aufge- 
nommen; ¢; (¢ = 1, 2,--- , m) seien die in der dualen Basis zu den 7; dualen 
Elemente. 


Wir betrachten ¢(f;). Wir behaupten: stellt man ¢g(f;) in der Basis [z,] dar, 
dann ist z; das einzige maximale Basiselement, das in y(¢;) auftritt, und zwar 
hat es den Koeffizienten 1. Wir behaupten also: 


(§) of) =zait do am, 
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die wo die x, zusammengesetzte Elemente der Basis [z;] und die a, Koeffizienten sind. ) ie 
Zum Beweis betrachten wir das Produkt ¢(f;)-v,. Die Funktionalgleichung fale 
Vir (Kap. I, §1, Nr. 5) fiir ¢ liefert fe 
4 P(o(6:)-ve) = f-P(vs) = fem, — baw. = £40" | 
also | 
P(o(Ei)-¥K) = Six- M0 ((=1,---,m;k =1,---,)), My 
wo m = P(vo) der einfach gezihlte Punkt von W ist; denn weil 7, minimal ist, b4 
ft. ist {:-m% = mo der einzige von Null verschiedene Schnitt von », fiir k = | 
1, 2,---,m; fiir k > m ist P(v,) = 0’. Also ist 
(Fi) Ve = Sixdo ; L om 
e daraus folgt auf Grund der Rechenregeln in #(@) sofort die Behauptung (¢)— 
ll man beachte etwa die Gleichungen z;-v, = duo (4, k = 1,---,1) (Kap. I, 
§3, Nr. 8). 
Wegen der Multiplikativitaét von g hat man dann: ; ea 
- ee ee eres a Ng 
ng wo jedes y, ein Produkt von mindestens r + 1 Faktoren 2; ist. ss 
nn Aus dieser Darstellung leitet man die folgenden Formeln ab (vgl. Kap. I, is 
ch §3, Nr. 9): (es 
st ‘ae 
) 1) (Fi, Sigs eee fi,)- (v;,00;,0 eee ov;,) = +, ‘ 
er 2) (Fi, Sig: tg Fi,) + (0j,00),0 oe ov;,) - 0, 
Yi wenn die Indexmengen {7;, 7, --- ,7,} und {j1, je, +--+ ,jr} voneinander ver- 
‘it schieden sind, 
3) P(Si, Sige +++ + Fi) + (UEOVRO +++ OK,) = O, wenn s < 7. 4 


5. Daraus folgt nun leicht die Behauptung b) in der Formulierung: der von 
Uo, U1, Ue, +++ , Um erzeugte Teilring von {(G) wird eineindeutig abgebildet. 

Es sei nimlich w ein Element dieses Teilringes, also eine Linearkombination 
d aww; (mit Koeffizienten a;), in der die w,; solche Elemente*® 


r) Vi,OVi,0 +++ OV, (a<a<ree < tr); 
ie bedeuten, in denen % < m gilt; die Koeffizienten a; seien von Null verschieden. 
; Wi = Vp_,00;,0 +++ odpm, Sei eines dieser Elemente mit maximaler Anzahl von 
g Faktoren v;. Dann ist nach Nr. 4, 1), 


O(Shy Shae ++ Shy) Wi = v0, 
und nach Nr. 4, 2) und 3), 
r; O(Shy + Shy +++ +fh,)-Wi = 0 fir7 > 1: 
“ also ist schliesslich 
(Shy Shoe +++ Shy)“ W = ayo. 


____ 


*Wir dirfen w; ¥ vp annehmen. 
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Nach der Funktionalgleichung fiir g folgt hieraus 


(1) (Say Sige +++ +bn,)+P(w) = anno. 


Also ist P(w) # 0, q.e.d. 
Es sei noch bemerkt, dass das Produkt aller ¢; , das Element {1-f2- «-- -&),, 
von Null verschieden ist: man setze fiir w das Produkt vjomo --+ ovm ein. 


2U«0 


1. Fir den Fall, dass U ~ 0 in G ist, lasst sich jetzt eine sehr priizise Aussage 
herleiten. Wir beweisen naimlich den folgenden Satz: 

Satz VI. Die Untergruppe U der Gruppe G sei nicht homolog 0 in G; der 
zugehdrige Wirkungsraum set G/U = W; dann gilt: 

a) der Ring R(W) ist isomorph dem Ring eines topologischen Produktes von 
Sphdren ungerader Dimensionen, 

b) der Ring R(G) ist tsomorph dem Ring R(U XK W) des topologischen Pro- 
duktes U X W. 

Danach ist R(W) durch R(G) und R(U) bestimmt: 1;(W), die Zahl der 7-dimen- 
sionalen Sphiéren in dem §t(W) darstellenden Spharenprodukt, ist gegeben 
durch 1,(@) — 1(U). 

Zum Beweis zeigen wir erstens, dass die Projektion P eine Abbildung von 
R(G) auf R(W) liefert; nach §1 ist dann R(W) eineindeutiges Bild eines gewissen 
Teilringes des Pontrjagin’schen Ringes %(G). Zweitens bestimmen wir diesen 
Teilring; er ergibt sich als isomorph dem Restklassenring des von den Ele- 
menten von %(U) erzeugten Ideals von $(G). Daraus folgt dann leicht der 
Satz. 


2. U ist ~ 0 in G; die Homologieklasse von G, in der U liegt, bezeichnen wir 
auch mit U. Unter ¢ verstehen wir, wir in §1, den Umkehrungshomomor- 
phismus der Projektion P. Dann gilt: 


o(m) = U. 


Dabei ist mo der einfach gezihlte Punkt in W. 

Es gilt namlich allgemein fiir die Projektion eines -gefaserten Raumes auf den 
Faserraum: Der Urbildzyklus (das g-Bild) des Punktes ist die Faser. Das folgt 
z.B. daraus, dass man die Umkehrung ¢ einer solchen Abbildung P folgender- 
massen erkliren kann: Der Faserraum B sei hinreichend fein trianguliert. Fir 
ein Simplex z; von B definiert man ¢g(z,) als die, in geeigneter Weise als Komplex 
aufgefasste, Menge P’'(x,), die fasertreu homéomorph mit 2; X F (F = Faser) 
ist. Fir Komplexe, Zyklen usw. erhalt man g dann durch Addition. 

Wegen der Voraussetzung U ~ 0 in G ist also g(m) # 0. Nach dem Hilfssatz 
aus Kap. I, §1, Nr. 6 ist dann P eine Abbildung von 2(G) auf R(W). 

Zicht man jetzt den Satz V heran, so sieht man, dass die Gruppe 8(W) 
bestimmt ist, wenn man die Gruppe ¥°(G), d.h. die Gruppe derjenigen mini- 














mi 


Gi 








Sm; 


*n- 
en 


on 
en 
en 
er 


ir 
[- 


BEITRAGE ZUR TOPOLOGIE DER GRUPPEN-MANNIGFALTIGKEITEN 1135 


malen Elemente von #(@), deren P-Bild in W homolog 0 ist kennt. Diese 
Gruppe soll jetzt bestimmt werden. 


3. Weil U ~ 0 ist, ist kein Element (ausser 0) von &(U) homolog 0 in G 
(Kap. II, §2, Nr. 2, Korollar 1), und man kann B(U} us Untergruppe von B(@) 
auffassen. Die Elemente von 8(U) werden be? © ‘her auf 0 abgeildet: die 
ganze Untergruppe U wird ja auf einen Punkt abgebi:«.-t. Wir behaupten: mit 
den Elementen von %(U) sind die Elemente von &(@), deren P-Bild die Null 
ist, ersch6pft, oder in der Bezeichnung von §1, Nr. 2: es ist B°(@) = B/1). 

Zum Beweis setzen wir l(G) = lund l(U) = I’. Die Elemente x, , v2, --- , vy 
mégen eine Basis von XB(U) bilden; sie werden aufgenommen in eine Basis 
{, U2, +++, 0%} von BG). Dann gilt (nach dem Aufspannsatz, angewendet 
auf die Gruppe U; vgl. Kap. I, §3, Nr. 7) 


VjyoUgo +++ OVy, = U 


als Homologie in U (dann bedeutet U die Eins von #(U)); also gilt die Gleich- 
ung auch als Homologie in G. Wir setzen noch 


Vir410Vp420 +++ ov, = V, 
Dann gilt, wieder nach den Aufspannsatz, die Gleichung 
UoV = 1, 
wo 1 die Eins von #(G) bedeutet; daher gilt (nach Kap. I, §3, Nr. 10) fiir den 
Schnitt U-V: 
U-V = ». 


Uebt man auf diese Gleichung die Abbildung P aus, und beachtet, dass U = 
(no) ist, so erhalt man wegen der Funktionalgleichung fiir g die Gleichung: 


nm:-P(V) = nm. 
Bezeichnet man die Eins von (W) mit 1, so heisst das: 
P(V) = I. 


Es ist also P(vy-4100/7490 +++ 0¥;) ¥ 0; daraus folgt nach der letzten Bemerkung 
in §1, Nr. 2, dass die Bilder yn; = P(vi) der Elemente vy-41, virye, +++ , ¥% 
in W linear unabhangig sind. Das bedeutet aber: die Restklassengruppe 
¥(@) — B(U) wird durch P isomorph abgebildet. 

Daher ist @(U) der Kern der Abbildung P von &(G); die Rehauptung 
¥'(@) = B(U) ist bewiesen. 

Die von vi41, Vir4g, +++, 02 erzeugte Untergruppe von &(@) ist die in §1, 
Nr. 2 mit %'(G) bezeichnete Gruppe; der von dem Punkt v und den Elementen 
dieser Gruppe erzeugte Teilring von {(@) wird nach §1, Nr. 2 eineindeutig auf 
die Biidgruppe abgebildet. Da jetzt nach Nr. 2 cie Bildgruppe mit der ganzen 
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Gruppe 8(W) zusammenfiallt, ist also 6(W) eineindeutiges Bild des von den 
Virsa, Virgeg, +++ , 0, UN w% erzeugten Teilringes von $(G). 

Dieser Teilring enthalt nun genau 2’ "’ linear unabhiingige Elemente, z.B. den 
Punkt v und die Produkte 


VijOVi,0 +++ Oi, U+1lsusli<nz<... <i), 


Also enthalt auch 8(W) genau 2’ linear unabhangige Elemente. 


4. Wir betrachten die zu den »; = P(v;) dualen Elemente £; von %(W) 
@=l+1,---,l). Weil P(V) = Plvrsicviy20 +++ ov;) = 1 die Dimen- 
sion d(W) hat, ist der Schnitt €1-41-€:-42- --- -€, nulldimensional. Aus der 
Formel (1) in §1, Nr. 5, entnimmt man leicht, dass dieser Schnitt gleich +m , 
also von Null verschieden ist; man setze dazu fiir das dort mit w bezeichnete 
Element das Produkt V = vjr4:0v)-420 --- ov; ein und beachte, dass P(V) = 1 
ist. Ausserdem sind die ¢; antikommutativ in Bezug auf den Schnitt: 


fiete = —feebs und ¢;-¢; = 0, 


denn es ist 6(¢;) = d(n:) = d(v;) ungerade. 
Daraus folgert man (vgl. die Betrachtung in Kap. I, §3,-Nr. 7), dass die 
Produkte 


Sig Sige ee i, U+ilsuSlai<kr<--- <i) 


linear unabhangige Elemente in $(W) sind; mit 1 zusammen sind das genau 
2’ Elemente; die ¢; bilden also mit I zusammen ein irreduzibles Erzeugenden- 
system von 3(W). Diese Eigenschaften der ¢; sind es aber gerade, die R(W) 
als Ring eines Produktes von ungerade-dimensionalen Spharen charakterisieren. 
Damit ist VI a) bewiesen. Den “Sphiren selbst’’ entsprechen die Elemente 7; . 


5. Den Isomorphismus von #(G) und #(U X& W) stellt man jetzt folgender- 
massen_ her: 

1 sei die Eins von #(G), 1’ die von R(U), 1 die von R(W). 

z: seien die zu den v; dualen Elemente von S(G) (i = 1, --- , 1); sie bilden 
mit 1 zusammen ein irreduzibles Erzeugendensystem von #(G@) (vgl. Kap. I, 
§2, Nr. 4). 

z; seien die zu den v; dualen Elemente von 8(U) (j = 1, --+ , 1); sie bilden 
mit 1’ zusammen ein irreduzibles Erzeugendensystem von (U). 

f, seien die oben eingefiihrten Elemente von B(W) (k = I’ + 1, ---,1); sie 
bilden mit I zusammen ein irreduzibles Erzeugendensystem von 9t(W). : 

Die Elemente (z; X 1) und (1’ X ¢) bilden dann mit dem Element (1’ X 1) 
zusammen ein irreduzibles Erzeugendensystem von #(U xX W). 

Alle diese Systeme sind antikommutativ; und das Produkt aller Elemente 
jeden Systems ist der einfach gezahlte Punkt des betreffenden Ringes. 

Jetzt ordnet man zu: 


Den Elementen z; (i = 1, --- , I’) die Elemente (z; X 1), 


d 


gew 


— 
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den Elementen z; (¢ = l’ + 1, ---,l) die Elemente (1’ X& &), 
dem Element 1 das Element 1’ X 1. 


1 den 












. den Das ergibt offenbar einen Isomorphismus zwischen 8(@) und R(U X& W) der 
gewiinschten Art; damit ist auch VI b) bewiesen. 
S ty), ZiiricH, SWITZERLAND 
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INTRINSIC TOPOLOGY AND COMPLETION OF BOOLEAN RINGS 


By Henry Loéwic 
(Received October 29, 1940) 


NOTATION 


If B is a subclass of a lattice A we denote the meet (cross-cut, intersection, 
product) of the elements of 8 with respect to A, i. e. the maximal element of A, 
contained in all elements of %, its existence supposed, by | ]{4’s z, and the join 
(union, conjunction, lattice-sum) of the elements of 8 with respect to A, i.e. 
the minimal element of A, containing all elements of %, its existence supposed, 
by >-{“5 x. If 8 consists only of two elements, a and b, we write also a A, b 
instead of [[{43 x anda \ b instead of }>‘4’5 x. If A is especially a Boolean 
ring we denote the ring-sum (the symmetric difference) of two elements a and b 
with respect to A by a A, b. We omit the superscripts of the signs [] and 
>’, and the subscript of the sign V4 if there is no doubt to which lattice or 
Boolean ring they refer. Under the same condition we write a-b or ab instead 
of a Ax, 6, and a + b instead of a Ay b. We call a subclass % of a lattice A 
bounded if there exists at least one couple a, b of elements of A such that 


a<x<2z<b 


for all elements x of 8. The expressions of ‘“c-lattice” and ‘complete lattice” 
are used in the same sense as in the paper (VIII). (See especially (VIII), p. 
795, 4th passage.) We call a Boolean ring complete if it is a complete lattice, 
and a Boolean o-ring if it is a o-lattice. If a subring (an ideal) of a Boolean ring 


is a o-lattice we call it a o-subring (a c-ideal). The expression of ‘dual ideal” 


is used in the same sense as in (VI). The words “A Boolean ring A is given, 
and the small Latin letters ...denote elements of A” will be frequently sup- 
pressed. If we consider a sequence of elements a, of a lattice we shall mostly 
suppress the supposition that the index n runs through all natural numbers. 
Otherwise we shall use the terminology and denotation of M. H. Stone’s paper 
(V). The results of this paper will be used without any further reference. 


1. Introduction 


A sequential topology of a lattice can be defined in the following way: 

If a sequence of elements a, of a lattice has the property that all products [lm a 
(n = 1, 2,3, ---), all joins Dofon ax (n = 1, 2,3, ---), the join pil Iz. Ak 
and the product [[?1 ) fn ax exist, and 


00 c) c) cd 
bs II a = I] > a = 4, 
n=1 k=n n=1 k=n 
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the sequence a, is said to converge towards a or to have the limita. (See for instance 
(II), p. 453.) 

The lattices considered in L. V. Kantorovitch’s paper (VII) have even the 
property that []i—, az, Divan ae (n = 1, 2, 3,---), S84 TJ, a, and 
[[t-1 >in a, exist whenever the sequence a, is bounded. Thus Kantorovitch 
may say a sequence a, to converge if it is bounded, and 










C2) 







ax . 





n=1 k=n 






In this paper the above convergence-definition will be considerably generalized 
for the case that the given lattice is a Boolean ring. We shall define the con- 
vergence of a sequence of elements a, of a Boolean ring without supposing that 
[le ak ; > es ak (n = 1, 2, 3, ei ‘); } me II. ak , and [t= pe ay exist; 
we shall not even suppose that the sequence a, is bounded. 

The formulation of the convergence-definition will be the topic of §2 of this 
paper. In §3 we shall show that in the case that []f, a, and >o?, a 
(n = 1, 2, 3, ---) exist, our convergence-definition coincides with the definition 
given in the introduction. In §4 we shall introduce the important notion of an 
invariant subring a of a given Boolean ring A. We shall call a an invariant 
subring of A, or A an invariant extension of a, if every infinite join of elements 
of a, whenever it exists with respect to a, exists also with respect to A, and has 
the same value. In §5 we shall define the notion of a join-extension A of a 
Boolean ring a. A will be said to be a join-extension of a if every element of A 
is a join of elements of a with respect to A. We shall see that any join-extension 
is an invariant extension. The notions of “invariant extension” and “join- 
extension” will play an important réle in the following paragraphs. In §6 we 
shall show that the finite fundamental operations of a Boolean ring are continu- 
ous under the introduced sequential topology; moreover we shall deduce a 
number of other relations. In §7 we shall say a few words about the closure- 
topology determined by the introduced sequential topology. In §8 we shall 
state how far the theorems on simple sequences in a Boolean ring obtained 
hitherto can be extended to double sequences. In §9 we shall, following D. van 
Dantzig’s paper (I), define the notion of a fundamental sequence of elements of 
a Boolean ring, and explore how far D. van Dantzig’s results can be applied to 
our case. In §10 we shall show that the sequential topology determined by the 
closure-topology mentioned in §7 is in general not identical with the original 
sequential topology. I have no further entered into the examination of this 
derivative sequential topology, but leave it to further investigations. 

It is very probable that the theory developed in this paper can be easily ex- 
tended to the lattices which Fritz Klein in his paper (IV) calls ‘“Boole- 
Schrédersche Verbinde.” I shall deal with this matter in a later paper. 

The extension of this theory to arbitrary lattices might be more complicated. 
It is for instance not true that the finite fundamental operations of an arbitrary 
lattice are continuous with respect to the sequential topology defined in this 
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introduction. Let a partially ordered set A consist of an enumerated sequence 
of elements a, , of another such sequence b, , and of a further element e, between 
which there are defined the following ordering relations: 


Gan <X Ga, o <6, form <n; 
Ga < by form Sn; 
Ga XG, bm < eé. 
(m,n = 1, 2, 3, --- .) 
Then A is obviously a complete distributive lattice. ADDED IN PROOF: A is iso- 
morphic with Mac Neille’s lattice [4.7, 4.12, 4.7]. See H. M. Mac Neille, Par- 


tially ordered sets, Trans. Am. Math. Soc., vol. 42 (1937), pp. 416-460, especially 
Theorem 4.15. If m > n, then 


Ambn = On, 
Am V bn = bin . 
Obviously we have, by the convergence-definition given in this introduction 


lim a, = @; 


n-?o 


on the other hand we have for n = 1, 2, 3, --- 


Andi = 1, 
whence 
lim abi a 
no 
while 
eb; — bi . 


2. The Sequential Topology 7(A) 


DerFinition 1. By a subelement of a sequence of elements a, of a Boolean ring 


A, we mean an element u of A of the property that, if we suitably choose the natural 
number k, we have forn = k 


u<, G,% 


It is clear that the property of an element u of A to be a subelement of the 
sequence a, is preserved if we replace a finite number of its terms by other 
elements, if we add or omit a finite number of terms, or if we change the succes- 
sion of the terms (not necessarily only of a finite number). The same holds for 
the concepts of superelement, interelement, lower limit, upper limit, and limit, 
which we shall define more fully below. 
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Any sequence of elements of a Boolean ring has at least one subelement, 
namely the zero-element. 

TororEM 1. The subelements of a sequence of elements a, of a Boolean ring A 
constitute an ideal in A. 

THeorEM 2. If u iz a subelement of a sequence a, , and b is an arbitrary ele- 
ment, then ub is a subelement of the sequence a,b, and to every subelement u* of 
the sequence a,b there exists a subelement u of the sequence a, such that u* = ub. 

DerINITION 2. By a superelement of a sequence a, , we mean an element o of 
the property that, if we suitably choose the natural number k, we have for n =k 


o> Qn. 


It is clear that a sequence of elements of a Boolean ring A is bounded in A if 
and only if it has at least one superelement in A. If A has a unit every sequence 
of elements of A is bounded. 

THEOREM 3. The superelements of a bounded sequence of elements of a Boolean 
ring A constitute a dual ideal in A. (This dual ideal is a Boole-Schréder lattice 
in the sense of the paper (IV).) 

THEOREM 4. If 0 is a superelement of a bounded sequence a, , and b an arbi- 
trary element, then o V/V b is a superelement of the sequence a, \/ b, and to every 
superelement o* of the sequence a, \/ b there exists a superelement o of the sequence 
a, such that o* = o V Db. 

DerriniITION 3. Let a, be a bounded sequence of elements of a Boolean ring A, 
and also a an element of A. In this case we call a an interelement of the sequence 
a, with respect to A, uf 


u<a<o 


whenever u and o are elements of A, and u is a subelement, and o a superelement of 
the sequence ap. 

DeFINITION 4. Let a, be an unbounded sequence of elements of a Boolean ring A, 
and also a an element of A. In this case we call a an interelement of the sequence 
a, with respect to A if ab is, according to Definition 3, an interelement of the bounded 
sequence a,b with respect to A for every element b of A. 

Instead of saying “a is an interelement of the sequence a, with respect to A” 
we may say more simply “a is an interelement of the sequence a,” if there is 
no doubt to which Boolean ring the term “‘interelement”’ is referred. 

TuroreM 5. If a, and a are elements of a Boolean ring A, then a is an inter- 
element of the sequence a» with respect to A if and only if ab is an interelement of 
the sequence a,b with respect to A for every element b of A. 

Proor. As for the case of an unbounded sequence Theorem 5 is involved by 
Definition 4, we can restrict ourselves to the case that the sequence a, is bounded. 

Let us suppose first that a is an interelement of the bounded sequence a, , 
and that a further element b is given. Then Theorem 2 involves that 


(1) u* < ab 


“— 
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whenever u* is a subelement of the sequence a,b. If on the other side o* js a 
superelement of the sequence a,b , and o a superelement of the given sequence 
a, , we have for n 2 k, if k is an appropriate natural number, 


o* V/V (0 + ob) > anb V (dn + Gnd) = an, 
hence, according to the supposed property of a, 


o* VV (0 + 0b) > a 
and 
(2) o* > ab. 


(1) and (2) involve that ab is an interelement of the sequence a,b . 

Now let us suppose conversely that ab is an interelement of the sequence a,b 
for every element b. From this supposition it yields especially that a(a \ c) 
is an interelement of the sequence a,(a \/ c) whenever c is an upper bound of the 
sequence a,. Thus we obtain immediately that a is an interelement of the 
sequence a, as we want to prove. 

THEOREM 6. If a, and a are elements of a Boolean ring A, then a is an inter- 
element of the sequence a, with respect to A if and only if a \/ b is an interelement 
of the sequence a, \/ b with respect to A for every element b of A. 

Proor. Ifa \ bis an interelement of the sequence a, \ 6b for every element 
b then a is an interelement of the sequence a, since we may put especially b = 0. 
Now let us suppose conversely that a is an interelement of the sequence a, , 
and b an arbitrary element. Let us further suppose that the sequence a, is 
bounded. In this case the sequence a, \/ b is bounded too. Let u* be a sub- 
element, and o* a superelement of this sequence. Then u* + u*b is a subelement 
of the sequence a, + 7,4, thus also a subelement of the sequence a,. According 
to the supposed property of the element a we have 


u* + u*b < a, 
whence 
(3) ut<avb. 
On the other side Theorem 4 involves the inequality 
(4) o* >a Vb. 


From (3) and (4) it follows that a V b is an interelement of the sequence a, V 0. 

If the sequence a, is not bounded we observe that ac is, by Definition 4, an 
interelement of the bounded sequence a,c for every element c. Hence, accord- 
ing to what we have just proved, ac VV be = (a \ b)c is an interelement of the 
sequence a,c \/ be = (a, VV b)c. Thus we obtain again the result that a V is 


an interelement of the sequence a, \ b. 
THEOREM 7. The interelements of a sequence of elements a, of a Boolean ring 
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A constitute a dense sublattice of A. (This sublattice is a Boole-Schréder lattice 
in the sense of the paper (IV).) 

THEOREM 8. If u is a subelement, and a an interelement of the same sequence 
a,, thenu < @. 

THEOREM 9. Jf a ts an interelement of a sequence a, , and 


u<xa*<a 


whenever u is a subelement of the same sequence, then a* is as well an interelement 
of this sequence. 

Theorems 7, 8, and 9 follow easily from Theorem 2 and from Definitions 3 
and 4. (Notice that ab < ab for every b implies a” < a”.) 

DeriniTIion 5. If a, ts a sequence of elements of a Boolean ring A, and the 
lattice of the interelements of the sequence a, with respect to A hus a zero, this zero 
is called the lower limit of the sequence a, with respect to A and denoted by “lim a, . 


The expression “lower limit of the sequence a, with respect to A” may be 
replaced by the simpler expression “lower limit of the sequence a,” if there is 
no doubt to which Boolean ring it refers. In this case the sign “lim a, may be 


n-?oO 


replaced by the simpler sign lim a, . 


no 


If lim a, exists the lattice of the interelements of the sequence a, is a Boolean 


nono 


ring, and lim a, is its zero-element. 
no 
Lemma 1. If a > u whenever u is a subelement of a given sequence a, , and 
lim a, exists, then 


no 


a> lim an. 
Proor. If u is a subelement of the sequence a, then from the hypothesis 
and from Theorem 8 follows that 
a lim @, > u. 


nx 


This inequality implies, by Theorem 9, that a lim a, is an interelement of the 
sequence a,. Hence we have, according to Definition 5, 
a lim a, > lim ap 


no ma—?0o 
or equivalently 


a> lim an 

as we wished to prove. 
Derinition 6. If a, is a sequence of elements of a Boolean ring A, and the 
lattice of the interelements of the sequence a, with respect to A has a unit, this unit 
is called the wpper limit of the sequence a, with respect to A, and denoted by Tim a, . 
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The expression “upper limit of the sequence a, with respect to A” may be 
replaced by the simpler expression “upper limit of the sequence a,”’ if there is 
no doubt to which Boolean ring it refers. In this case the sign “ lim a, may be 


_— n> 
replaced by the simpler sign lim a, . 
no 
Lemma 2. If a < o whenever o is a superelement of a given bounded sequence 
a, , and lim a, exists, then Ks 


n-?>oO 


a < lim a. 
Proor. If o is a superelement of the sequence a, then from the hypothesis 
follows that 
a\V lim a, < 0. 


no 


Hence a \ lim a, is, by Definition 3, an interelement of the sequence a,. On 


no 


the other side we have, by Definition 6, 


a\V lima, < lim a, 


no noo 
or equivalently 


a < lim a, 
as we wished to prove. az 
TaHeorEeM 10. Jf both lim a, and lim a, exist then 


no no 


lim aa < lim an. 


no no 


THEorEM 11. If both lim a, and lim a, exist then a is an interelement of the 


no no 


sequence a, if and only if 


lim a, < a < lim ay. 


noo no 


We need now some transfinite extensions of the known rules which the finite 
operations of a Boolean ring obey. 

THEOREM 12. Let B be a class of elements of a Boolean ring A, and also b an 
element of A. If in this case [Jas a exists then [[a<s (a V b) exists too and is 
equal to ([Jae3 a) V b. 

Proor. It is obviously sufficient to prove that 


(5) c<aVb 


for every element a of 8 implies 


c< (IT ¢) Vv b. 
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as we wished to prove. 4 


In the following Theorems 13 till 17 the signs 8 and b shall have the same 
significance as in Theorem 12. In the special case of Boolean o-rings they were | 
proved by J. von Neumann, “Lectures on continuous geometries,” Princeton, ) 

On 1937, Appendix, p. 7. See also H. M. Mac Neille, l.c., Theorem 7.19. 

TueoreM 13. If > a.9a@ exists then >a. ab exists too and is equal to 


(Yiaes @)D. 


Proor. If c > ab for every element a of 8 then 


eV[Qa+ (2, x)b] > abv [2,2 + (2, 2)b] > aforaeB; 





hence \ 
ev [22 +(2 2)b]> 2a, i" 


and 





Riviry ed = 


c> (> a) b. | Bhs: 


aeS 





. THEorEM 14. If TI. a exists then > (b + ba) exists too and is equal to 

b + b i. @ a. 

Proor. It is clear that 
b+b][[a>b+bz 

e aeB 

forzeB. Ife > b + ba for every element a of B then 
n 
8 a>b-+be 


for a eB; hence 


I] a>b+ be, 


aeB 


and 


c>b+bIIa. 
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TueoreM 15. If })..9 a exists then [Tae (b + ba) exists too and is equal to 
b + b » we g a. 

Proor. Ifc < b + ba for ae then c < b and ca = 0 for a € B; thus, by 
Theorem 13, c 7 nil a=0,ande<b+b6 seit a. 

TueoreM 16. Jf [[..9 a exists then [[a<e (a + ab) exists too and is equal to 


I].-esa + (Tacx a)b. 
Proor. If c <a-+ ab foraeSthenc < aforae&, wand < [J.<8 a; on 
the other side cb = 0; hence - 


c < IIe a qo. 


THEOREM 17. If )oacy a exists then Dvacw (a + ab) exists too and is equal 


to dae8 0 + (Soaew a)b. 


Proor. Ifc > a+ abforaeBSthenc V b > a foraeS, thusc Vb > 
Yiaeva, ande > Draega + (Doacva)b. 

THEOREM 18. Jf a is an ideal in a Boolean ring A, then a’ is the class of all 
elements b of A such that b = ae a for an appropriate subclass $ of a. a” isa 
principal ideal if and only if Fo) 2, a exists; in this case a’ = a(>_<4. a). ADDED 
IN PROOF: Theorem 18 is partly contained in Theorem 2.1 of M. H. Stone’s 
paper on Algebraic characterizations of special Boolean rings, Fundamenta Math- 
ematicae, vol. 29 (1937), pp. 223-303. 

Proor. From the definition of a’’ and from Theorem 13 follows that a’’ con- 
tains the element be «3 @ whenever $ C a, and a .-9a@ exists. If b is an 
arbitrary element of a’’ we put 8 = a-a(b). Then b > a whenever a is an ele- 
ment of 8. If c is an arbitrary element of A then 


(b + be)a eB 


for all elements x of a. Hence if ce A and c > a for every element a of 8 we 
have, for z ea, 


(b + be)x < ¢, 
thus 

(b + be)z = 
or 


b + be ea’. 
Since b €a’’ we have b + be = 0, thus b < c. Hence 


wo (A) 
ak Whe 


This proves the first part of the theorem. The second part is now obvious. 
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THEOREM 19. lim a, exists if and only if - <u U, U being the class of the 


noo 


subelements of the sequence a, , exists; in this case 


(6) lim an = 2: U. 


noo well 


Proor. If lim a, exists, from Lemma 1 and Theorem 8 follows immediately 


that }ou eu u exists, and the equation (6) holds. If >). .u u exists then there 
exists also }ou eu ub for every element b. (See Theorem 13.) If we notice 
Theorem 2, we conchide easily that >>... 1 ub is an interelement of the bounded 
sequence a,b. On the other side we have 

d, ub = (D0 u)b. 

uel well 
Hence > u« u Wis an interelement of the sequence a,. If ais an arbitrary inter- 
element of this sequence, we have, by Theorem 8, 


a>u 


for every element u of U, and consequently 
a> 2. u. 


Hence lim a, exists and is equal to )7u« u u. 


no 


THEOREM 20. lim a, exists if and only if 1’, U having the same significance as 


n> 


in Theorem 19, is a principal ideal a(a); in this case 


lim a, = a. 
Proor. See Theorems 18 and 19. 
THEOREM 21. (Corollary of Theorem 20.) If the ideal of the subelements of a 
sequence a, 1s a principal ideal a(a), then lim a, exists and is equal to a. 


THEorEM 22. The upper limit of a bounded sequence a, exists if and only if 
ibe 0, © being the class of the superelements of the sequence a, , exists; in this 
case 

lim a, = [I o. 
no o€D 

The proof can be left to the reader. (Notice Lemma 2.) 

THEOREM 23. (Corollary of Theorem 22.) If the dual ideal of the super- 
elements of a bounded sequence a, has a zero then lim a, exists and is equal to 


this zero. 
In this case the dual ideal of the superelements of the sequence a, is a Boolean 
ring, and lim a, is its zero. 


no 
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Lemma 3. [flim a, exists, and b is an arbitrary element, then lim a,b exists too 


no no 


and is equai to b lim a, . 


Proor. See Theorems 2, 13, and 19. 
Lemna 4. If lim a, exists, and b is an arbitrary element, then lim a,b exists 


too and is equal to b lim a, . 
« Proor. Let lim a, be denoted by a, and let c be an interelement of the se- 


quence a,b. Further let d be an arbitrary element, and o a superelement of the 
sequence a,d. Thus 0 is also a superelement of the sequence a,bd, and cd < o. 
We have also ad < o because ad is an interelement of the sequence a,d. Hence 


(a Ve)d <0. 
If on the other side u is a subelement of the sequence a,d, then ad > u, whence 
(a Ve)d > u. 


We find that a \V c is an interelement of the sequence a,. This involves, by 
Definition 6, a \V c < a, or equivalently c < a. Besides we have obviously 
c <b. Hencec < ab or 


: c < blim ap. 


no 


Since 6 lim a, is itself an interelement of the sequence a,b, Lemma 4 is proved. 


Derinition 7. If a sequence of elements a, of a Boolean ring A has exactly one 
interelement a with respect A, we say that the sequence a, converges towards a with 
respect to A, or a is its limit with respect to A, and write 

‘lim a, = a. 

The sentences “The sequence a, converges towards a with respect to A” and 
“a is the limit of the sequence a, with respect to A” may be repiaced respectively 
by the shorter sentences “The sequence a, converges towards a” and “a is the 
limit of the sequence a,” if there is no doubt to which Boolean ring they refer. 
In this case the sign ‘““’lim a, may be replaced by the simpler sign lim a, . 

DEFINITION 8. The sequential topology in a Boolean ring A, introduced by 
Definition 7, shall be denoted by 7(A). 

THEOREM 24. A sequence of elements a, of a Boolean ring is convergent if and 
only f lim a, and lim a, exist and are equal to one another. In this case 


no no 


lim a, = lim a, = lim an. 


no no nc 


Lemma 5. [Jf lim a, exists, and b is an arbitrary element, then lim a,b exists 


no n—"2 


too and is equal to b lim a, . 


no 


h 


Cn 
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Proor. See Lemmas 3 and 4 and Theorem 24. 
TurorEM 25. If a, = a for every n then also 





lim a, = a. 


no 






THEOREM 26. A subelement (superelement) of a given sequence is also a sub- 
element (superelement) of any partial sequence. i 
Pa 






THEOREM 27. Any interelement of a partial sequence of a given sequence is also 
an interelement of the whole sequence. 

Theorem 26 is evident, Theorem 27 can be easily deduced from Theorem 26. 

THEOREM 28. If a, is an arbitrary sequence of elements of a Boolean ring, and 
n, (k = 1, 2, 3, +++) are natural numbers different from each other, then there | 
hold always those of the inclusion-relations rd 








lim ay, > lim ap, 


ko no 





lim an, < lim ay, 


k—00 noo 





lim dn, > lim an, hae 


ko no La ina 
ee 



















lim a,, < lim a,, 
kw no 








in which both sides exist. 
Proor. See Definitions 5 and 6 and Theorem 27. 






ToErorEM 29. If lim a, exists, and m (k = 1, 2, 3, --- ) are natural numbers 
different from each other, then lim dn, exists too and is equal to lim a, . 





ko noo 

Proor. Let us suppose first that the sequence a, is bounded. Then, if u 
is a subelement and o a superelement of this sequence, and u* and o* have the 
same meaning for the sequence a,, (k = 1, 2, 3, --- ), we have, by Theorem 26, 








u* <0 
















and 





u<o*, 
Hence we have, by Lemmas 1 and 2, 


u* < lima, 


no 






and 






lim a, < o*, 


no 







u* < lima, < o*. 


no 





We see that lim a, is an interelement of the sequence ap, (k = 1, 2, 3, --- 


no 
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The same result is obtained also in the case that the sequence a, is not bounded. 
For if 6 is an arbitrary element Lemma 5 yields that lim a,b exists and is equal 


to b lim a, ; hence 6 lim a, is, by what we have just proved, an interelement of 
the sequence an,b (k = 1, 2, 3, ---+ ). 

lim a, is also the only interelement of the sequence a,, (k = 1, 2, 3, --- ); for 
if the sequence a,,, had an interelement a different from lim a, then a would be, 


by Theorem 27, also an interelement of the original sequence a, , contrary to 
the hypothesis that this sequence is convergent. By this Theorem 29 is proved. 
It can occur that both lim a, and lim a, exist but that there is neither a 


no no 
partial sequence of the sequence a, converging towards lim a, nor such a se- 
no 
quence converging towards lim a,. Let a and b be two elements such that 
no 


neither a < b nor b < a. Now for n = 1, 2,3, --+ let Gon = a, do, = b. 
Then we have obviously 


lim a, = ab 


no 
and 


lima, =aV b. 
Nevertheless there is neither a partial sequence of the given sequence con- 
verging towards ab nor such a sequence converging towards a \ b. 
THEOREM 30. The union of a finite number of convergent sequences with the 
same limit 1s again a convergent sequence with the same limit. 


Proor. Suppose that a and a” are two convergent sequences, and that 


. 1 ° 2 
lim a‘? = lim a” = @, 


no no 


Suppose moreover that the sequence a, consists of the terms of the sequences 
1) 2) ; ° ° 
a” and a in some succession. Then from Theorem 27 follows that a is an 


interelement of the sequence a,. Now let a* be an arbitrary interelement of 


° ‘ 1 (2) 
this sequence, b an arbitrary element, u” and u” subelements, and o” and o 
2 . 1) (2) ; 
superelements of the sequences a¢’b and a‘”b respectively. Then uu is a 


(1) 2 . ' 
subelement, and o"” \ o” a superelement of the sequence a,. Since a*b is an 


interelement of this sequence we have 


(7) Uru” < atb < 0 V o™, 


1) 2 
The sequences a{’b and ab are convergent, and 


° 1 - 
lim a b = lim a® b = ab. 


no no 





S 


if 


2) 
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(See Lemma 5.) Hence we get from (7) by using twice Theorem 19 together 
with Theorem 13, and Theorem 22 together with Theorem 12 






ab-ab < a*b < ab V ab 








a*bh = ab. 


Since 6 is arbitrary we obtain the result a* = a. 





This proves the theorem. 






3. Connection with the Usual Convergence-Definition 


The following results show that our definition specializes in the case of o-lat- Nae 
tices to the usual definition (cf. for example G. Birkhoff, II, p. 453). ef 

THEOREM 31. If a, > a; whenever k < l, the sequence a, is either convergent ; ¥ 
or has no interelement; it is convergent if and only if [ [#21 a; exists; in this case “a 
we have 








k=1 no 


(8) TI a, = lima,. - 





Proor. If a is an interelement of the sequence a, , we have 













a<ady, 






for every n because all terms of the sequence are superelements of the sequence, 
Ifu < a, for every 7 then u is a subelement of the sequence, and we have 






a> u. 






Hence lz: a, exists and is equal to a. Thus we see that a is the only inter- 
element of our sequence, is to be denoted by lim a, , and the equation (8) holds. 


no 


If conversely Tlz a, exists then it can be easily concluded that 






u<I]a<o 


k=1 









whenever u is a subelement and o a superelement of the sequence a, , so that 
I]: a is an interelement of this sequence. 

TuErorEM 32. (Corollary of Theorem 31.) The sequence []z-1 a (n = 
1, 2,3, --- ) ds either convergent or has no interelement; it is convergent if and only 
if [[2: a, exists; in this case we have 


II a = lim [J x. 


k=1 no kel 


THEorEM 33. If a, < a; whenever k < l, the sequence a, is either convergent 
or has no interelement; it is convergent if and only if > --1 a; exists; in this case 
we have 






















i) 


> a = lim a. 


k=1 ino 
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If the suppositions of Theorem 33 are satisfied, and the sequence a, has an 
interelement a, then we have 


a> an 


for every n because all terms of the sequence are subelements of the sequence. 
Hence the sequence a, is certainly bounded. The same is also true if }°2, a, 
exists. After this is settled Theorem 33 can be proved in a similar way as 
Theorem 31. 

Turorem 34. (Corollary of Theorem 33.) The sequence > j-1 a, (n = 
1, 2,3, --+ ) as either convergent or has no interelement; it 1s convergent if and only 
if > 21 a; exists; in this case 


oy an = lim zi ay . 
k=1 no k=1 
THEOREM 35. Any monotonic sequence of elements of a Boolean o-ring is con- 
vergent. 
Theorem 35 follows immediately from Theorems 31 and 33. 
TuroreM 36. If forn = 1, 2,3, --- []£, a exists then lim a, exists if and 


no 


only if >-*-1 []&. ax exists; in this case we have 


oo 


lim a, = > I] «& = lim [] a. 
noo n=1 k=n n—o k=n 
Proor. Definition 1 involves that to every subelement wu of the sequence a, 
there can be stated a natural number m so that 


(2) 
Il a> U. 
k=m 


From this it can be easily concluded that >°..uu exists if and only if 
°_, [[%, a: exists, and that in this case both elements are identical. (Ul is 
the ideal of the subelements of the sequence a, .) Now Theorems 19 and 33 
show that Theorem 36 is true. 
THEOREM 37. If forn = 1, 2,3, --- oven ax exists then lim a, exists if and 


no 


only if [[%-1 >°2. ax exists; in this case we have 


lima, = ]] >) a =lim DS x. 
no n=1 k=n n—o k=n 
Theorem 37 can be proved by the aid of Theorems 22 and 31 in a similar way 
as Theorem 36 by the aid of Theorems 19 and 33. 
THEOREM 38. If a, is a sequence of elements of a Boolean o-ring then there exist 
certainly both lim a, and lim a, . 


no no 


Proor. See Theorems 36 and 37. 


d 
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THEOREM 39. If a, is a sequence of elements of a Boolean o-ring then lim a, 


n> 






exists if and only af 






In this case we have 






i} 


liman= >> [[a =I] >} au. 


no n=1 k=n n=1 k=n 













Thus our Definition 7 coincides in the case of a Boolean o-ring with the 
definition of convergence and limit given in the introduction. 
LemMa 6. If a, ts a sequence of elements of a Boolean o-ring with unit then 





lim a, = (lim a,)’, 


io n->o 










lim a, = (lim ay)’; 


no no 











° ° .- 2 
if moreover the sequence a, is convergent, the sequence a, 1s convergent too, and 


lim a, = (lim a,)’. 


no no 

















Lemma 6 can be easily deduced from Theorems 14, 15, 36, and 37. 3 
Lemma 7. If a, and a are elements of a Boolean o-ring with unit, and a is an a 
interelement of the sequence a, , then a’ is an interelement of the sequence a, . hg 
Proor. See Theorem 11 and Lemma 6. 13 
TuHrorEM 40. If a, > c for every n then the equation f 







(9) lim @n = € 


nc 





holds if and only if for every n 





ce) 


(10) Il a, = C. 


k=n 













Proor. If (9) holds, and the element u is of the property that for k 2 n 
u<a,, then u < ¢ because u is a subelement of the sequence a,. This proves 
(10). If (10) holds then (9) follows immediately from Theorem 36. 

THEOREM 41. If a, < c for every n then the equation 







lim a, = c¢ 


no 






holds if and only if for every n 
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TuHreoreM 42. An element a is an interelement of a sequence a, if and only if 
for every n 


(11) »» aa = a, 
and 
(12) I (a; V a) = a, 


Proor. If a is an interelement of the sequence a, then it is, by Theorems 5 
and 6, also an interelement of the sequences a,a and a, \VV a. On the other 
side it is a superelement of the sequence a,a and a subelement of the sequence 
a, \/ a. Hence we have 


lim a,a = a, 


n—>o 


lim (a, V a) = a. 


nc 


Now Theorems 41 and 40 involve that the equations (11) and (12) hold. 

Let us suppose conversely that the equations (11) and (12) hold. Let b be 
an arbitrary element, and u a subelement and o a superelement of the sequence 
a,b. Further let m be a natural number of the property that 


u< arb <o 


fork = m. Then we have 


ab = >> aab < ao, 


k=m 


whence 


ab <0. 


Similarly we have 


a= I (a, Va) >uVa, 
whence 


Uu<a. 


Since also u < b we get 
u < ab. 


Thus we see that ab is an interelement of the sequence a,b; hence a is an inter- 
element of the sequence a,, as we wished to prove. 
Another form of Theorem 42 is 


























INTRINSIC TOPOLOGY OF BOOLEAN RINGS 1155 






THEOREM 43. An element a is an interelement of a sequence a, if and only if 


(13) lim a,a = a, , 


no 








and 
(14) lim (a, V a) = a. 


no fr: 












Proor. See Theorems 40, 41 and 42. 
The following Theorems 44 and 45 will be needed in the next paragraph. 
THEOREM 44. The equation 








(15) a lim an =a 


n~-?o 










is equivalent with the couple of the equations 





(16) lim a,a = a 


no 





and 


(14) lim (a, V a) = a. Bi, 


no 

















Proor. That (15) implies (14) and (16) follows from Lemma 3 and Theorem aS 
43. If (14) and (16) hold then a is, by Theorem 43, an interelement of the . hi 
sequence a, ; if b is another such interelement then, by Theorem 5 and (16), 44 
ab = a, ie. a < b. i 








THEOREM 45. The equation 








(17) lim a, = a . 


no 







is equivalent with the couple of the equations 





(13) lim a,a =a 


no 









and 


(18) 








lim (a, V a) = a. 

Proor. If (17) holds we have to prove, in face of Theorem 43, the equation 
(18) only. Let b be an arbitrary element, and o a superelement of the sequence 
a,b. Then we have o > ab. If moreover c is an interelement of the sequence 
a, \/ a then be is an interelement of the sequence a,b \/ ab; since o is a super- 
element also of this sequence we have be < 0; thus, by Lemmas 2 and 4, be < ab. 
Since b is arbitrary we have c < a. On the other side we have certainly c > a. 
Hence c = a. This proves (18). 

If (13) and (18) hold then a is, by Theorem 43, an interelement of the sequence 
a, ; if b is another such interelement then, by Theorem 6 and (18), a V b = a, 
thus a > b. This proves (17). 
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4. Invariant subrings 


If a is a subring of a Boolean ring A, the restriction of the sequential topology 
7(A) (Definition 8) to the subring a is not necessarily identical with r(a). 

Let for instance A be the Boolean algebra of all classes of natural numbers, 
a, the class of all natural numbers divisible by n (n = 1, 2, 3, --- ), and a the 
subring of A generated by the elements a, (n = 1, 2,3,---) of A. a contains 
the unit of A. If a is a polynomial in the elements a, (k = 1, 2, --- , m), and 
M the least common multiple of the natural numbers 1, 2, 3, --- , m, then a 
natural number / is an element of a if and only if 1 + M is an element of a. 
This yields that every element of a is either an infinite class or the void class. 

0° fo) / 

Now the classes []‘” a, = iz as) are finite. Hence we have 


k=n k=n 


iad / 
he a, = 0 
k=n 
and 


i] 


(a) 


k=n 


a =e 


if e is the unit of A. From the last equation follows 


(Tim an = e. 


no 


It can also easily be proved that 


lim dn = 0. 


We see that the sequence a, is not convergent with respect toa. On the other 
hand we have obviously 
‘lim a, = 0. 
no 
Thus 7(a) is not identical with the restriction of 7(A) to the subring a. 

THEOREM 46. If ais a subring of a Boolean ring A, dn (n = 1, 2,3, --- ) and 
a are elements of a, and a is an interelement of the sequence a, with respect to A, 
then a is also an interelement of the sequence ay with respect to a. 

Proor. If b is an element of a then ab is, by Theorem 5, an interelement of 
the sequence a,b with respect to A. From Definition 3 it can be easily concluded 
that ab is also an interelement of the sequence a,b with respect toa. Since this 
holds for every element b of a Theorem 46 is proved. 

TuroreM 47. If a is a subring of a Boolean ring A, 8 a subclass of a, and b 
an element of a, then 


II” a = b 


aeS 





ogy 
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implies 


II” =, 


aeS 










> ig dhe b 


aeS 








implies 


~“a=b. 


aeS 







DEFINITION 9. A subring a of a Boolean ring A is said to be invariant in A 
(A an invariant extension of a, A invariant over a) if the following condition is 
satisfied: if 8 is a subclass of a, and b an element of a, then 


>~a=b 


aeS 














implies 





(A) 
aeS 


a= b. 






- ne na ~ 
4 — .~ — 7 > ‘* 
* bee bcm a 





Let for instance A be the Boolean algebra of all sets of real numbers and a 
the subclass of A defined in the following way: a is an element of a if and only | 
if it is either the empty set or the union of a finite number of sets, every one of Bd. 
which is either an open real interval or consists of exactly one real number. 
Then it is easily to be seen that a is an invariant subring of A. 

Let, on the other hand, 6 be the subclass of A defined in the following way: 
b is an element of 6 if and only if it is either the empty set or the union of a 
finite number of right-hand open (and left-hand closed) real intervals. Then 6 
is as well a subring of A, but is not invariant in A. For if c(u) (u a positive real 
number) is the set of those real numbers v which satisfy the inequality 0 S 
v < w then []{$) c(u) is the set consisting only of the number zero while 

(Oo e(u) is the empty set. (See the following Theorem 48.) 

TurorEM 48. If a is an invariant subring of a Boolean ring A, 8 a subclass 
of a, and b an element of a, then 






















II a=b 


aeS 









implies 


II a=. 


aeS 






Proor. If a is a fixed element of 8, we have, by Theorem 14, 


Do (ay + aa) = do + ao TT a = ao + b; 


aeB 
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hence, by Definition 9, 
>“ (ao + aoa) = a +b 


aeS 


and, by Theorem 15, 
TL [a0 + ao(ao + aoa)] = a + a9(a + b) 


ae®S 


i a=b 
aed 
as we wished to prove. 

THEeorREM 49. Jf a is an invariant subring of a Boolean ring A, a, (n = 
1, 2, 3, --- ) and a are elements of a, and a is an interelement of the sequence a, 
with respect to a, then a is also an interelement of the sequence a, with respect to A. 

Proor. See Theorem 42, Definition 9, and Theorem 48. 

THEOREM 50. Jf a is an invariant subring of a Boolean ring A, and a, 


(n = 1, 2,3, --- ) anda are elements of a, then the equation 
(19) “lim ad, = a 


holds if and only if the equation 


(20) “lim a, = a 


no 


holds. 
In other words: if a is an invariant subring of a Boolean ring A, then the 


_ sequential topology 7(a) is the restriction of the sequential topology 7(A) to 


the subring a. 

Proor. From Definition 7 and from Theorems 46 and 49 follows immediately 
that (20) implies (19). Let us suppose now that (19) is satisfied. Let further 
b be an interelement of the sequence a, with respect to A, and U the class of 
those subelements of this sequence which are contained in a. Then, by Theo- 
rem 19, 


u=4a; 
uel 
hence, we have, by Definition 9, also 
Oe 
uel 
and, by Theorem 8, 
b> a. 


If the sequence a, is bounded with respect to a, we can prove in a similar way 
that also b < a; thus we know that (19) implies (20) if the sequence a, is bounded 
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with respect toa. If this condition is not satisfied, let c be an arbitrary element 
of a; we have, by Lemma 5, ; 






im aac = ac 


no 











and, by what we have just proved, 





‘lim anc = ac. 4 


no 






Hence we have 






be = ac 








and 






(6 + abjc = 0 





Thus we have especially 


(b + aba, = 0 


for every element c of a. 










forn = 1, 2,3,---. The last equation involves, by Theorem 5, the equation 





(b + ab)b = 0 






and consequently 






b<a. 













This proves the theorem also for the case that the sequence a, is not bounded 
with respect to a. 

From Theorem 50 follows that in the example given at the beginning of this 
paragraph the subring a is not invariant in A. 

TuEeorEM 51. If a is an invariant subring of a Boolean ring A, and a, 
(n = 1, 2, 3, --- ) and a are elements of a, then the equation 











lim An 


n-?o 









holds if and only if the equation 


‘lim On 


no 









holds. 






Proor. In face of Theorems 44 and 50 we have only to prove that the 
equation 
(14) | lim (a, Va) = a 





no 










holds with respect to a if and only if it holds with respect to A. But this asser- 
tion is equivalent with the assertion that a is an interelement of the sequence 








oer 
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a, \V a with respect to a if and only if it is with respect to A; and that the latter 
assertion is true follows from Theorems 46 and 49. 
TueoreM 52. If a is an invariant subring of a Boolean ring A, and a, 
(n = 1, 2,3, --- ) and a are elements of a, then the equation 
lim dn = a 


holds if and only wf the equation 


A on ong 
holds. 

Proor. Compare the proof of Theorem 51 and see Theorems 45, 50, 46, 
and 49. 

THEOREM 53. If a2 is an invariant subring of a Poolean ring A, and a, an 
invariant subring of a2 , then a is also an invariant subring of A. 

TuHeorEM 54. Let B be a chain of subrings of a Boolean ring A such that 
ae BS, be B, anda Cc b imply that a is invariant in 6. Then each element a of 8 
is also invariant in btn" b. (That % is a chain means that a eS, 6 e BS imply 
ac borbCa. is the lattice of all subrings of A.) 

Proor. Let a be an element of 8, € a subset of a, and b an element of a. 
Suppose that 

> “a=b. 

ae 
If c is an element of )-{*’s b, and c > a whenever ae G, then c is contained 
in some element 6 of 8, and it can be supposed that 6 > a so that a is invariant 
in 6. (Notice that >°{*s 6 is the set-theoretical union of the subrings 6 which 
are elements of 8.) Hence c > b. This proves the theorem. 

THreorEM 55. If a is an invariant subring of a Boolean ring A and a2 a sub- 
ring of A containing a, , then a ts also invariant in de. 

Proor. If % is a subclass of a, b an element of a; , and 


va =, 
ae® 
we have 


A 
aeS 


because a; is invariant in A, and 


>“ ~~ 


ae® 


by Theorem 47. 
THEOREM 56. Every ideal a of a Boolean ring A is invariant in A. 
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Proor. Let % be a subclass of a, b an element of a, and 


~a=b. 






If c is an arbitrary element of A, and c > a whenever a « S, we have also 






be >a 


for every element a of %. Since bc is an element of a, we have 






be > b, 






or equivalently 









c>b 


- * 2D. 2 
2 iki rs 


proving the theorem. 

THEOREM 57. If as an invariant subring of a Boolean ring A, and 6 anormal 
ideal in A, then ab ts a normal ideal in a, and every normal ideal in a can be ob- 
tained in this way. 

Proor. If 6 is a normal ideal in A, it is obvious that ab is an ideal ina. 
If a is an element of the second orthocomplement of ab with respect to a, we 
have, by Theorem 18, 














a= >2 


red 












for an aprropriate subclass 8 of ab. Since a is invariant in A, we have also 


a= >) x. ia 


zeB + ee 












Hence a is, again by Theorem 18, an element of 6; since it is also anelement 
of a, it is an e’ement of ab. This proves the first part of the theorem. 
If on the o her side ¢ is an arbitrary normal ideal in a, we have obviously 










c = ac” 






the dashing referred to A, and c” is a normal ideal in A. 






5. Join-extensions 


The relation between a partially ordered set and its completion by cuts 
(cf. H. MacNeille, “Partially ordered sets,” Trans. Am. Math. Soc. 42 (1937), 
p. 445, line 9 from bottom) is a special case of the following definition. 

DertiniTIon 10. If A is a subring of a Boolean ring R, then R is said to be a 
join-extension of A if to every element b of R there exists a subclass B of A such that 


b= > a. 


aeS 














If R is a join-extension of a Boolean ring A and a subring of a Boolean ring B, 
We shall say that R is a join-extension of A in B. 
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TurorEeM 58. If R is a join-extension of a Boolean ring A, then every element 
of R is the join of those elements of A which it contains, with respect to R. 

TuroreM 59. If A and A* are Boolean rings between which there exists an 
isomorphism A, R a join-extension of A, and R* a join-extension of A*, then there 
exists at the utmost one extension of the isomorphism A to an isomorphism A, 
between R and R*. If Ag exists it can be defined in the following way: let b be an 
element of R, a the class of those elements of A which are contained in b, and a* 
the subclass of A* corresponding to a by virtue of A; then the element b* of R* corre- 
sponding to b by virtue of Ar is defined by the equation 

b* = = a*. 

The proof of Theorems 58 and 59 can be left to the reader. 

TueorEM 60. (Corollary of Theorem 59.) Jf R is a join-extension of a 
Boolean ring A, the ideniity ts the only automorphism of R which carries every 
element of A into itself. 

THEOREM 61. Any join-extension of a Boolean ring A is an invariant ex- 
tension of A. 

Proor. Let R be a join-extension of A, b an element of A, and % a subclass 
of A such that 
(21) ~~“ a=b. 


ae® 

Further let c be an element of R such that 
c>a 

forae%. Then we have also 

(22) (b + be)a = 0 


forae%. On the other side b + bc is itself an element of R. Hence we have, 
by Theorem 58, 
(23) b+be= >” xz. 


z<b+be 
zeaA 


From (22) and (23) follows 


(24) za = 0 
forz <b + be, xe A, ae B, and from (21) and (24), by Theorem 13, 
xb = 0 
forz <b+be,xeA. Now we get from (23) 
b + be = 0, 


thus c > b. This proves 
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ent THEOREM 62. If R, is a join-extension of A, and Rz a join-extension of R,, 
then Rz is a join-extension of A. 
an Proor. If b is an element of R, we have, by hypothesis and by Theorem 58, 
lere (Re) 
b= . 
. za 
an aeR; 
en 
"Te- a= » Draw x 
z<a 
zea 
fora < b,aeR,. Since R, is, by Theorem 61, invariant in R, we have also 
a= >\")2 for a<b,aeR. 
r ea 
ry 
b = (Re) (Re) ; 
ex 4 a . 
: aeR, zeA 
nas This proves the theorem, according to Definition 10. 

THEOREM 63. (Compare Theorem 54.) Let 8 be a chain of subrings of a 
Boolean ring B such that R, « 8, Re eB and R, C R,z imply that Rz is a join- 
extension of Ri. Then ee R is a join-extension of each element R of B, by R 
denoted the lattice of all subrings of B. 

Proor. If Ry is an arbitrary element of %, and b an element of > S's R, 
then b is also contained in at least one subring FR of B which is an element of %, 
and it can be supposed that Ro C R. Hence we have 

b= 2)” a. 
aeéeRo 
re, 


From this equation follows, by Theorem 54, 


ho >” a 


a<b 
a¢eRo 


if ores Ris denoted by L. Hence >-%s R is a join-extension of Ro, proving 
the theorem. 
THEorEM 64. If Re is a join-extension of a Boolean ring A, and R, a subring 
of Re containing A, then R, is a join-extension of A, and Rz is a join-extension of R, . 
Proor. If bis an element of R:, it is also an element of R2. Hence we have, 
by Theorem 58 and by hypothesis, 


b _ b Pisa a 


a<b 
aeaA 





and, by Theorem 47, 





R,) 
b= by "a. 
a<b . 
aeA 





This proves that R; is a join-extension of A. 
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SSS AT 


mM The second part of Theorem 64 is trivial. 

| If A and R are subrings of a Boolean ring 8. A is invariant in B, and R a 
join-extension of A, then R is not necessarily invariant in B. Let B be the 
. Boolean ring of all classes of natural numbers, A the subring of B consisting 
of all finite classes of natural numbers different from 1, and R the subring of B 
consisting of the elements of A and their complements with respect to the unit- 
element of B. Then A is invariant in B (it is an ideal of B), R is a join-extension 
ie of A, but R is not invariant in B. 

TureorEM 65. If A, Ri, and Rz are subrings of a Boolean ring R3, A C 
R, C Rz, and R; is a join-extension of A, then Rz is a join-extension of R, . 

) Proor. See Theorem 64. 

TuHEeorEM 66. Jf A is an invariant subring of a Boolean ring B, and N the 
class of all elements b of B such that 


b = > Pad 


zreB 








{ 
{ 
) 4 for an appropriate subclass 8 of A (so that especially all elements of A belong to N) 
th then N is itself a subring of B; hence N is a join-extension of A in B. 
f Proor. It is obvious that b; e N and bee N imply bibe e N and bi V bh € N. 
i ji (See Theorem 13.) 
| Next we shall prove that ae A and be N imply a + abe N. We put 


' | a(a)a(b)A = a, 


> t . the signs a(a) and a(b) referred to the Boolean ring B. a(a)A is an ideal in A 
eS ae and consequently, by Theorem 56, invariant in A. Since A is, by hypothesis, 
Ant hae ee invariant in B, a(a)A is, by Theorem 53, as well invariant in B. Hence 
A ae! a(a)a(b)A is, by Theorem 57, a normal ideal in a(a)A. Now we have 


(a Vg a’)” = a(a)A 


if the dashes are referred to a(a)A, and & is the distributive lattice of the ideals 
in a(a)A. Consequently we have, by Theorem 18, 


A 
(a (a) x = ¢ 

















zeaVga’ 





b Wars cetees eae 


zea 
orzea’ 






because every element of a \/g a’ can be decomposed into the join of an element 
of a and an element of a’. Hence we have also 


ret (25) LT’ 2=a. 


reo 
orzea’ 






Since ab is an element of N, we have 


ab = bias z 


zeB 














Ra 
the 
ing 
iB 
Lit- 
ion 


the 


N) 


Us 





INTRINSIC TOPOLOGY OF BOOLEAN RINGS 1165 










for an appropriate subclass 8 of A. From this it can be easily concluded that 
also 





ab = _ 2, 


zeA 
z<ab 







ab = >> z. 


zea 






If on the other side y ea’, then y < a and yx = 0 for x ea, whence yb = 0, and 


y<a-+ab. 






If dis an element of B, and d > y whenever y €a’ then 


d Vab>z 






} for z ea as well as for x ea’; hence, according to (25), 



























d Vab>a, 
and 
d>a-+ab. 
This proves 
>” y =a+ab. ji 
yea’ . 
Since a’ is a subclass of A, a + ab is an element of N, as we wished to prove. 4 


If a and b are arbitrary elements of N, then there exists a subclass © of A 
such that 


(26) > z=. 


ze 


From (26) follows, by Theorem 17, 
>” (« + ab) = a + ab. 


ze€ 














Since + 2b is, according to what we have just proved, an element of N, when- 
ever x is an element of A, and b an element of N, we find that also a + ab is an 
element of N. Now it is clear that also a + b = (a + ab) V (ab + 5) is an ele- 
ment of N, and Theorem 66 is proved. 

If A is an arbitrary subring of B then the subclass N of B, defined in the same 
way as in Theorem 66, is certainly a sublattice of B, but not necessarily a subring 
of B. If, in the example given at the beginning of §4, we put for instance 












a= aq 


i) 
b aa — a 





then a + ab is not representable as a join of elements of a with respect to A. 
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If it is known, conversely, that N is a subring of B, and B is a complete 
Boolean ring, one can easily conclude that A is invariant in B. But this state- ) 
ment does not remain true if we omit the supposition regarding the complete- 
ness of B. 

Let A be the Boolean ring whose elements are the finite sets of even positive 
integers and the complements of these sets with respect to the set of all posi- 
tive integers, and let B consist of all finite sets of positive integers and their 
complements with respect to the set of all positive integers; the finite operations 
in A and B are meant set-theoretically. Then A is a subring of B, and N has 
the same property because it is identical with A, but A is not invariant in B. 

Another form of Theorem 66 is 

TuHeorEM 67. Let A be an invariant subring of a Boolean ring B, and Y a 
subclass of A. If in this case IL? a x exists then there exists also a subclass $ 
of A such that p pn y exists and is equal to {2 a; and af bP a x exists, and 
moreover an element a of A such that x < a for x « U, then there exists a subclass © 
of A such that []2’s z exists and is equal to >-S?s x. 

Proor. If Ile? 4 x exists, and 2 is an element of %, then bey a (%o + aor) 
exists too and is equal to % + []S%«z. (Theorem 14.) Consequently we 
have 





TI? 2=a%+ a (ao + 202). 


zeW 


Hence [[S?'x z is, by Theorem 66, an element of N. 
If there exist yo) zea 2 and an element a of A such that z < a for z e Y, then 
there exists, by Theorem 66, a subclass €* of A such that 


at > @r= ™:z: 


ze ze€* 


hence we have, by Theorem 15, 


(8) (B) 
ea ~ ae (a + ¥ 
Tueorem 68.' The Boolean ring N of the normal ideals of a Boolean ring A 
is a join-extension of the Boolean ring % of the principal ideals of A. Hence $ is 
invariant in JN. 
Proor. If 6 is a normal ideal in A, we have obviously 


6 asi > Kags a(a) 


aeb 


b= a, 


aCcb 
ae 





' Editorial comment. Theorems 68, 69, 80, 81, and some of the other theorems of this 
section are either partly or wholly in H. MacNeille’s ‘Partially ordered sets,’’ Trans. Am. 
Math. Soc. 42(1937), esp. Theorem 11.13 and 11.12. 
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TurorEM 69. (Corollary of Theorem 68.) Any Boolean ring can be in- 
varianily extended to a complete Boolean ring. 

TuEorEM 70. If the signs A, B, and N have the same meaning as in Theorem 
66 then N is invariant in B. 

Proor. Let B be a complete Boolean ring which is an invariant extension 
of B. (That such a Boolean ring B exists follows from Theorem 69.) Then A 
is, by Theorem 53, an invariant subring of B. Further let N be the subring 
of B arising from A and B in the same way as N from A and B in Theorem 66. 
Nis asubring of N. If now & is a subclass of N, and b an element of N such 
that 


(27) ~”a=b 


aeS 
then we put 
(28) PP aa=c. 


aed 











( ‘> a exists because B is a complete Boolean ring.) c satisfies the inequality 
c<b 


and is an element of N. Since b is an element of N, the same holds also for 
b+c. Hence we have 


(29) b+c= "2 


ze 

for an appropriate subclass € of A. On the other side we get from (28) 

(6+ cla =0 
for ae. Consequently we have the more 
za = 0 
for re €,a¢€B. Because € is a subclass of N we get from this and from (27) 

rb = 0 
forze ©. Now from (29) follows 
b+c=0 


ie.c = b. By this is proved that N is an invariant subring of B. Hence N is, 
by Theorem 55, also invariant in B. 

THEOREM 71. If the signs A, B, and N have the same meaning as in Theorem 66, 
and R is a join-extension of A invariant in B (i.e. aa invariant subring of B which 
is a join-extension of A), then R is contained in N. 

DrFINITION 11. If the signs A, B, and N have the same meaning as in Theorem 
66, then N is called the maximal join-extension of A invariant in B. 

Definition 11 is justified by Theorem 71. 

THEorEM 72. If A is an invariant subring of a Boolean ring B, the join- 
extensions of A invariant in B form a complete sublattice of the lattice of all sub- 
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rings of B. The zero of this sublattice is A, and its unit is the. maximal 
join-extension of A invariant in B. 

THEorEM 73. Let A bean invariant subring of Boolean ring B, R a join-extension 
of A invariant in B, N the maximal join-extension of A invariant in B, and D an 
invariant subring of B containing N. In this case N is also the maximal join- 
extension of R invariant in D. 

THEOREM 74. If a is an ideal of a Boolean ring A, the maximal join-extension 
of a invariant in A is identical with a’’. 

Proor. See Theorem 18. 

If a is an arbitrary invariant subring of A, the maximal join-extension of a 
invariant in A is certainly a subring of a’’ (and, by Theorem 55, even. invariant 
in a’’), but not necessarily identical with a’’. Let for instance A be a finite 
Boolean ring, and a a proper subring of A which contains the unit of A. Then 
a is certainly invariant in A, and a” = A, while the maximal join-extension of a 
invariant in A is a itself. 

THEOREM 75. Jf A ts an invariant subring of a complete Boolean ring B, the 
maximal join-extension N of A invariant in B 1s itself a complete Boolean ring, 
and any complete invariant subring of B containing A contains N. 

Proor. If % is a subclass of N then >>S”’s x exists and is, according to the 
definition of N, contained in N; hence >-S"y x exists and is identical with 
>°{*,, 2. (See Theorem 47.) If we put 

~2=a 

ze® 
then ok (a + 2x) exists too. Hence, by Theorem 15, there exists also 
I[{%s x and is identical with a + S°{1s (a + 2). 

If D is a complete invariant subring of B, and D contains A, then )°{?4 x 

exists whenever 9 is a subclass of A, and we have 
ee eal ~ Wines x. 
ze w ze % 

Thus D contains all elements of N. 

DEFINITION 12. An extension N of a Boolean ring A is said to be a minimal 
complete invariant extension of A, or shorter: a completion of A, if N ts a complete 
Boolean ring invariant over A, and there is no complete. proper subring of N con- 
taining A. 

THEoREM 76. If A is an invariant subring of a complete Boolean ring B, and 
N the maximal join-extension of A invariant in B, then N is a minimal complete 
invariant extension of A. 

Proor. N is, by Theorem 75, a complete Boolean ring and, by Theorems 61 
and 66, invariant over A. If R is a complete subring of N containing A then & 
is, by Theorems 53 and 64, invariant in B; hence we have, by Theorem 75, 


RON 


and consequently 


R=N. 
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TueorEM 77. A Boolean ring N is a minimal complete invariant extension of a 
Boolean ring A tf and only if N is a complete Boolean ring and a join-extension of A. 

Proor. If N is a minimal complete invariant extension of A, from Theorem 
75 and Definition 12 follows that the maximal join-extension of A invariant 
in N cannot be different from N; hence N is a join-extension of A. 

If N is complete and a join-extension of A, we see immediately that N is the 
maximal join-extension of A invariant in N; hence N is, by Theorem 76, a 
minimal complete invariant extension of A. 

THEeorEM 78. If A and N are invariant subrings of a Boolean ring B, and N 
isa minimal complete invariant extension of A, then N is the maximal join-exten- 
sion of A invariant in B. 

The proof follows easily from Theorem 77 and Definition 11. 

THEOREM 79. Any Boolean ring has at least one minimal complete invariant 
extension. 

Proor. See Theorems 69 and 76. 

THEOREM 80. The Boolean ring N of the normal ideals of a Boolean ring A 
is a minimal complete invariant extension of the Boolean ring % of the principal 
ideals of A. 

Proor. See Theorems 68 and 77. 

THEOREM 81. Any minimal complete invariant extension N of a Boolean ring A 
is isomorphic with the Boolean ring N of the normal ideals of A, and there is exactly 
one isomorphism between N and X carrying every element a of A into the principal 
ideal a(a) of A. 

Proor. Since N is a complete Boolean ring, every normal ideal of N is 
principal according to Theorem 18. If a is an element of N, 6(a) the principal 
ideal of N generated by a, and we put 


(31) a = A-b(a) 


then a is a normal ideal of A, and any normal ideal of A can be obtained in 
this way. (Theorem 57.) On the other side N is, by Theorem 77, a join- 
extension of A. Therefore we get from (31) 
(32) a= >) a. 
zea 

(See Theorem 58.) We see that to different elements a of N there correspond 
different normal ideals a of %. Finally it is obvious that the biunivocal corre- 
spondence between N and 9 defined by (31) or (32) preserves inclusion. Hence 
it is an isomorphism between N and 9. If ae A, then A-6(a) = a(a). That 
there is but one such isomorphism follows from Theorems 59 and 68. 

Tarorem 82. If A and A* are Boolean rings between which there exists an 
isomorphism A, N a minimal complete invariant extension of A, and N* a minimal 
complete invariant extension of A*, then there exists exactly one extension of the 
tsomorphism A to an isomorphism Ay between N and N*. 

In particular we may say that any two minimal complete invariant extensions 
of the same Boolean ring are abstractly identical. 
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The proof of Theorem 82 follows easily from Theorems 59 and 81. 

Now we can state the following generalization of Theorem 59. 

TurorEM 83. If A and A* are Boolean rings between which there exists an iso- 
morphism A, R a join-extension of A, and R a join-extension of A*, then there 
exists at the utmost one subring R* of R containing A* such that the isomorphism A 
can be extended to an isomorphism Ap between R and R*. R* exists if and only if 

(®) .. a* exists whenever b is an element of R, and a* is the subclass of A* assigned 
to the element b of R in the same way as in Theorem 59. In this case R* is the 
class of all such joins >‘*? + a*, the isomorphism Ap is wnique, and the element 
b* of R*, assigned to the element b of R by virtue of Ar , 1s given by the equation 


= Do at, 


a*ea* 


Hence if R is especially a completion of A*, then R* certainly exists. 

Proor. In face of Theorems 59, 61, and 64 we may restrict ourselves to 
prove that the existence of all joins }\‘*),+a* implies that R* exists. Let N 
be a completion of R, and N* a completion of R. (See Theorem 79.) It is 
obvious that N and N* are also completions of A and A* respectively. Hence 
the isomorphism A can be extended to an isomorphism Ay between N and N* 
in exactly one way. (Theorem 82.) And in face of Theorem 59 it is obvious 
that the existence of all our joins ots «+ a* implies that the subring R* of N* 
into which R is carried by Ay is contained in R. Thus we have proved what we 
had wished to. 

In the rest of this paragraph we shall state some corollaries of Theorems 46, 
49, 50, 51, 52, and 68. Here and in the next paragraph we shall consider a 
fixed Boolean ring A ; the Boolean ring of the principal ideals of A will be denoted 
by , and the Boolean ring of the normal ideals of A by Nt. Notice Theorem 38. 

THEOREM 84. An element a is an interelement of a sequence a, if and only if 


(33) “lim a(an) C a(a) C “lim a(a,). 
Proor. See Theorems 11, 46, 49, and 68. 
THEOREM 85. lim a, exists if and only if “lim a(an) is a principal ideal a(a); 


noo no 


in this case we have 


lim G, = a. 
Proor. See Theorems 51 and 68. 
THEOREM 86. lim a, exists if and only if lim a(da) is a principal ideal a(a); 


n—o no 


in this case we have 


lim a, = a 


no 


Proor. See Theorems 52 and 68. 
THEOREM 87. A sequence of elements a, of a Boolean ring A is convergent with 


res 
wi 


tit 





INTRINSIC TOPOLOGY OF BOOLEAN RINGS 1171 




















































respect to A if and only if the sequence of the principal ideals a(a,) is convergent a 
with respect to N, and its limit ts a principal ideal a(a); in this case we have A 
iso- ‘lim a, = a. Hy : 
here n—*0o ue 
1 A Proor. See Theorems 50 and 68. 
vif At this place we mention a theorem which may be considered as a generaliza- Rie 
ned tion of Theorem 20: S| 3: 
the THEOREM 88. [Jf ll ts the class of the subelements of a sequence a, , we have { 
vent he oa 
(34) tim a(a,) = W", ‘ 
Proor. It is evident that ae 
> Drip i a(a,) = li i. 
n=l k=n - 
to if $ is the distributive lattice of the ideals of the given Boolean ring, and from i, 
N this and from Theorem 36 there ensues immediately the asserted Relation (34). e 
is f 
1ce 6. Relations between Interelements, Lower and Upper Limits, and Limits | 3 
N* THeorEM 89. If an < bn for n = 1, 2, 3, --- , a is an interelement of the se- a 
us quence a, , and lim b, exists, then Re, 
V* no he 
ve (35) a < lim bn. aie’ 
6, THEOREM 90. If a, < b, for n = 1, 2,3, --- , lim a, exists, and b 1s an inter- 
‘ element of the sequence b, , then | ; 
8. (36) lim a, < b. | t 
, n—>00 ; i 
Proor oF THEOREMS 89 AND 90. It is obvious that a, < b, forn = 1, 2,3, --- it 
implies ih 
lim a(dn) © lim a(bn) Tp 
); and 







® iim a(an) C lim a(b,). 


n-?>oo n->c 








After this is settled Theorems 89 and 90 can be easily concluded from Theo- 
rem 84. 
THEOREM 91. Ifa, < b, for n = 1, 2,3, --- then those of the relations 
lim a, < lim b, 


n->o n-?>o 







lim a, < lim 6, 


no no 






lim a, < lim b, 


no no 





hold in which both sides exist. 
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Proor. See Theorems 89 and 90. 
TuroreM 92. If lim b, = 0, anda, < b, for n = 1, 2, 3, --- then also 


no 


lim a, = 0. 
Notice that 0 is the only subelement and the only interelement of the se- 
quence a, . ’ 
Lemma 8. If a, < a, and bh, < bi fork <1, k,l = 1, 2,3, --- and od, 
and >~*_1 bn exist, then > 2-1 dnb, exists too and is equal to Sy 71 dn- >.*_; by . 
Proor. We have obviously 


= Qn« >, bn a ay by 


n=1 n=l 
for every k. If c > a,b, for every n then 
c> arbi 


for k,l = 1, 2,3,---. From this inequality we get by using twice Theorem 13 
the inequality 


o> > Qn* »D bn 
which proves the assertion. 
Lemma 9. Ifa, > a, and by > bi fork < 1, k,l = 1, 2, 3, --- and lS a, and 
[I%-1 b. exist, then []%_: (an V bz) exists too and is equal to [[ 2-1 an V [[ 2-1 b.. 
PROOF. i= an VV |g bn < ay V by for every k. If c < a, V by for 
every n thence < a \V b, for k,l = 1, 2,3,---. Hence we get by using twice 
Theorem 12 


e<[[avI]I tl. 


n=1 n=1 


This proves the assertion. 
THEOREM 93. Jf lim a, and lim b, exist then lim anb, exists too and is equal 


no n->co nc 
to lim a,-lim by . 


noo no 


PROOF. 


him a(anbs) = lim a(an)a(b,) = > T]™ a(ax)a(bs) 
n—co n=l k=n 


_ EG a(a) TI a() | 


n=1 k=n 


hence, by Lemma 8, 


lim 0(dn dn) one ) Big ia a(a,)- >, peat a(b,) a lim a(n) + lim a(bn), 
n=1 k=n n=1 k=n 


noo no no 
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he 
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and, by Theorem 85, 






lim a(dnba) = a(lim Gn) + a(lim ba) = a(lim dn-lim bn); 


no n-?o2o 


from this follows, again by Theorem 85, the assertion. 
TuroreM 94. Jf lim a, and lim b, exist then lim (a, \V b,) exists too and is 























equal to lim a, VV lim b,. 
Ay, no n> 
b, Proor. Compare the proof of Theorem 93 and see Lemma 9 and Theorem 86. 
THEOREM 95. Jf lim a, and lim b, exist then lim (a, + anb,) exists too and is 
equal to lim an + lim ay-lim b, . 
Proor. We have 
a(a, + anbp) = a(an)-a’(b,) 
and, by Lemma 6, 
13 lim a'(b,) = [lim a(b,)]’; 
hence we have, by Theorem 93, 
lim a(dn + dnb») = a(lim ,) +0 ‘(im b,) = a(lim a, + lim a,-lim bn). 
ul THroreM 96. If a is an interelement of the sequence a, , and b an interelement 
: of the sequence b,, , then those of the inequalities 
: ab > lim anbn, 
uVb< lim (an V bn), 
a + ab > lim (a, + anbn) 
ul 


hold the right-hand sides of which exist. 
Proor. See Theorems 84, 93, 94, and 95. 
THEOREM 97. If a is an interelement of the sequence a, , and lim b, exists, then 


no 





a lim b, is an interelement of the sequence nbn . 


Proor. We have for 1 = 1, 2, 3, --- 








iim a(anb,) = “fim [a(a,)a(b,)] = ~ a a(a,)a(by) 


n> no 


=I” py a(a,)a(b,) > 1” > >” a(ay )|.1 ie a(bm) 


n=l 


= (iim a(A, ). ’ a(bm), 


no 






=$} 
Ae 
ie | 
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hence 


him a(anb,) D “lim a(an)- lim a(bn) = “lim a(an)-a(lim bn) 


no nro noo n-co noo 


> a(a)- (lim b,) = a(a lim b,). 


On the other side it follows from the first relation of Theorem 96 that 
a(a)-a(lim b,) D “lim [a(a,)a(b,)], 


no n—->o 
or 
a(a lim b,) D “lim a(anb,). 


no no 


This proves the assertion, according to Theorem 84. 
THEOREM 98. (Corollary of Theorem 97.) Jf lim a, and lim b, exist then 
lim a,-lim b, is an interelement of the sequence anby . 


TuHEoreM 99. If a is an interelement of the sequence a,, and lim b, ezists, 


no 


then a \/ lim b, is an interelement of the sequence An \V bn. 


Theorem 99 can be proved in a way dually corresponding to the proof of 
Theorem 97. an 
TuHEeoREM 100. (Corollary of Theorem 99.) Jf lim a, and lim b, exist then 


nc no 
lim a, V lim b, is an interelement of the sequence an VV b,. 
no no 


TuroreM 101. Jf a is an interelement of the sequence an, and lim b, exists, 


no 


then a + a lim b, is an interelement of the sequence Gn + Gnbn . 


no 


Proor. We have 


a(a + alim bp) = a(a)-lim a’(b,) 


no no 


(see Lemma 6); hence a(a + a lim b,) is, by Theorem 97, an interelement of the 


sequence a(a,)a’(bn) = a(dn + dnb») with respect to J. es 
TuroreM 102. (Corollary of Theorem 101.) Jf lim an and lim b,, exist then 


no n=7eo 


lim a, + lim an-lim 6, is an interelement of the sequence dn + Anbn. 


no noe no 


TuEorREM 103. Jf lim a, exists, and b is an interelement of the sequence b, , 


n->o 


then lim a, + 6 lim a, is an interelement of the sequence Gn + nbn. 


no no 


The proof follows from the equation 


a(lim a, + b lim a,) = “lim a(a,)-a’(b) 
and from Theorem 97; for a’(b) is, by Lemma 7, an interelement of the sequence 
a’(b,) with respect to MN. 
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TaeorEM 104. (Corollary of Theorem 103.) Jf lim a, and lim b, exist then 
lim a, + lim a,-lim b, is an interelement of the sequence a, + andr . 


non no no 











TuzoreM 105. If lim a, and lim b, exist, and x is an interelement of the 


no no 






sequence AnD, , then 







xz < lima,-lim bp. 


no no 








Proor. We have, by Theorem 89, 











x < lima, 


n->o 






xz <limb,; 


n->o 






xz < lim a,-lim by. 


no no 









ToeorEM 106. Jf lim a, and lim b, exist, and x is an interelement of the se- 


no no ial Re 


quence An \/ bn, then al 
x > lima, V lim by. 


no no 

















Proor. We have, by Theorem 90, ia 





x > lima, 


no 






x > lim b,; 


no 







x > lima, V lim by. 


nsx no 








THErorEM 107. Jf lim a, and lim b, exist, and x is an interelement of the se- 


n—o nox 


quence Gn + Qnb, , then 







a < lim a, + lim a,-lim b,. 
Proor. Since a(x) is an interelement of the sequence a(@, + Gnb,) = 
a(a,)a’(b,) with respect to Jt, we have, by Theorem 105 and Lemma 6, 





a(c) C fim a(a,)- iim a’(bs) = GP lim a(a,)- (lim a(b,))’ 


n-2 no no 





= a(lim a,)-a’(lim bn) = a(lim a, + lim a,-lim b,). 


no n 
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TuHeorEM 108. Those of the following inclusion-relations (37) till (53) which 
have a sense are valid: 








(37) im Anbn < lim ap: lim bn 
(38) lim dnb» < lim dy: lim bn 
(39) lim Anbn > lim An -lim bn 
(40) lim Gnb,n < lim ay-lim bn 
(41) lim (dn V bn) > lim a, V lim bp 
(42) him (an V bn) > lim an V lim bs 
(43) Tim (an V bn) < lim an V lim bs 
(44) lim (an V bn) > lim dy V lim Dn 
(45) Tim (dq + Gaby) < lim dy + lim a,-lim bp 
(46) iim (an + anbn) < lim a, + lim d-lim bn 
(47) Tim (dn + Qnbn) < Tim Gn + lira a, -lim bn 
(48) lim (an + Gnbn) > lim Gn + lim dn: lim br 
(49) ™ (dn + dnbn) > lim an + lim dy-lim bp 
(50) lim (an + dnbn) < lim dn + lim dn: lim Dn 
(51) lim (dn + bn) < lim On + lim bn 
(52) lim (a, + bp) > lim ay + lim by 
(53) lim (a, + ba) > lim a, - lim bs 
PRoor. 
ed 
Follows from Theorem | 98 | 105| 98 | 105 | 100 | 106 | 100 106| 104 | 102 | 107 | 104 | 102 | 107 
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If lim an, lim >, , and lim (a, + 6,) exist then lim (a, + a,b,) exists too and 


no no no no 


is equal to lim a, + lim a,-lim b,. (Theorem 95.) On the other side we have 


no no no 


in + Anbn = (An + bn)an Whence 


lim (an + Anbn) = lim (a, + b,)-lim Gn. 
(Theorem 93.) Thus we have 
(54) lim (a, + b,) lim a, = lim an + lim a@n-lim bn. 


no no no no no 





Further lim (a, + 5,) lim b, is, by Theorem 98, an interelement of the sequence 


(a, + bn)bn = Gnbn + b6,. Hence we have, by Theorem 107, 
(55) lim (an + bn) lim b, < lim a,-lim b, + lim by. 


no no no noo no 








From (54) and (55) we get 
(56) lim (an + bn)- (lim a» V lim bn) < lim a, + lim bn. 


no no no n->o 








Since lim a, VV lim b, is, by Theorem 100, an interelement of the sequence 


n->o no 


a, V bn, and Gn + bn < Gn V bn, we have, by Theorem 90, 
lim (a, + bn) < lim a, V lim by. 


Thus (56) involves (51). 
If lim a, , lim 6, , and lim (a, + 6,) exist then lim a, + lim a,-lim b, and 


no nc no no n-?o no . 








lim an-lim bn + lim b, are, by Theorem 104, interelements of the sequences 


no no no 


dn + dnb, and aab, + b, respectively. Hence we have, according to the second 
relation of Theorem 96, 
(lim a, + lim an-lim bn) V (lim a,- -lim b, + lim bz) 


no no no no no 


< lim [(@n + Gnbn) V (Gnbn + bn), 


no 





i.e. Relation (52). Relation (53) we can prove in the same way, using Theorem 
102 instead of Theorem 104. er 
THEorEM 109. Jf lim a, and lim b, exist then lim a,b, exists too and is equal 


er! no no no 
to lim a,-lim by. 
no no 


Proor. See Theorems 98 and 105. 
THEOREM 110. Jf lim a, and lim b, exist then lim (a, V bn) exists too and is 


no no no 
equal to lim a, V lim bn. 
nc n-?>co 


Proor. See Theorems 100 and 106. 
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TuroreM 111. Jf lim a, and lim by exist then lim (a, + dnb) exists too and 


no na no 


is equal to lim a, + lim a,-lim b,. 


Proor. See Theorems 104 and 107. oh 
TureorEM 112. Jf lim a, and lim b, exist then lim (dn + dnbn) exists too and 


no no no 
is equal to lim a, + lim a,-lim 6, . 
no no ns 


Proor. See Theorems 102 and 107. 
THEeoREM 113. Jf lim a, and lim b, exists then lim a, + lim b, is an inter- 


element of the sequence an + bn. 
Proor. We have, by Theorem 95, 


(57) lim (dn + An bn) = lim An + lim a, lim bn 
and, by Theorem 111, 
(58) lim (dnb, + ba) = lim ay-lim bp, + lim by. 


From (57) and (58) and from Theorem 100 follows Theorem 113. 
TuroreM 114. Jf lim a, and lim b, exist then lim a, + lim b, is an inter- 


element of the sequence a, + b,. 

Proor. Compare the proof of Theorem 113 and see Theorems 95, 112, and 
100. 

THEOREM 115. [If the sequences a, and b, converge, the sequences Anbn , an \/ bn, 
and a, + bn converge too, and we have 


(59) lim a,b, = lim a,y-lim by, 
(60) lim (a, V bp) = lim a, V lim bn, and 
(61) lim (a, + b,) = lim a, + lim b,. 


Proor. (59) follows from Theorems 93 and 109, and (60) from Theorems 
94 and 110. Further Theorems 95 and 111 (or 112) involve 


(62) lim (@, + anb,) = lim a, + lim a,-lim b, 
and 
(63) lim (a,b, + bn) = lim a,-lim b, + lim b,. 


From (62) and (63) follows (61), by the aid of (60). 
THEOREM 116. If aa; = 0 for k, | = 1, 2, 3,---, k #1 then 


lim a, = 0. 


no 








nd 


nd 
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Proor. 0 is obviously the only subelement cf the sequence a, ; hence we 
have, by Theorem 21, 


lim a, = 0. 


no 





If a is an arbitrary interelement of the sequence a, , then aa, is an interelement 
of the sequence a,a, for every k. Hence aa, = 0 for k = 1, 2,3,---. (See 
Theorem 25.) Since a is also an interelement of the sequence aa, , we obtain 


a= 0. 
This proves the theorem. 


7. The Closure-Topology I'(r(A)) 


The sequential topology 7(A) in a Boolean ring A, defined by Definition 8, 
determines a closure-topology ['(7r(A)). (Compare (III), Theorem 15.) Our 
Theorem 29 involves that a subclass of A is closed if and only if it contains with 
every convergent sequence also its limit. 

THEOREM 117. Any closed subring a of a Boolean o-ring A is itself a Boolean 
o-ring. 

Proor. Ifa, (n = 1, 2,3, ---) are elements of a then []™ a, and >>” a, 


n=] n=l 





exist and are contained in a. Hence, by Theorem 47, []“ a, and >“ a, 


n=l n=l 


) () 
exist too. (They are even identical with [] a, and >) a, respectively.) 


m=] n=l 






TororEM 118. Jf a ts an invariant o-subring of a Boolean ring A, and a, 
(n = 1, 2,3, ---) are elements of a, then ““ lim a, and “lim a, exist and are con- 


tained ina. Hence a is especially a closed subring of A. 

Proor. See Theorems 38, 51, and 52. 

TueorEM 119. Jf a, (n = 1, 2, 3, ---) are elements of a closed ideal a of a 
Boolean ring A, and a is an interelement of the sequence a, with respect to A, then a 
is contained in a. 

Proor. We have, by Theorem 42, 


n i 2) 
“im >” aa = >” aa = a. 


no k=l k=l 





aa (k = 1, 2,3, ---) are elements of a because a is an ideal. The same holds 
also for all elements of the sequence >,“ aya (n = 1, 2, 3, ---); thus also for 
k=1 


its limit a because a is closed. 

THEOREM 120. Every normal ideal of a Boolean ring is closed. 

Theorem 120 can be easily deduced from the definition of a normal ideal and 
from Lemma 5. 











































~~ 


SR Ne a “ es 


Nhs, ee epee ery Sees a pe rg ioe ie = 























1180 HENRY LOWIG 


THEOREM 121. If A is an invariant subring of a Boolean ring B, N is the mazi- 


mal join-extension of A invariant in B, a, (n = 1, 2, 3, ---) are elements of N, a 

‘ . ° B)y- ee rh 

is an element of B, and either of the relations lim a, = a and lim™ a, = a is 
no n-?>o 


valid, then a is contained in N. WN is especially a closed subring of B. 

Proor. Let B be a complete invariant extension of B (see Theorem 69) so 
that A is, by Theorem 53, invariant in B, and N the maximal join-extension 
of A invariant in B. (Compare the proof of Theorem 70.) If now a, 
(n = 1, 2,3, ---) areelements of N, and lim a, exists, we have, by Theorem 51, 


no 


Pim a, = lim an; 


no no 


on the other side the elements a, are also elements of N. Hence “lim a, is, 


by Theorems 70, 75, and 118, an element of N. From this and from the defini- 
tions of N and WN it can be easily concluded that “lim a, is an element of N. 


no 


If a, (n = 1, 2,3, ---) are elements of N, and “lim a, exists, we can conclude 


in a similar way. 

THEOREM 122. If A is an invariant subring of a Boolean o-ring B, the maximal 
join-extension of A invariant in B is itself a Boolean o-ring. 

Proor. See Theorems 117 and 121. 


8. Double Sequences 


DEFINITION 13. Suppose that to every element of some class © of ordered couples 
(m, n) of natural numbers there is assigned an element Gmn of a given Boolean ring A. 
We say that such a correspondence defines a double sequence in A if to every natural 
number k there exist two natural numbers m and n such that m = k, n = k, and 
(m, n) €. 

Dertnition 14. Let a) and a® be two double sequences in a Boolean ring, and 
0” and ©” the classes of ordered couples of natural numbers for which they are 
defined. In this case we say the double sequence aS) to be a partial sequence of the 
the double sequence a> if O° <Q and a®? = a® for (m,n) « 9”. 

DEFINITION 15. Let dmn be a double sequence in a Boolean ring A, ® the class 
of ordered couples of natural numbers belonging to it, and u an element of A. In 
this case we call u a subelement of the double sequence mn if there is a natural 
number k such that 


U < Amn 


form 2 k,n = k, (m,n) € 0. 
DEFINITION 16. If the signs A, dmn , and © have the same meaning as in Defini- 
tion 15, we call an element o of A a superelement of the double sequence Amn if there 


7s a natural number k such that 
O > Amn 


form = k,n 2 k, (m,n) € 9. 
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Now the notions of interelement, lower limit, upper limit, convergence, and 
limit can be defined for double sequences just so as for simple sequences. If 
(mn is a double sequence in a Boolean ring A, the sign 0 has the same meaning 
as in Definition 13, and the lower limit of the double sequence a», with respect 
to A exists, we denote this lower limit by “lim an, or more simply by “lim ainn 

mry%e ee oH 
in case © is the class of all ordered couples of natural numbers. The signs if 
“im dma, lim dmn, “lim dm, and “lim dm, are to be understood in similar b 







m,n m,n-->0o mn m,n 


(m,n) €@ (m,n) €@ 
sense. In all these signs the superscript (A) may be omitted if there is no doubt 
to which Boolean ring they refer. 

All theorems on simple sequences obtained until now, except Theorems 31, 32, 
33, 34, and 35, can be pronounced with little changes of the wording also for 
doubles sequences. For instance Theorems 29 and 30 assume the following 
forms: 

TurorEeM 29’: If af) is a partial sequence of a double sequence a®) , @ and 
©” are the corresponding classes of ordered couples of natural numbers, and lim aX? 


mn-—?o 


(min) @ C2) 7 






Se 
Pend - a 






Lx me tes oar 







exists, then lim a{? exists too and is equal to lim a®> . 


(min) € QO) (m,n) € @°2) 

THEOREM 30’. Any system of a finite number of convergent double sequences 
with the same limit is again convergent with the same limit, if by a subelement 
(superelement) of a system of double sequences be meant a common subelement . 
(superelement) of these double sequences, and the notions of an interelement, lower Ve 
limit, and limit of a system of double sequences be defined accordingly. 

In Theorems 36 and 37 the signs [], a, and > %_, a are to be replaced by 


4 ' fs 

the signs Il Axi and > a, respectively. Also Theorems 39, 40, 41, and 42 pt 
(k,l) €@ wi) .e 

are to be changed in a similar way. ee 
A special case of Theorem 29’ is he 
THEOREM 123. If Gmn (m,n = 1, 2, 3, ---) are elements of a Boolean ring, 1? 






















m, and n;, (k = 1, 2,3, ---) natural numbers such that m — © and n, — © for 
k— , and lim Amn exists, then lim Om,n, exists too and is equal to im Cua - 





It is an open question cetier ‘Sheaves 123 can be inverted, i.e. whether 
lim Gmn, = @ Whenever m — © and m— © for k > @, implies lim dm, = a. 


ke m,n 


We shall return to this point once more in §10. 







9. Fundamental Sequences 





DeEFINITION 17. A sequence of elements a, of a Boolean ring A is said to be a 
fundamental sequence with respect to A if 


“lim (4m + dn) = 0. 


no 
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THEOREM 124. A sequence a, is a fundamental sequence if and only if th: 
sequence anb is a fundamental sequence for every element b. 

Proor. See Definition 17, Theorem 5, and Lemma 5. 

THEOREM 125. A bounded sequence is a fundamental sequence if and only if 
the following condition is satisfied: if x 1s an element of the property that 


x<ot+u 


whenever u is a subelement, and o a superelement of the sequence, then x = 0. 

Proor. If u is a subelement and o a superelement of the sequence a, then 
o + wis a superelement of the double sequence a, + a,. Conversely to every 
superelement o* of the double sequence a, + a, there exist a subelement u and 
a superelement o of the sequence a, such that 


(64) of =ot+ u. 


For if o* is a superelement of the double sequence Om + Gn , there exists a natural 
number & such that 


(65) am + an < o* 
form 2 k,n 2 k. From (65) follows 
Am + Amo* < An < Am V O*. 


Hence am + a»0* is a subelement, and a, \/ o* a superelement of the sequence 
a,, provided that m = k. On the other side (64) is satisfied if we put 
U = On + Gn0*, 0 = Ae V O*. 

After this is settled Theorem 125 follows easily from Theorem 22. 

It is obvious that the fundamental sequences of a Boolean ring can be defined 
by their properties stated in Theorems 124 and 125. Compare Definitions 3 
and 4. 

THEOREM 126. Any fundamental sequence has at the utmost one interelement. 

Proor. If a and a* are interelements of the sequence a, then a + aa* and 0 
are interelements of the bounded sequence a,(a + aa*). Hence 0 is the only 
subelement of the latter sequence, and if o is a superelement of this sequence, 
then 


a+ aa* <0. 


The more we may say that 
a+aa*<ot+u 


whenever u is a subelement and 0 a superelement of the sequence a,(a + aa*). 
If the sequence a, is a fundamental sequence, the sequence a,(a + aa*) is, by 
Theorem 124, likewise a fundamental sequence, and from Theorem 125 follows 
a+ aa*=0. Just so we can prove that a* + aa* = 0. Hence a* = a. 
THEOREM 127. Every convergent sequence is a fundamental sequence. 

Proor. See Definition 17 and Relation (61) of Theorem 115. 
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On the other hand it is not true that every sequence without an interelement 
is a fundamental sequence. Let A be the Boolean ring of all finite classes of 
natural numbers, for n = 1, 2, 3, +++ @en1 = {1, 2,3, --- , m} (the class of the 
numbers 1, 2, 3, ---, ), @2 = 0 (the void class), and (n = 2, 3,---) ax, = 
(2, 3,---, m}. Then the sequence a, (n = 1, 2, 3, ---) has no interelement 
(there is no element a satisfying a > wu for all subelements wu of the sequence), 
and it is not a fundamental sequence either. 

THEOREM 128. Jf a is an invariant subring of a Boolean ring A, and a, 
(n = 1, 2,3, ---) are elements of a, then the sequence a, is a fundamental sequence 
with respect to a if and only if it is a fundamental sequence with respect to A. 

Proor. See Theorem 50 and Definition 17. 

THEOREM 129. A sequence of elements a, of a Boolean ring A is a fundamental 
sequence with respect to A if and only if the sequence a(an) is convergent with respect 
to N. 

Proor. See Theorems 38, 68, 126, 127, and 128. 

THEOREM 130. Every monotonic sequence of elements of a Boolean ring is a 
fundamental sequence. 

Proor. See Theorems 35 and 129. 

DEFINITION 18. A Boolean ring A is called c-complete if every fundamental 
sequence in A converges with respect to A. 

THEOREM 131. A Boolean ring A is o-complete if and only if A is a Boolean 
o-ring. 

Proor. If all fundamental sequences of A converge, and a, (n = 1, 2, 3, ---) 
are elements of A, then from Theorems 32, 34, and 130 follows that []?.: a, 
and }°_, a, exist. If A is a Boolean o-ring, every fundamental sequence of A 
has, by Theorems 38 and 126, exactly one interelement. 

D. van Dantzig (I) has shown how every topological ring, satisfying the 
neighbourhood-axioms of Fréchet-Hausdorff and having the property that sum, 
difference, and product of two elements of the ring are continuous functions of 
these elements, can be extended to a topological ring of the same kind and of 
the property that every fundamental sequence of the extended ring is convergent. 
In this paper we have defined for every Boolean ring A an intrinsic sequential 
topology 7(A), and have not considered any other sequential topology in A until 
now. Therefore if we consider an extension B of A we are interested only in 
the case that B is again a Boolean ring, and that the sequential topology 7(B) 
is an extension of the sequential topology 7(A). We know already that 7(B) 
is certainly an extension of 7(A) if B is an invariant extension of A. (Theorem 
50.) And Theorems 69 and 131 show that any Boolean ring A can be invariantly 
extended to a Boolean ring B in which every fundamental sequence converges. 
Now we shall try to define the notion of a minimal invariant extension of A of 
this property, analogous to the notion of a minimal complete invariant extension 
of A, defined by Definition 12. 

THEOREM 132. If we mean by the sum of two sequences a, and b, in a Boolean 
ring A the sequence a, + b,, and by their product the sequence Anb, , the sequences 
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in A form a Boolean ring S; the fundamental sequences in A form a subring F of 
S, the convergent sequences in A form a subring C of F, and the null sequences 
) (sequences converging towards zero) form an ideal n in C. 

i Proor. The first proposition is evident. The second proposition follows 
from the equations 


A (am + bm) + (Qn + Bn) = (Am + Gn) + (bm + Dn) 
AOmDm + Anbn = Am(Dm + bn) + (Gm + An)bn 


and from Theorems 92 and 115, the third from Theorem 115, and the fourth 
from Theorems 92 and 115. 

Now let A; be a homomorphic image of F such that there exists a homo- 
morphism y from F to A; determining exactly the ideal n of F. (Le. n shall 
) be the class of the elements of F carried by y into the zero of A;.) Such a 
: , homomorphic image of F is for instance the quotient-ring F/n. Two elements 
, of C are carried by y into the same element of A, if and only if they are sequences 
ea convergent with respect to A and having the same limit with respect to A. 
4 ; Hence if we denote the image of C in A; by C* and assign to every element a of 
ee A that element of C* in which the convergent sequence, having all terms equal 
. } bee | to a, is carried by y, then this correspondence is an isomorphism between A and 
Fi : C*. Hence A; can be chosen in such a way that the image of the sequence 
i i: {a,a,a, ---}in A, is identical with a itself. In this case A; is an extension of A. 
DEFINITION 19. Let the signs A, F, C, and n have the same meaning as in 
Theorem 132, and let A, be a homomorphic image of F, and y a homomorphism 
F — A, determining exactly the ideal n of F and having the property that if a is an 
element of A, the element of A; in which y carries the sequence having all terms equal 
to a, is identical with a. In this case we call A, a first fundamental extension of A. 

Two fundamental sequences a, and b, have the same image in A; if and only 
if their difference (this is here the same as a, + b,) is a null sequence. D. van 
Dantzig calls such fundamental sequences concurrent. 

Lemna 10. Jf A; is a first fundamental extension of a Boolean ring A, then A 
is invariant in A, . 

Proor. Let % be a subclass of A, and b an element of A such that 


>” a = b. 


aeS 
























Further let f be an element of A; such that 






f>a 






for all elements a of B. If a, is a fundamental sequence in A, of which the 
image in A; is f, then the sequence a,a + a must be contained in n, i.e. we must 
have 





‘Aim ana = a. 


no 
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Hence we have, by Theorem 41, 


io) 
>” aa=a 


k=n 






>» oD ws 


aeS k=n 


forn = 1, 2,3,-++. Since the joins >“ a,a exist (see Theorem 13) we can 
ae® 


easily conclude that also , 


>! ; Pages a,a = b. 


k=n aeB 














Hence we have 





0 


D Dina azb = b 


k=n 









res 


and, by Theorem 41, 





‘iim dnb = b, 


no 









whence 






‘lim anb = b 


no 













because a,b is a fundamental sequence. Thus we have fb = borf >. This 


proves that 






(Ay) 
ae% 


a= b. 









THEOREM 133. If the signs A, F, y, and A; have the same meaning as in 
Definition 19 then any fundamental sequence in A converges with respect to A, to 
that element of A; which is its image by virtue of y. 

Proor. First we consider a monotonic sequence in A. Let a,(n = 
1,2,3,---) be elements of A, and for instance a, <a, for k <1, k,l = 
1, 2,3,--.-. We have 


















‘Aim Ana; = Ay. (k aad % 2, 3, nee: .) 


no 










Hence we have, if f is the image of the fundamental sequence a,, for 
k= jf,33,.---. 






fax = ay 










f>a. 





ty 
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é a 
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m4 If g is an element of A: , b, a fundamental sequence in A the image of which is g, 
; | and g > a, fork = 1, 2,3, --- , we have fork = 1, 2, 3, --- 


q lim (ax + abn) = 0, 


no 





J 
{ 
whence 


a(az) + a(ax) lim a(bn) = 0, 


n—>o 


im a(aa) + lim a(a,).? lim a(b,) = 0, 


noc no n—>oo 


“lim (da + dnbn) = 0, 


n-?>o 





and 


: g>f. 
This proves 

f = (A1) 
> 


a, = “lima, = f. 


k=1 noo 


If a, > a, fork <1, k,l = 1, 2,3,---, and f is again the image of the funda- 
mental sequence a, , We can prove in a similar way that 


i i] 
‘ II]%?a, = “lim a, = f. 


k=l no 
Now let a, be an arbitrary fundamental sequence in A, and fits image. From 


1 ' what we have just proved follows that [[“4” agi. and >>“ ayyi1 exist 
uni Lai i=l 
Rouge? and are the images of the fundamental sequences Iii. Arpi-1 (n = 1, 2, 3, ---) 


and > [1 de4i-1 (n = 1, 2, 3, -+-) respectively. But we have 


n n 
(A); 
lim (« Akpi—1 + II aust) =0 
l=1 l= 


no 





and 


‘lim («, + /, 2, aus) = 0. 


noo lal 


Hence 


ag ui <f< 2A? dest. 

sane =l 

From this relation it can be easily concluded that f is an interelement of the 
sequence a, with respect to A;. Since this sequence is, by Theorem 128 and 
Lemma 10, also with respect to A; a fundamental sequence, Theorem 133 is 
proved. (See Theorem 126.) 
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Is g, Lemma 11. If A; ts a first fundamental extension of a Boolean ring A, then A, 
is also a join-extension of A. 
Proor. A; is, by Lemma 10, an invariant extension of A. Let N be the 


maximal join-extension of A invariant in A,;. Then we have, by Theorem 121, 


NDA, 













because all elements of A; are, by Theorem 133, limits of elements of A and by 4 
this limits of elements of N with respect to A,. Hence N = A,. 
In the paper (I) the ring which corresponds to the ring denoted here by A; , 
has already the property that all its fundamental sequences converge. We q 
shall see that in our case this assertion is in general not true though D. van ag. 
Dantzig’s ““Ringkomplettierungsaxiom” (the product of a null sequence and a ie Md 
fundamental sequence is a null sequence) is satisfied, according to Theorem 92. bead 
Lemma 12. Jf A and A* are Boolean rings between which there exists an iso- 
morphism A, and A; and Aj are first fundamental extensions of A and A* respec- 
tively, then A, and Aj are isomorphic too, and the isomorphism A can be extended ud 
fo an isomorphism A, between A, and Aj in exactly one way. Ny 
Proor. A; can be defined in the following way: let f be an element of A,, Pipa 
a, a sequence of elements of A converging towards f with respect to A, , a, the ‘§ 
sequence in A* corresponding to the sequence a, by virtue of A,.and i? 
| 
























da- 





f* = “?lim af ; 


no 













this correspondence f — f* is the desired isomorphism A; . 
In the following we shall denote by p the smallest ordinal number which is 
the ordinal type of an uncountable set. More precisely let y be the ordinal | . 
number of some uncountable well-ordered set, and p the smallest ordinal number E 
satisfying p < wW which is as well the ordinal type of an uncountable set. 
DeFINITION 20. Let A be an arbitrary Boolean ring, and a an ordinal number 
satisfying a S p. Let us assign a Boolean ring A, to any ordinal number u satis- 
fying w S a@ by the following transfinite induction: 
1.) Ay is a first fundamental extension of A; 
2.) if the ordinal number uw has a predecessor v (thus » = v + 1) then A, is a 
first fundamental extension of A, ; 
3.) of the ordinal number yu is a limit-number then 


A, = A), 


v<e 


om 





“ist 





























the sign = denoting the set-theoretical union; the ring-operations in A, are defined 
in the following way: if a and b are elements of A, , and v an ordinal number such 
thatv < pw, aeA,, beA,, then 





1e 
id 


° 
1S 





ada,b = aA 4,b, 






@Aa4,6=aAa,). 
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In this case we call Aq a fundamental extension of the Boolean ring A of the 
order a. 

If » is an ordinal number satisfying u < a, the Boolean ring A, appearing in 
Definition 20 is obviously a fundamental extension of A of the order uy. 

TurorEM 134. If A 2s an arbitrary Boolean ring, «an ordinal number satisfying 
a < p, and A, a fundamental extension of A of the order a, then Ag is a join- 
extension of A. 

Proor. See Theorems 62 and 63, Lemma 11, and Definition 20. 

TuHeoREM 135. Jf A ts an arlitrary Boolean ring, a and B are ordinal numbers 
satisfying B < a S p, Az and Ag fundamental extensions of A of the orders a and 8 
respectively, and Ag C Ag, then Ag is a join-extension of Ag . 

Proor. See Theorems 64 and 134. 

Lemma 13. Let A be a subring of a Boolean ring B, and Av) the class of all 
elements of B which are limits of sequences of elements of A with respect to B. 
Then Av is a subring of B containing A. If A ts especially invariant in B then 
Avy is a join-extension of A invariant in B. 

Proor. It is evident that Aw) D A. That Aw is a subring of B follows 
from Theorem 115. If A is invariant in B, Theorem 121 involves that A, 
is contained in the maximal join-extension of A invariant in B. 

DEFINITION 21. If the signs A, B, and Aq have the same meaning as in Lemma 
13 then Aw is called the first limit-ring of A in B. 

DEFINITION 22. Let A be a subring of a Boolean ring B, and a an ordinal 
number satisfying a S p. Let us assign a subring A\,) of B to any ordinal number 
a satisfying uw S a by the following transfinite induction: 

1.) Ay ts the first limit-ring of A in B; 

2.) if the ordinal number uw has a predecessor v (so that uw = v + 1) then Aw) 
is the first limit-ring of Aw) in F; 

3.) of the ordinal number u is a limit-number then 


(R®) 
Aw = 1” Aw, 


yeu 


by R denoted the lattice of all subrings of B. 

In this case we call A (a) the limit-ring of A in B of the order a. 

THEOREM 136. Jf A is an invariant subring of a Boolean ring B, then any 
limit-ring A,q) of A in B is invariant in B and a join-extension of A and of every 
limit-ring of A in B of lower order. 

Proor. From Definition 22 it can be easily concluded that A a) is contained 
in the maximal join-extension of A invariant in B. For the rest see Theorems 
53, 61, 64, and 70. 

THEOREM 137. If A is any Boolean ring, a an ordinal number satisfying 
a S p, A, a fundamental extension of A of the order a, and B an invariant extension 
of Aq , then Ag is the limit-ring of A in B of the order a. 

Proor. Assign a Boolean ring A, to any ordinal number u satisfying u < @ 
in such a way that the rings A, (u < a) satisfy the conditions stated in Definition 
20. Let us suppose that yo < a, and that we have already proved that A,, 18 
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the limit-ring of A in B of the order 4. Then let a, be a sequence of elements 
of A,, Which has a limit a with respect to B. Since A,, is, by Theorems 53, 61, 
and 135, invariant in B, the sequence a, is a fundamental sequence with respect 
to A,, according to Theorems 127 and 128. Hence this sequence has, by Defini- 
tions 19 and 20 and by Theorem 133, a limit with respect to A,,4: , and this limit 
is necessarily identical with a, because also A,,4; is invariant in B. Hence 
aéAy ii. If we assume conversely that a is an element of A,,4: then a is, by 
Definitions 19 and 20 and Theorem 133, the limit of some sequence of elements 
of A,, with respect to A,,4: , and consequently also with respect to B because 
A, +: is invariant in B. Thus we find that a is an element of the limit-ring of 
A in B of the order yo + 1. Hence this limit-ring is identical with A,,4:. We 
see that Theorem 137 can be proved by transfinite induction; for the conclusion 
from the predecessors of a limit-number to this limit-number itself is still simpler. 

THEOREM 138. Jf A is any Boolean ring, a and B ordinal numbers satisfying 
8 S a S p, and A, a fundamental extension of A of the order a, then there exists 
exactly one subring Ag of Aq which is a fundamental extension of A of the order 8. 

Proor. The existence of Ag follows from Definition 20, the uniqueness from 
Theorem 137. (Ag is the limit-ring of A in A, of the order 8.) 

THEOREM 139. If A is an invariant subring of a Boolean o-ring B, a an ordinal 
number satisfying a S p, and A ,q) the limit-ring of A in B of the order a, then A a) 
is a fundamental extension of A of the order a. 

Proor. Ifa, (n = 1, 2,3, ---) are elements of A, and the sequence consisting 
of these elements is a fundamental sequence with respect to A, it is, by Theorem 
128, also a fundamental sequence with respect to B; hence it is, by Theorem 131, 
convergent with respect to B; its limit is an element of Aq). Conversely any 
element of A can be obtained in this way. If we assign to every fundamental 
sequence in A that element of Aq) which is its limit with respect to B we get 
a homomorphism ¥ from the Boolean ring F of the fundamental sequences in A 
to Aq of the sort demanded in Definition 19. This proves the theorem for the 
casea = 1. The general theorem follows now by transfinite induction. 

TuHroreM 140. Let A and A* be Boolean rings between which there exists an 
isomorphism A, a and 8 ordinal numbers satisfying B S a S p, Ag a fundamental 
extension of A of the order B, and A> a fundamental extension of A* of the order a. 
Then there exists exactly one subring R* of A® such that the isomorphism A can be 
extended to an isomorphism Ag between Ag and R*. Ag is uniquely determined, and 
R is a fundamental extension of A* of order 8B. If especially B = a then R* = 
Aq. e 
Proor. Let Aj be a subring of Az which is a fundamental extension of A* 
of the order 8. That Aj exists and is unique follows from Theorem 138. If we 
put R* = Aj it ensues from Lemma 12 and by transfinite induction that the 
isomorphism Ag , demanded by Theorem 140, exists and is unique. The unique- 
hess of R* is involved by Theorem 83. 

THEOREM 141. Jf A is a subring of a Boolean ring B the closure of A in B is 
as well a subring of B; it is identical with the limit-ring A») of A in B of the order p. 
Proor. Let a, be a sequence of elements of A,,) which has a limit a with re- 
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spect to B. Further, for n = 1, 2, 3, --- let a, be the smallest ordinal number 
which is not larger than p and has the property that a, is contained in A@,) , by 
Aw (8 S p) denoted the limit-ring of A in B of the order 8. Since p is a limit- 
number we have certainly 


Qn ~ p 


for n = 1, 2,3,--. Further let a be the smallest ordinal number satisfying 
the inequality 


lA 


Ga Sasp 
for n = 1, 2,3,---. We have 
a ~ p; 


for the asumption a = p would imply that p would be the ordinal number of a 
finite or countable set, contrary to the definition of p. Hence we have also 


a+l1Sop. 


Now the elements a, (n = 1, 2, 3, ---) are all contained in Aq). Consequently 
the element 


a = ™ lim an 


no 


is contained in A431). Thus we have 


a € Aw) 





and it is proved that A,,) is a closed subclass of B. On the other side it can be 
shown by transfinite induction that any subclass of B closed under I'(7(B)) and 
containing A contains A(2) whenever a S p, and by this especially A,:,). Thus 
Theorem 141 is proved. 

If B is especially the Boolean ring of all sets of real numbers, and A the sub- 
class of B defined by the property that a is an element of A if and only if it is 
either the empty set or the union of a finite number of sets, every one of which 
is either an open real interval or consists of exactly one real number (see the 
example stated after Definition 9), then A,,) is the Boolean ring of the Borel 
sets of real numbers. In this case it is known that the rings A,a) (a S p) are 
all different. Since B is a complete Boolean ring here, A (a) is, by Theorem 139, 
a fundamental extension of A of the order a. Itsfollows that if A, is a first funda- 
mental extension of A, A; is not a o-complete Boolean ring. If we compare 
this result with the results of §7 of the paper (I), we find that the sequential 
topology 7(A) of a Boolean ring A defined by Definition 8, in general cannot be 
derivated from a neighbourhood-topology satisfying the axioms of Fréchet- 
Hausdorff. 

THEoREM 142. If A, is a fundamental extension of a Boolean ring A of the 
order p then A, is a Boolean o-ring. 
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Proor. Let B be a Boolean o-ring and an invariant extension of A,. That 
such a Boolean ring B exists follows from Theorem 69. Then A, is, by Theorem 
137, the limit-ring of A in B of the order p, and it follows from Theorem 141 
that A, is closed in B. Hence A, is a Boolean o-ring, according to Theorem 117. 

DeFINITION 23. An extension A of a Boolean ring A is said to be a minimal 
invariant o-extension of A, or shorter: a o-completion of A, if A is a Boolean o-ring 
invariant over A, and no proper subring of A containing A is itself a Boolean o-ring. 

THEOREM 143. An extension A of a Boolean ring A is a minimal invariant 
c-extension of A if and only if A is a fundamental extension of A of the order p. 

Proor. If A is a minimal invariant o-extension of A, the limit-ring of A in 
4 of the order p is, by Theorem 139, a fundamental extension of A of the order 
p; hence it is, by Theorem 142, a Boolean o-ring, and Definition 23 involves 
that it cannot be different from A. If A is a fundamental extension of A of the 
order p then A is, by Theorem 142, a Boolean o-ring and, by Theorem 134, a 
join-extension and by this an invariant extension of A. (Theorem 61.) On 
the other side A is, by Theorems 137 and 141, the closure of A in A. If Risa 
o-subring of A containing A then R is, by Theorems 61 and 64, invariant in 4 
and, by Theorem 118, closed in A. Hence R = A, and it is proved that A is a 
o-completion of A. 

TuErorEM 144. If A is a o-completion of a Boolean ring A, and B an invariant 
extension of A, then A is the closure of A in B. 

Proor. See Theorems 137, 141, and 143. 

THEeorEM 145. If A is an invariant subring of a Boolean o-ring B, the closure 
of A in B is a minimal invariant o-extension of A. 

Proor. See Theorems 139, 141, and 143. 

Turorem 146. If A and A* are minimal invariant o-extensions «; the same 
Boolean ring A then A and A* are isomorphic, and there is exactly one isomorphism 
between A and A* carrying every element of A into itself. 

Hence we may say that A and A* are abstractly identical. 

Proor. See Theorems 140 and 143. 


10. The Sequential Topology 7(I'(7(A))) 


If A is any Boolean ring, the closure-topology I'(7(A)) in A, considered in §7, 
determines a new sequential topology r(I'(r(A))) in A according to (III), Theo- 
rem 15. The closure-topology determined by this sequential topology is iden- 
tical with T'(7(A)) or, in other words, the closure-topology I'(7(A)) and the 
sequential topology r(I'(r(A))) are equivalent. (See (III), Definition 8 and 
Theorem 18.) 

Lemma 14. If a sequence a, has a limit a under 1(A) it has also under 
7(T(r(A))) the limit a and no other limit. 

Proor. It is obvious that the sequence a, has the limit a also under 
7([(r(A))). If b ¥ a, at the utmost a finite number of terms of the sequence 
a, is equal to b, and Theorem 29 involves that the terms of this sequence different 
from b and the element a together constitute a set closed underI'(r(A)). The 
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1192 HENRY LOWIG 
complement of this set is an open set which contains b, but fails to contain 
infinitely many terms of the sequence a,. Hence 6 is certainly no limit of the 
sequence a, under r(I'(r(A))). This completes the proof of Lemma 14. 

Further it is obvious that our Theorems 25, 29, and 30 hold also for the 
sequential topology 7(I'(7(A))). (They hold in any derivative sequential 
topology.) 

THEOREM 147. (Compare (VII), Satz 29.) Jf a, (n = 1, 2, 3,---) anda 
are elements of a Boolean ring A then a is a limit of the sequence a, under 
7(I'(r(A))) af and only if every partial sequence of the sequence a, contains a further 
partial sequence converging towards a under r(A). Hence any sequence of ele- 
ments of A has at the utmost one limit under 7(T'(7(A))). 

Proor. If a set open under I'(7(A)) and containing a fails to contain an 
infinite partial sequence of the given sequence, no partial sequence of the men- 
tioned partial sequence can converge towards a under 7r(A). Hence if every 
partial sequence of the given sequence contains a further partial sequence con- 
verging towards a under 7(A), the given sequence has certainly the limit a under 
7(T'(7(A))). 

Let us suppose conversely that the sequence a, has the limit a under 
7(['(7(A))). If the sequence a, had not the property asserted in Theorem 147 
we could state a partial sequence a,, (k = 1, 2, 3, --- ) of this sequence con- 
taining no further partial sequence converging towards a under 7(A). Then 
the generalized Theorem 29 and Lemma 14 involve that the sequence a, con- 
tains no sequence convergent under 7(A) at all. Moreover we may suppose 
that the elements a,, are all different from a. Thus the elements of A which 
are different from all elements a,, form an open set which contains a, but fails 
to contain infinitely many terms of the sequence a,. This result would contra- 
dict to the supposition that the sequence a, converges towards a under 
7(I'(7(A))). 

Derinition 24. If a, (n = 1, 2, 3,---) and a are elements of a Boolean 
ring A, we say that the sequence a, (n = 1, 2, 3, --- ) converges weakly towards a 
with respeci to A, or that a is its weak limit with respect to A, and write 

‘Tim a, = a 
if the sequence a, converges towards a under r(I'(7r(A))). 
The words “with respect to A” and the superscript in the sign ‘““’Lim a, may 


be omitted if there is no doubt which Boolean ring is meant. 

We have chosen the words “weak convergence” and “weak limit” for con- 
venience although the considered convergence under r(I'(r(A))) is no analogue 
of the weak convergence in a linear metric space. 

As far as the sequential topology 7(A) is concerned, we shall use the same 
terminology and denotation in this paragraph as in the preceding ones. 

The sequential topology 7(I'(r(A))) is in general different from the sequential 
topology 7(A). Let A be the Boolean ring of those sets of real numbers which 
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are either empty or unions of finite numbers of right-hand open intervals. 
(A is identical with the Boolean ring 6 considered after Definition 9.) If u and » 
are real numbers we denote the interval » < § < v by < u,v). Now put 


n — 2” ae) 
Q- 2” 





a= < 

for 2” Sn < 2”, m = 0,1, 2,3,---. a, (n = 1, 2,3, --- ) are elements 
of A. If m and n are natural numbers, at least one of the equations 

Ga < Ga, 

Om > Gn, 
and 

Ant, = 0 
is valid. To a given natural number m there exist at the utmost finitely many 
natural numbers n such that 

An > Any - 
Hence any partial sequence b, of the sequence a, contains at least either a 
partial sequence c, satisfying 
(67) Cu4a <' Oy (n = 1, 2,3, ---) 
or a partial sequence c, satisfying 
(68) cc, = O (k,l = 1, 2,3,---,k #0). 
(67) as well as (68) implies 


lim c, = 0. 


no 


(See Theorem 116.) Hence we have 


Lim a, = 0. 


no 


On the other side we have 
gmt+i_y 


a, = aA 


n=2™ 


oo 
Do a 


k=n 


lim @, = @. 


n-?>o 


Since a; ¥ 0 the equation lim a, = 0 is not valid. 
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TuerorEM 148. If Lim a, exists then it is an interelement of the sequence a, and 


of any partial sequence of this sequence. 

Proor. See Theorems 27 and 147. 

Now it is obvious that our Theorems 50, 87, 92, and 115 are valid also for 
the weak convergence. The same holds for Theorem 91 if it is pronounced only 
for convergent sequences. I.e. we have 

TueoreM 149. If an < bz for n = 1, 2, 3, ---,and Lima, and Lim b, ezist, 


no no 
then 


Lima, < Lim p,. 


Proor. We have for n = 1, 2, 3, --- 
Gn = Andn , 
hence, by the generalized Theorem 115, 


Lim a, = Lim a, - Lim Db, 
proving Theorem 149. 

If @mn is a double sequence in a Boolean ring A, 9 the class of ordered couples 
of natural numbers for which the sign a», is defined, and a an element of A, we 
say that the double sequence dm, converges weakly towards a, or has the weak 
limit a, and write 

“Tim dun = 4G, 
m,n—>oO 
(m,n) ¢€@ 
if to any open set containing a there can be assigned a natural number & such 
that @mn is contained in this open set for m = k,n = k, (m,n) ¢€ 9. If Ois the 
class of all ordered couples of natural numbers, we write simply “Lim ama in- 


m,n—->o 


stead of “Lim am,. In both cases the superscript (A) may be omitted if 


(m,n) €® 
there is no doubt which Boolean ring is meant. 

Theorems 25, 29’ (8), and 123 hold also for weakly-convergent double se- 
quences. Moreover Theorem 123 pronounced for weakly-convergent double 
sequences can be inverted. I.e. if m — ©, m — © for k — @ implies 
Lim @mn, = @, then Lim Gm, = a. (To prove this proposition is not difficult.) 


koe m,n 


In particular if m,— ©, n, — © for k > 2 implies lim @mn, = a, we have 
k—oo 


certainly Lim an, = a. On the other hand compare the remark after Theo- 


rem 123.—Any double sequence of a Boolean ring A has at the utmost one weak 
limit with respect to A. 

Now it is clear that also Theorems 50, 87, 92, 115 and 149 hold for weakly- 
convergent double sequences. 
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DEFINITION 25. .A sequence of elements a, of a Boolean ring A is said to be a 
weak fundamental sequence with respect to A if 


“Tim (am + dn) = 0. s ° 


m,n 


nd 







or 
ly 





Theorems 127, 128, and 132 continue to be right if we replace the notions of 
“fundamental sequence” and “convergence” wherever they appear, by the 
notions of ‘weak fundamental sequence” and “weak convergence.” 

THEOREM 150. Any two weakly-concurrent fundamental sequences are con- 
current. 

Proor. If a, and b, are fundamental sequences, and 
Lim (a, + b,) = 0, ae 


no 





st, 










then there exists, by Theorem 147, a sequence », of natural numbers different 
from each other such that 


(69) lim (a5, + bm) = 0. 






On the other side we have, by Theorem 123 and Definition 17, 
(70) lim (a, + dn,) = 0 


k— 0 









and 


(71) 





lim (b + bp,) = 0. a 


ko ° as 


From (69), (70), and (71) we get, according to Theorem 115, 3 
lim (a, + b,) = 0. | oe 


, ko 



















THrorEM 151. If b, is a fundamental sequence, and a, a sequence of the prop- a 
erty that every partial sequence of the sequence a, contains a fundamental sequence om 
weakly-coneurrent with the fundamental sequence b, , then a, is a weak fundamental { s 
sequence weakly-concurrent with the fundamental sequence b, . 2 

Proor. First we observe that any partial sequence of a fundamental se- 
quence is a fundamental sequence concurrent with the whole sequence. This 
can be easily concluded from Definition 17 and from Theorems 29’ and 123. 
Now if we notice Theorems 147 and 150, we find that the suppositions of Theo- 
rem 151 involve 




















Lim (a, + ba) = 0. 


no 





Since 





Gin + Gn = (Am + bm) + (Gn + bn) + (Om + bn), 





and 





lim (bm + bn) = 0, 


mn—-?o 
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we have 


Lim (an + an) = 0, 
according to the generalized Theorem 115. 

On the other hand it is an open question whether Theorem 151 can be in- 
verted, i.e. whether every weak fundamental sequence of a Boolean ring con- 
tains a fundamental sequence in the sense of Definition 17. If this inversion 
is true, it follows that every weak fundamental sequence of a Boolean o-ring is 
weakly-convergent. If it were not true then it could occur that a Boolean ring 
(if you want even a complete one) could not be invariantly extended to a 
Boolean ring in which every weak fundamental sequence is weakly-convergent. 
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‘ by means of which X-equivalence is defined (X = L or L*), can be “copied ea. 
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1. The main object of this paper is to establish as close a connection as possible 
between certain purely algebraic processes on the one hand, and the theory of 4 
nuclei’ and homotopy types’ of complexes on the other. The algebraic processes 6. 
include the transformations, operating on the incidence matrices with elements 1s 
in the group ring of a given complex, by means of which Reidemeister’s invariants } & 
are defined.’ But in the main theorems, namely theorems 8 and 9 in §4, the a 
incidence matrices r", --- , r are replaced by what we call a natural system ‘ 
for a given complex K”. A natural system, (r, R), consists of the matrices 


















r",---, 1°, together with a “natural” system, 2, of generators and relations, 

for the fundamental group 7:(K"). Such systems, defined purely algebraically, . a 
are classified by two kinds of equivalence, called L-equivalence and L*-equiva- | & 
lence, of which the former implies the latter. Theorem 8 asserts two kinds of ae: 
combinatorial invariance. It states that natural systems for two given com- re 





plexes Ky and Ky are “L-equivalent” if Kj and Kj have the same nucleus, 
and “L*-equivalent” if Kj and Ky are of the same homotopy type. Theorem 9 
is complementary to theorem 8, and states that the elementary transformations 








geometrically.” More precisely, if (r, R) is a naturai system for K", then any i . 
system which is X-equivalent to (r, R), is a natural system for some complex of : 
the same homotopy type as K”, and for one which has the same nucleus as K” 
if X = L. This means that one can carry out certain types of algebraic calcula- 
tion without destroying the geometrical significance of the system on which one 
is operating, and the result is a step towards translating the theory of nuclei 
and m-groups, likewise homotopy types (of polyhedra), into purely algebraic 
terms. 

As an application of the theorems in §§3 and 4 we prove, in §5, that two lens 































1 See J. H. C. Whitehead, Proc. L. M. S., 45 (1939), 243-327, which will be referred to 
as §.S. Throughout this paper we shall only be interested in the nucleus and homotopy 
type of a complex as principles of classification. 

2See pp. 124-5 of W. Hurewicz, Proc. Kon. Akad. Amsterdam, 39 (1936), 117-25, or 
note III, in §6 below. Any two complexes with the same nucleus are of the same homotopy 
type. 

’See, among other papers, K. Reidemeister, Abh. Hamb. Sem., 10 (1934), 211-15; 11 
(1935), 102-9 and Journal fir die r. u. a. Math., 173 (1935), 164-73. By the group ring of a 
complex we mean the group ring of its fundamental group, with (rational) integral coeffi- 
cients. We confine ourselves to the incidence matrices which are defined in terms of the 
universal covering complex, leaving aside the concept of ‘‘Ueberdeckungen.”’ 
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spaces of types* (m, q) and (m, r) are of the same homotopy type if they have 
the same intersection invariant,’ that is to say if r = +[q (mod m), for some 
value of l. Thus the “Hauptvermutung” would imply the negative answer to 
the question, proposed by W. Hurewicz,° “are two closed manifolds of the same 
homotopy type necessarily homeomorphic?”’ In fact two closed simplicial mani- 
folds of the same homotopy type need not even have the same nucleus, which 
adds interest to the question “is the nucleus of a complex a topological in- 
variant?” This theorem on lens spaces, and a simpler example given in §6, 
also imply the negative answer to each of the questions Q. 1, --- , 4, which were 
left open in S.S., §10. 


2. Let R be any ring with a unit element e. We recall that an element a eR 
is said to be regular if, and only if, there are elements a’ and a”, such that 
a’a = aa” = ec. In this case a’ = a’aa” = a” = a", say, anda ’ is called the 
inverse of a. The square matrices of a given degree n (i.e. having n rows and 
columns) with elements in §, also constitute a ring with a unit element. A 
regular element in this ring of matrices will be called a regular matrix, and we 


shall denote the inverse of a regular matrix a by a. Let 
ai bi 
|0 De 


r= 











be a regular matrix of degree m + n, where a; is a square matrix of degree m, 
be is a square matrix of degree n and 0 represents a rectangular array of zeros 
(i.e. each of its elements is the zero in ®t). Further let be have a left inverse, 
meaning an n-rowed square matrix c, such that cb. = e, where e, denotes the 
unit matrix of degree n. 

Lemma 1. Under these conditions a, and be are regular matrices and 














oat ’ 
a ae 
ri= 
—l 
0 be | 
. , —l —l 
where a = —a, bib: . 
Let 
, , 
@ a2 
ri= 
, , 
bi be 

















‘See H. Seifert and W. Threlfall, Lehrbuch der Topologie, Leipzig (1933), p. 215. 

’ J. W. Alexander, Proc. Nat. Acad. of Sciences, 10 (1924), 99-101; Seifert and Threlfall, 
loc. cit., p. 279. This contradicts J. H. C. Whitehead, Quarterly Journal of Math. Oxford 
series, 10 (1939), 81-3, which will be referred toasQ.J. InQ.J. I overlooked the importance 
of the additional row, which the nt® incidence matrix of an n-dimensional complex receives 


by reason of an elementary expansion of order n + 1. This error was pointed out to me 
by Shaun Wylie. 


6 Loc. cit., p. 125. 
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/ , . . rr 
where a; and bz aresquare matrices of degrees m and n respectively. Then the 
. —] . . / ; , 
relation rr = @m+n implies aja; + bib; = e» , asa. + bib, = 0, bsb, = 0 and 



















bobs = en. Since ch, = bib: = e, , it follows that be is regular, that b; = bz’, bh a. 

and also that bi = be beb; = 0. Therefore aja; = Em, and the relation he st 

i rr = min implies aia: = €m, whence a; is regular and a; = a). Finally a 

h a = —&, bijbe = —a; bib and the proof is complete. 

_ Let & be a specified sub-group of the multiplicative group of regular elements { 

5, in. By an elementary G-matriz or simply an elementary matrix if no confusion | 3 

. is to be feared, we shall mean a square matrix of any degree n, which can be if 
transformed into the unit matrix e, by a finite sequence of elementary trans- 
formations, each of which consists either of | 

" 1. multiplying each element in a row, from the left, or a column, from the right, FI ‘S 

t by the same (arbitrary) element of G, or ha 

“ 2. adding a left multiple of any row to some other row, or of an 

] 3. adding a right multiple of any column to some other column, the multiplier 

\ in each of the last two cases being an arbitrary element of R. 

4 The inverse of each of these elementary transformations is clearly a transforma- 





tion of the same type. Therefore the elementary matrices of a given degree 
constitute a sub-group of the multiplicative group of regular matrices of that 
degree. As with unimodular matrices of integers it may be verified that, if a 
is an elementary matrix of degree n and r is any matrix with n rows (columns), 
then r can be transformed into ar(ra) by a sequence of the elementary trans- 
formations 1 and 2 (1 and 3). Notice also that, if || m;; || is any square matrix 
of integers, whose determinant is unity, and if g e@, then || m;;qg || is an ele- 
mentary matrix. If @ contains the regular element —e the same applies to 
|| mig || if |m:;| = —1. In any case 



















0 


e, ‘ 0 


—e, 







is an elementary G-matrix of degree 2n, since, replacing e by 1, its determinant 
is (—1)"*" = 1, 
Lemma 2. If a is a regular matrix of degree n, then 















a 0 


ba 





r= 


























is an elementary matrix, where b is any square matrix of degree n. 
By reiterating transformations of the form p; — pi + Ap;, where p; and p; 
(i * j) stand for rows and \ « , we can transform r into 






a 0 
b+ca a 


’ 











oe 
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where c is any square matrix of degree n. Taking c = (e, — b)a™’ we have 











and r’ is transformable into the elementary matrix 


0 —C, 
» @ 














by the sequence of transformations 


|€n a 


a 0 0 —e, a —e, 


ie, O 


—_> —> 
—1 —1 ’ 


Cn a 
































in which, first, the bottom rectangle || e, , a || is multiplied on the left by —a 
and added to the top, and then || 0, —e, || is multiplied by a and added to the 
bottom. The lemma now follows from the fact that a matrix which is trans- 
formable by the elementary transformations into an elementary matrix is itself 
elementary. 

Let us introduce the convention that a matrix may have m rows (columns) 
and no columns (rows), for any m = 0,1,---. If a matrix a has m rows and 
p columns, and if b has n rows and qg columns, where m, n, p, g 2 0, then, as 
usual, the product ab, with m = 0 rows and gq = 0 columns, shall exist if, and 
only if,p = n. Ifm,q > 0, p = n = O, then ab shall be the zero matrix with 
m rows and q columns. In formulae which involve e; , with k = 0, & is to be 
the empty matrix with no rows or columns, which we include among the ele- 
mentary and regular matrices. With these conventions let r”, --- , r' be any set 
of matrices, such that r” has a, rows and ay_; columns (p = 1, --- ,n; a 2 0). 
We proceed to define two kinds of equivalence between r", --- , r' and a set of 
matrices s", --- , s', which satisfy a similar condition. That is to say, we can 
form the product s’"'s’ for each p = 1, --- ,n — 1, though s” need not have 
the same shape as r”. We first of all allow ourselves to border r” with a new 
last row and column, which have the common element e in the bottom right 
hand corner, at the same time adding a final row of zeros to r”’, if p > 1, or an 
empty row if a,» = 0, and a final column of zeros to r’*’, if p < n, or an empty 
column if ap41 = 0 (if ap = ap, = 0, then r” will be transformed into the matrix 
with the single element ¢). We shall call this operation an elementary expansion 
of the matrices r”, --- , r'. We shall also call it a primary expansion of r’, and 
shall describe the corresponding expansions of r”*', as secondary expansions. 
In order to avoid the qualifications “if p > 1” and “if p < n” we shall assume 
that r""' and r° exist, where r"*? has no rows and a, columns and r° has a rows 
and no columns. A primary expansion shall never be applied to r’, and shall 
only be applied to r""’ when special permission is granted. The inverse of an 
elementary expansion will be called an elementary contraction. ‘Two sets of 


—_— _ se» ao 





ve 
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° 1 1 
matrices r",--- ,r and s",---,s, such that the products r’‘'r” and s”*'s” 
exist for each p = 1, --- ,m — 1, will be described as L-equivalent if and only if 

aP =p,—1 
(2.1) S = 4,F ap-1 (p = 1, cs’ ,n), 

I r S el } n 

where f",--- ,f and S",---,8 are obtained from r",---, r' and s",---, s' 
by sequences of elementary expansions, and a, is an elementary matrix of the 
appropriate degree, for each p = 0,---,n. Two sets of matrices, r",.-- ,r° 


and s",---, 8, will be described as L*-equivalent if, and only if, they satisfy 
the same condition, except that a, may be any regular matrix of the appropriate 
degree. These relations are obviously symmetric between the two sets of ma- 
trices. 

We now assume that the group @ contains —e, in which case two rows or 
columns of a given matrix may be interchanged by a sequence of elementary 
transformations. This being so, if we apply a sequence of transformations to 
the mairices r”, ,r', which consist of elementary expansions and contrac- 
tions, and transformations of the form (2.1), a simple induction shows that all 
the expansions may be applied first,’ then a transformation of the form (2.1) 
and finally the contractions. Hence it follows that the relations of L-equiva- 
lence and L*-equivalence are equivalence relations in the technical sense, mean- 
ing that they are symmetric and transitive. 

Lemma 3. If r",---,r and s", , 8 are L*-equivalent, then they can be 
expanded into sets of matrices f",--- ,f and 8", , 8, which are related by 
equations of the form (2.1), subject to the condition that a, --+ , dn-1 shall be ele- 
mentary matrices. Thus the sets at",f", --- , F and 8", , 8 are L-equivalent, 
where a is some regular matrix. 

After initial expansions we assume that r",--- , r' and s", , sare them- 
selves related by transformations of the form (2.1), in which a, --- , @)-1 are 
elementary matrices (0 < p < n), this last condition being vacuous if p = 0. 


If p = n there is nothing to prove. Otherwise we expand r’”’, r’"’, r” into 
rt 
got .. = [irr 0||, pr. ae lb on r 
1 O @, | 0 

















and write 


-1 
Apt 


= |!s’”, 0|| 











gs’? = aps |r", || 












































gett _ Ap+1 er" a," |- | sts , 
0 af 0 | 0 a 0 ea, 
_,__||@ 0 Ws be | s” | 
Ho actiiilo |ee= | 
































The lemma now follows from lemma 2 and induction on p. 





"Cf. the preliminary argument in theorem 1 below. 
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We now define what we shall temporarily call HL-equivalence (extended 
L-equivalence). The conditions for HL-equivalence are the same as for 


L-equivalence except that we add empty matrices r"™’, r"*’, ... to a given set 


r",---, 1’, and allow a primary expansion of r’, even if p > n, where initially 
r’ has no rows or columns if p > n + 1, and has no rows and a, columns if 
p=n+1. If p> na primary expansion of r’ will be called an extended ex- 
pansion of the set r",---,r. It is clear that EL-equivalence, like L-equiva- 
lence and for a similar reason, is an equivalence relation in the technical sense. 

Tueorem 1. If the matrices r",---,1r and s",---,s' are EL-equivalent, 
then they are L-equivalent. , 

To say that r",---,r' and s",---, s' are EL-equivalent is to say that ma- 
trices F”, --- ,f' and 8”, --- , §' are related by a transformation of the form 
(2.1), with n replaced by m = n, where f”, --- ,f and §”, --- , §' are obtained 
from r",---,r and s",---,8s by expansions and extended expansions and 
&y,---,@m are elementary matrices. The theorem will follow from induction 
on m when we have proved that r”,--- , r' and s",--- , s' are EL-equivalent 
under a transformation in which no primary expansion is applied to r” if 
p > m — 1, unless m = n, in which case there is nothing to prove. I say that, 
in the given sequence of expansions, the primary expansions of r”, if there are 
any, may be applied last of all. For if p < m — 1 a primary expansion of r’ 
is obviously interchangeable with a primary expansion of r”. The effect of 
expanding r” ' before, instead of after r”, is to interchange the rows which are 
added by the given secondary and primary expansions of r”, and also the 
corresponding columns of r”. Therefore we may postpone the primary expan- 
sions of r™ till the final stages of the expansion and, if necessary, include certain 
permutations of the rows of ?” and the columns of ¥” in the transformation 
(2.1). So we have to prove that matrices r’”’, --- ,f and s’”", --- , §' are 


L-equivalent if €", ft", f””, ... , and 8”, 8” ’, 8" *, ... , §' are related bya 
transformation of the form (2.1), in which ap, --- , a, are elementary matrices, 
, ’ ’ 
where 
ym—1 
—m __ 10 werk r 
. = | ’ ex. ||, r a ’ 


(2.2) 


= ||O,e||, 9 3" " 














and k = l, since the matrices fF” and §” have the same shape. This being so, 
we have 


Pi qi Pi qi 
a||0, ex || 10, ail 
Pe qe 


| 
a 
= || ape, aq: || 


= || 0, e: ||, 








na- 
rm 
1ed 
ind 
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where @ = @» and 


» \aomn [Pi qi 


—_ = ’ 


Pe q2 


q: being a square matrix of degree k. 
Therefore pp = 0 and q: = a. Sincea - is regular it follows from lemma 1 
that am—1 is of the form 





whence 


It follows from an argument in the proof of lemma 2 that 


» c—ca ‘al b 0 

,0 a 0a 
is an elementary matrix. Therefore, writing n = m — 1 and omitting the 
primes and dashes, the theorem will follow when we have proved that two sets 
of matrices r", --- , r and br", --- , r' are L-equivalent if b is a square matrix, 


such that 


|b 0 
e's 


. Pe e . 8 e 
is an elementary matrix, where a is some elementary matrix. To prove this 


> 4s 
we first expand r”, transforming r” and r” into 


1 


r" 0| 


ue 
and : 
O & | 0 





where & is the degree of a. Since a is an elementary matrix, so obviously is 


le. 0O 
lo a || 


(a = Qn). 











* See note II, in §6 below. 
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Therefore r", --- , r' are L-equivalent to f", ft", --- , r', where 
»_|* Oj |x" Ojjjje. 0 | 
0 all||O el || 0 a || 
[br Ojl|le. 0 || 
“to allio a "|| 
br" 0 
e 0 el 
ee 0|| |r" 
0 a 0 
| 1 
“F f 











n— 


But f", fF" * contract into br”, r”’, and the proof is complete. 

Two sets of matrices, r", --- , r' ands", --- , s', will be described as L”-equiva- 
lent, for any m 2 0, if, and only if, they satisfy the conditions for EL-equiva- 
lence, except that, in addition to expansions and extended expansions, we may 
add a final row of zeros to r“ and a final column of zeros to r’*’, for any k > m, 





on the understanding that, if a, = 0, then is an empty matrix having 





of 
| 0 
a, + 1 rows and no columns, with a similar convention concerning || r“*’, 0 || 
if oxy: = 0. Thus, in passing from r", --- , r' to s", --- , s' by a series of ele- 
mentary transformations, one may, at any stage, apply such a transformation 
or its inverse. Notice that L-equivalence implies L”-equivalence for every 
value of m, and that L”-equivalence implies L‘-equivalence if m > q. Clearly 
L”-equivalence is also a symmetric and transitive relation. We shall prove 
that, if m 2 n, then L”-equivalence is the same as L*-equivalence, subject to 
the following condition on the ring ®. If 


0 ee; 0 e;| 
10 0 0 0| 


where a and b are regular matrices of appropriate degrees, then k = 1. This 
condition is satisfied’ if there is a homomorphism, ¢(®) = Mo, of KR on a com- 
mutative ring Jt) , which contains at least two elements. For the determinant 
of any square matrix, whose elements are in %p , can be calculated in the ordinary 
way, and hence the rank of any matrix. If s = arb, r = a’sb’, where a, b, 
a’, b’, r and s are matrices with elements in 3, it follows from the standard 
argument that r and s have the same rank. Since 3 contains at least two ele- 





(2.3) a = 


? 























® See note II, in §6 below. 
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ments and since ¢(e)@(z) = (ex) = (x) for any g(x) € Ro, it follows that Rp 
has a unit element, namely ¢(e). Therefore ¢(e) is not nilpotent, whence a i 
determinant with ¢(e) down the main diagonal, and zeros everywhere else, is BS a 
not zero. On replacing e, a;; and by, , in (2.3), by (e), ¢(a:;) and $(by,), where ie. ‘el 
a = || ai; ||, b = || ba, ||, it follows from equality of rank that k = 1. ; ua 

THeoREM 2. Subject to the above condition on ®R, if two sets of matrices 
r",.--,r and s",---,8 are L"-equivalent, then they are L*-equivalent. Con- 
versely, L*-equivalence implies L”-equivalence for every value of m. | f 

Let r",---,r and s",---,s' be L”-equivalent. Then r",---,r' and 
s",--- , S can be expanded, by elementary and extended expansions and trans- 















sl 


r| | 
0 (k > n), into sets f’,--- ,f 

















formations of the form r’*’, r* = || r“*7, 0 ||, 





and §’,---,8 (gq = n), such that 8” = a,¥’a>', (p = 1,---,gq), where | 
a, +++ ,€@, are elementary matrices. As in the proof of theorem 1 we may \t Ny 
suppose that the primary expansions of r",--- ,r' and s",--- , s' are applied | baa 
frst in the expansions r° > f” and s” > s§”. Without altering the notation, let | 
us assume that they have already been applied. Then, after rearranging the 

































































‘. rows and columns of f”** and 8””’ if necessary, we have ber 

ball | un f 

ay snt+l fod 0 ex a . a: 

m, 0 I "4 

ng ‘0 e 2 s”|| ee 
s : = (k,l 20), 1 

| 0 07 +e 

e- , 

n where the bottom rectangles of zeros in f” and 8” contain k and I rows respec- 

y tively, and the bottom rectangles of zeros in f"*' and §"* may be empty. If 

y k = 1 = 0 the matrices r",--- , r' and s", , 8 are L-equivalent. Other- | 

e wise it follows from the relation a, f"" = sa, and the condition (2.3) that Nae 

0 k = 1, and we have ra 
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b: and qe being square matrices of degree k. Also 
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Since k = 1 it follows that s" = pir"a;/1, and we have only to show that the 


matrix p: is regular. From (2.4) we have an 






















































































0 bi || De q2 “ 
cel 
| 0 ball ~ fo 
whence by = 0, pp = 0, b; = q2. Let 1 
in 
bi «|| bi bz of 
be Ce ci call th 
re 
Since be = 0, we have el 
bi be|||/b: cil] {bibs «| . 
= = e, 
c be Co of e| 
for some r > 0. Therefore b; has a left inverse. Since pp = 0, qe = b;, and 
since | 
Pi qi 
0 qd 
is a regular matrix, it follows from lemma 1 that p; is a regular matrix, and the 
first part of the theorem is established. . 
Conversely, let r", --- , r. ands", --- , s' be Ye and, given m = 0, 
let us introduce eit matrices et eet MR gee st! if m = n. 
Then the sets r’,---, 1 and s‘,-.-- ,s' ave obviously alien. where 
k = max (m, n) + 1, and by seats 3 there are sets f’,--- ,f' and s*, --- ,8, 


which are L-equivalent to r’,.--,r' and s*,---,s' respectively, such that ! 
s‘ = ar’, 8” = f” for p = 1, --- ,& — 1, where a is a regular matrix. Let 


r 
0 10 


Ww here the number of zero rows indicated by 0 is the same as the number of rows 
in fF and s*. Then 


ak 
ak ak s s 
r : s = 





’ 


























and the theorem follows from lemma 2. 

Corotiary. If r",---,r' and s",---,s' are L"-equivalent, then they are 
L"-equivalent for every m = 0. 

In the second part of theorem 2 it follows from the argument in theorem I, 


which i A eee to in the first part of theorem 2, that the transformations r 
a | s* | 


" =| 0 |, | 0 | | may be applied before any primary expansions of r’, ' : 


anS,---, 3 on taking m = n, we have the addendum to theorem 2: 
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AppenpuM. Ifr",---,rands",---,s' are L*-equivalent, thenr™, ... , 
ands", --- , 8 are L-equivalent, for any m = n, where r™*! and s”*" are certain 
empty or zero matrices if m = n, and r” and s” (p = n+ 1, ---,m + 1) are 
certain empty matrices if m > N (Ami: 2 0, @m = +++ = Anyi = 0). 

We now assume that r’r”* = 0 for each p = 2, --- ,n, where 0 stands for 
an empty matrix if either a» = 0 or a,» = 0. This condition is obviously 
invariant under all our elementary transformations and under transformations 
of the form (2.1). On this assumption, we shall prove a lemma, which brings 
the elementary transformations by which L-equivalence is defined into closer 
relation with elementary deformations of complexés. Let us extend the terms 
elementary expansion and primary expansion so as to include any transformation 
of the form 





























emer of 
|:? o| O|| lle. O 
r—- = 
(2.5) la g || O ej|ia g (a = ap4) 
r” || e. 0 || \|r?7 
rs | = ‘ 
b | —g'a g’|||| 0 


























where a stands for any row || a;, --- , de || (a ¢®), g eG and b stands for the 
row —g ar” ’, of which the j* element is 


a 
—g" > QyTk; (j=1,--+, apex” = || nj | I). 


The inverse of such a transformation will be called an elementary contraction. 
In this definition it is to be understood that the new rows and columns are indi- 
cated as the last rows and columns in (2.5) merely for convenience of notation. 
Thus the removal of the yu“ column and the k row of r’ in case rj, ¢ G, r?, = 0 
if j ¥ k, together with the pu row of r’’ and the k* column of r””’ will be called 
an elementary contraction. Notice that, if rf, = g, rj, = 0 (j ¥ k), where 
g «G, or if g is any regular element, then the uw" row of r” ~ has the form indi- 
cated above in consequence of r’r?’ = 0 and the k* column of r”™ consists 
entirely of zeros since r?*'r? = 0. 

Let r",---,r' and s",--- , s' be L-equivalent sets of matrices (r’r’’ = 0, 
s’s” = 0). We add empty matrices r"™’ and s"*’ to these sets, on the under- 
standing that a primary expansion of r"*’ is to be regarded as an elementary 
expansion, not as an extended expansion. 


Lemma 4. The matrices r"*1, ..- , r' can be transformed into s"™', --- , 8 bya 
sequence of elementary expansions and contractions. 
First let r? = s’ for p = 1, ---, — 1 and let s" = ar", where a is an ele- 


mentary matrix. Then r” can be transformed into s” by a sequence of ele- 
mentary transformations of the form p; — gpi + Ap; (¢ ¥ Jj), where g €G, » « R 
and p, denotes the kt row of a given matrix. Taking 7 = 1,7 = 2, for sim- 
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plicity of notation, this transformation is the resultant of the elementary ex- 
pansion and contraction 





ris lle, —J, “A, 0|| or 
(gp: + Ape (9pi + Xp | 
| 
eof [a] # |. 
| Pay Pan 




















in which the row gp; + Ap: is created and p; is then deleted. Thus the special 
case of the lemma is established. 

In general, we assume, as in lemma 3, that, after certain initial expansions, 
the two sets of matrices are already related by equations of the form (2.1), in 
which a , --- , a, are elementary matrices. Let a, --+ , ap-1 be unit matrices, 
for some value of p (0 < p < n), this condition being vacuous if p = 0. Then 
we expand r’”, r’"’, r’ and s””’, s’*", s” into the matrices fF’, 8° (¢ = p, p + 1, 
p + 2), where 














: : 3 a,r’|| —|is? | 
ry ” || 0, I, ie _ +1 ll; _ ; 1 | | ’ 
"| ri ile 
| _ 9-1 Pp || P || 
=pt2 pt2 =ptl _ ap Cay ap LON Ge | «in 
s pans || 0, Ss I, Ss a +1 , s anil Dew || = Ss ° 
| s° 0 a, s’| ies | 
la | 
If a and b are elementary matrices, so obviously is | 0 b ||: Therefore it 
follows from an argument in the proof of lemma 2 that 
I —a, 0 
api = 
g?*! Ap+1 


is an elementary matrix, and since s’’a, = apr’ we have 


—1 
= sptl _ —~ap Cay _ spti 
ap4il — pti =S5 . 
s 0 
Also it may be verified that 
1 —ap 0 
api ? 
1 -1 
and since r’*’r’*? = 0 it follows that 
—a, 0 | 
spt2-—-1 _ 1; +2 P 
Apso ap = | 0, Ap,oI” || rt ail | 
Ap+1 





= ||0, apyer?”*azis || 


= grt? 
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The conditions are now as before, with p replaced by p + 1. Therefore the 
lemma follows from the special case and induction on p. 

We conclude this section by recovering, in a modified form, a result due to 
Reidemeister,”’ concerning three given matrices a, b and c, which satisfy certain 
special conditions. First, the ring Rt, to which the elements of a, b and c belong 
shall be commutative. Secondly, a, b and ¢ shall be of the form a = || a} ||, 
b = || BF | and ¢ = || ef || (7 - 1, er gay A= 1, “> an 1, oooh 
t = 1, --- ,qg), where the superscripts indicate the rows, and finally we assume 
thtm—-n=p—q=r20. Then, using a notation which is familiar in 
tenser analysis, we define 


i i 
Ajyeeedg = Ciqe-eig Ort +9 QR, 


p1°°*Be Pl***Pq@i++ Or 1 Ur 
MF = Ty CMa Ansa + ome © c eee a 


Crt ae gfto"taght ... ote 
1 q? 


with the convention that B = e, the unit element in ®, ifr = 0. Stated in words, 
Aj,..-2, and C*'"*"** are the determinants | a}, | and | c?*| (é,7 = 1, +--+, nj8,t = 
1, --- , g) while +By!:- ‘x2 is the determinant of the square matrix obtained from 
|| bs || by striking out the rows b“, --- , b’ and the columns },,, --- , > 
unless A; = A; Or ps = op: for some 7 ¥ j or s ¥ t, in which case By}. ..4% = 0. 
We assume that 


(2.6) 


for some x e , and all values of the indices \;, p,. Then it follows from the 
tensorial character of the components A, B and C that this condition is invariant 
under transformations of the form 


a’=fag’, b’=gbh’,  c’ = heck’, 


where f, g, h and k are regular matrices of appropriate degrees. Moreover, the 
condition will be satisfied after such a transformation if x is replaced by x’ = rx, 
where z is a product of the determinants f = | fj |,g = |gp |, h = | ho |, & = | ki] 
and their inverses (actually x = f ‘gh"k). Clearly the determinant of a regular 
matrix is a regular element of #, and the determinant of an elementary G- 
matrix is an element of G. Therefore the multiplier z is a regular element, and 
7 eG if £, gh andk are elementary matrices. Finally it is easy to see that the 
condition (2.6) is invariant under an elementary expansion (not an extended 
expansion) of the matrices a, b and c, the factor x being unaltered. Therefore 
we have the lemma: 

Lemma 5. If the matrices a, b, c satisfy a condition of the form (2.6), so do any 
matrices a’, b’, c’, which are L*-equivalent to a, b, c, and with x replaced by x’ = x, 





Pls**Pq __ pis" "sp 
Ay,---r,C . t= SO Se 





1° Journal fiir die Math. r. u. a. (loc. cit.), §6. See also W. Franz, idem., 176 (1937), 
113-34. 

11 See, for example, O. Veblen, Invariants of quadratic differential forms, Cambridge 
(1933), chap. 1. 
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where m is a regular element of UA. If a’, b’, c’ are L-equivaleni to a, b, c, then we 
may take w « &. 

Clearly « is uniquely determined by (2.6), unless there is a non-zero \ ¢ 9, 
such that ABx}:: {2 = 0 for all values of the indices. The condition that there 
shall, or shall not, exist such & is obviously an invariant of L*-equivalence. 
Therefore, if x is uniquely determined, so is x’, and w is uniquely determined un- 
less x is a O-divisor, including’0 itself among the O-divisors. In particular, « 
is uniquely determined if r = 0. 


3. In this and the next section we study the relation between the algebra in 
§2 and the topology of finite, connected complexes. We first correct the error 
in Q.J. Let Ky and Kz (n 2 p) be two finite, connected simplicial complexes 
and let r”, --- , r ands’, --- , s' be incidence matrices for Ky and K?, which 
are determined by Reidemeister’s process. The elements of r’ and s* are in the 
group rings, Ki, and R., of Ky and Kz. The (integral) group ring ®, of any 
group §, satisfies the condition concerning k and lin (2.3). Fora homomorphism 
of on the coefficient ring of ®, in this case the ring of integers, is determined by 
writing x = 1 foreachze. Returning to Ky and K?, if n > p we add empty 
matrices s", --- , s’*’ to the set s’, --- , s' and agree that, if p < q S n, then 
a primary expansion of s* shall be an elementary expansion, not an extended 
expansion. Let Kj and K? be of the same homotopy type. Then 7(K7) is 
isomorphic to 7(K3), and by a special isomorphism of ; on Se we shall mean 
one which is determined by an isomorphism of 7;(K7') on 7(K3). In the defini- 
tion of elementary G-matrices, and L-equivalence of the incidence matrices 
for Kj, we now take © to be the group consisting of all the elements +2, where 
cE (Ky ). ‘ 

Let 8, and 8, be two isomorphic rings and let ¥(91) = Re be an isomorphism 


of Rion R.. If r = || ra ||, where ra € 1, and if r~ = ¥(ra), we shall denote 
the matrix || 7; || by y(r). We shall describe two sets of matrices r”, --- , r 
and s”, --- , s', whose elements belong to Ri and MR. respectively, as X-equivalent 
under ¥(X = L or L*) if, and only if, the matrices ¥(r"), --- , ¥(r') ands”, ---,s° 


are X-equivalent. The terms HL-equivalent and L”-equivalent under y will 
have a similar meaning. What does follow from Q.J., is that the incidence 
matrices of Ky and K? are EL-equivalent under some special isomorphism 
(91) = Re if Ky and K? have the same nucleus. It then follows from 8.S., 
theorems 17 and 13 (pp. 277, 269) that the incidence matrices of Kj and K? 
are L"-equivalent if Kj and K? are of the same homotopy type. Hence, theo- 
rems | and 2 lead to the following theorem, which is also a corollary of theorems 
6 and 8 in §4 below. 

THEoREM 3. If Ki and K? have the same nucleus their incidence matrices are 
L-equivalent under some special isomorphism ¥(R:) = Re. If Ki and Kz are 
of the same homotopy type their incidence matrices are L*-cquivalent under a special 
tsomorpi:ism W(Ri) = Re. 

In either case it follows from induction on the number of elementary trans- 
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formations by which one passes from K; to K? that the isomorphism ¥ may be 
taken from the class which is determined by some homotopy isomorphism™ 
f(Ki) © Kz. 

Theorem 3 states that the geometrical operations described in 8.8. can be 
copied algebraically by the operations described in §2 above. We now turn to 
the converse question: “to what extent can the algebraic transformations be 
copied geometrically?” In order to study this question we introduce what we 
call membrane complexes, which are, so to speak, more elastic than simplicial 
complexes. Before defining a membrane complex, we modify the definition of a 
simple membrane, given in 8.8., p. 263, by including among the simple mem- 
branes, first an n-element FE", and secondly any stellar subdivision cE", as a 
simple membrane, where E” is any simple membrane. If E" = E", an n-element, 
then its boundary” F(E"), shall be the identical map of £" on itself. Let F(E") 
be a simplicial map f(S"’) C K, where E” is a given membrane, and let (A, a) 
be an elementary sub-division of E”. If the simplex A is internal to E” then 
F(cE") = f(S"”), where o is the subdivision (A, a). If A C F(E"), let o: 
be the sub-division of S”™ in which all the simplexes in f'(A) are starred. Then 
F(cE") shall be the simplicial map f’(o,S"’), in which f’(b) = a if b is one of the 
new vertices introduced by o; , and f’(b) = f(b) if b is one of the original vertices 
in S"”. By reiterating this construction we define F(cE"), where o is any 
stellar sub-division. It is obvious that this extension of the definition does not 
invalidate any of the results in S.S. 

An n-dimensional membrane complex K”", will be defined by induction on n. 
A 0-dimensional membrane is a 0-simplex and a 0-dimensional membrane com- 
plex is a collection of 0-simplexes. We assume that an (n — 1)-dimensional 
complex K"™, has been defined (n = 1), and that it is a simplicial complex of at 
most n — 1 dimensions, whose simplexes are oriented and grouped together to 
form certain oriented simple membranes, which we shall describe as the cells of 
K"". Then an n-dimensional membrane complex is to be a complex of the form™ 


K* = K"'+ Er +... +E%,, 


where E? is an oriented, simple membrane, whose boundary is a simplicial, 
spherical map F(E7) C K"”. Thus K”" is a simplicial complex K", whose 
simplexes are grouped together in a particular way to form the cells of K". 





2 See note III, . 
'8 As in §.S., F(E”) will always denote the ‘“‘spherical’’ boundary of a simple membrane 
E’. F(E?) is a (simplicial) map, not a complex. We shall use E* to denote the boundary 
of an n-element E". The cycle in K»~!, defined below, which is determined by F(E®), 
will be denoted by 8E?. In fact @E% will only be used for membranes in a universal cov- 
ering complex of a given complex. 

14 As a matter of convention we allow this set of membranes to be empty, in which case 
K" = K™"1_ Thus K* stands for a complex of at most n dimensions in the ordinary sense 
of the word, and it is to be assumed throughout this paper that n > 2. Asin 8.5., it is 
to be assumed that, in the above expression for K”, or in any similar expression, none of 
the membranes has in inner point in common with any of the others or with K"™?. 
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We shall call K", or any stellar sub-division of K", a simplicial sub-division 
of K" and shall say that K” covers K". We shall use K” (0 S p S n) to stand 
for the membrane complex consisting of the cells in K” whose dimensionalities 
do not exceed p, and K” will stand for the sub-complex of K” which covers 
K’ (not for the p-dimensional skeleton of K"). Notice that F(E?), where 
E? cK’, though it is a simplicial map in K”’, need not cover an exact sum of 
cells in K?™. 

It follows from the definition in 8.S. that a simple membrane is a combinatorial 
cell,” and from an argument in §.S., lemma 5, that, if K*" is a simplicial sub- 
division of K*"’, then any p-chain (p < q) in K*™’ can be deformed into K‘, 
with the part in K‘ held fixed. Therefore the p-cells E? C K” constitute an 
homology basis’® for the p-cycles in any simplicial subdivision of K”. It is to be 
understood that any ‘given complex’ is finite and connected, but we note that 
these definitions apply equally well to infinite complexes. In particular a uni- 
versal covering complex K”, of K”, is obviously a membrane complex, whose 
cells are the oriented membranes which cover the membranes of K”. It is always 
to be understood that the (oriented) cells of K” cover the cells of K” positively. 

We shall restrict the formal deformations of a membrane complex to deforma- 
tions in which the membranes may be regarded as undivided cells,” and the 
following arguments show that the main results in 8.8. are applicable to the 
resulting scheme. Let K be a given membrane complex and let E” be a new 
membrane bounded by a simplicial spherical map F(E”) C K, which is homotopic 
to a point in K. Let f(S”) C K + E’ be a simplicial map which is simple in 
E’, meaning that there is a p-simplex A” C E”, such that f '(A”) is a single 
simplex. Let E’™ be a new membrane which is bounded by f(S”), and let 
K, = K+ E”™. Then the transformation K — K, will be called an elementary 
expansion of the membrane complex K, and its inverse will be called an elementary 
contraction. By a formal deformation D we shall mean a finite sequence of ele- 
mentary expansions and contractions, whose resultant is a transformation 
K — D(K). Two membrane complexes Ky and K will be said to have the same 
nucleus if, and only if, K = D(Ko), where D is some formal deformation. Simi- 
larly we take over the definition of an m-group from §.S., defining an elementary 
filling of order p as a transformation of the form K — K + E?’, where E’ is a new 
membrane whose boundary is an arbitrary simplicial map in K”™’. 

Theorem 5 in §.8. is obviously valid for membrane complexes, on the under- 
standing that oK is the membrane complex which is obtained from K by a sub- 
division ¢K, where K is a simplicial sub-division of K. Theorems 11 and 14 
in 8.8. (pp. 264 and 272) are valid for membrane complexes. Indeed the proof 
of theorem 11 can be considerably simplified. For if F(E?) C K (i = 0, 1) and 





8 See, for example, P. Alexandroff and H. Hopf, Topologie, Berlin (1935), p. 245. 

6 That is to say, any p-cycle in K" is homologous to a cycle which consists of (integral) 
multiples of these cells, and if such a p-cycle bounds in K* it bounds a chain composed of 
the (p + 1)-dimensional membranes (cf. Alexandroff and Hopf, loe. cit., pp. 245 et seq.). 
17 Cf. note III, . 
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if F(E;) is homotopic in K to F(E;), then there is obviously a spherical map 
f(S") CK + Ep + Ef, which is simple both in Ej andin Ey. Therefore, assum- 
ing first that E; does not meet K + E}(i, 7 = 0, 1;7 ¥ i) except in F(E?), it 
follows that K + E? expands into K + E"”’, where F(E"*’) = f(S"). Therefore 


K + Ej = D(K + E>) (rel. K), 


where ‘rel. K’ means the same as in 8.8. If Ej and Ef have internal intersec- 
tions, we still have 


K + E; = D(K + Ez) (rel. K), 


where F(Ez) = F(E>) and Ez does not meet K + Ej + Ef except in F(E?). 
This establishes the generalization of theorem 11, and the generalization of 
theorem 14 follows from the arguments given in 8.8. We shall refer to these 
generalizations simply as S.S., theorems 11 and 14. 

Let K > K, = K + E"™ be an elementary expansion of K, where the map 
P(E") CK + E" is simple in the membrane E”, which does not meet K except 
in F(E") CK. Then I say that K expands geometrically into K, , in the sense 
of S.8., §5 (p. 258), where K; is a simplicial sub-division of K, and K is the sub- 
complex of K, which covers K. For, first let E” = EZ", an n-element, and 
let A" C E” be an n-simplex, which has but a single original in the map 
F(E"™’). After a suitable sub-division of EZ”, we may assume that all the vertices 
of A” are internal to EZ”, and the assertion follows from 8.8., theorem 1 (p. 250), 
the corollary to theorem 8 (p. 260) and lemma 6 (p. 265). If E” is of the form 
E" + C;("), as defined in S.S., p. 263, then E” — A” contracts into F(E"), 
where A” is any open simplex in E”. For E” = Ej + N, where £> is an n-ele- 
ment which contains’ Z” in its interior, and N is the set of closed simplexes in 
E", which meet F(E"). If A” « £” it follows that E” — A” contracts geometri- 
cally into N, and, from an argument similar to the proof of theorem 8 in §.8., 
that N contracts into F(E"). If A" e C;(£") it follows from an argument similar 
to one on p. 281 of S.S. that E” — A” contracts into F(E"), Finally, if E” = 
o{E" + C;(£")} it follows from what we have just proved and §.S., lemma 7 
(p. 267), that E” — A” contracts geometrically into F(E"), where A” is any open 
simplex in E”. Therefore it follows from 8.S., lemma 6, that K expands geo- 
metrically into K, and the assertion is justified in each case. Hence, and from 
S.S., lemma 5 (p. 265), it follows that, if Ko and K, have the same nucleus or 
m-group, for a given value of m, then so do any simplicial sub-divisions of Ko 
and K,. The converse, and also the generalization of theorem 17 in 8.8. p. 277, 
follows from the theorem: 

THEorEM 4. If K is a simplicial sub-division of K, then K = D(K). 

If K = D)(K*), where K* is any simplicial complex (i.e. a membrane complex 
whose cells are simplexes), we have K = D,(K*), where K is a simplicial sub- 
division of K, whence K = D,)D;'(K). Therefore the theorem will follow when 





18 EF} may be regarded as a triangulation of #” + (E" X (0, 4)) (Cf. 8.S., p. 259). 
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we have proved that K = D)(K*), where K* is a simplicial complex. This is 
trivial if K consists of a single vertex, and we shall prove it by induction on the 
number of cells in K. Let K = Ky) + Ef, where E; is a cell of maximum dimen- 
sionality, and Ky consists of the remaining cells in K. By the hypothesis of the 
induction, there is a simplicial complex Ko , such that Ko = Do(Ko), and by S:S., 
theorem 14, Dy may be extended to a deformation K — D,(K) = Ky + E” = K,, 
say, where E” = D,(E;), and K, consists of the simplexes in Ko , together with 
the cell E”. Let Ej be a new membrane with the same boundary as E", which 
does not meet K; except in F(E>) © Kg’, and let A” e Ep be an open n-simplex, 
whose closure is internal to E>. Let K* = Ky + Ej be the simplicial complex, 
whose cells are the simplexes in Ky and in Ej, and let E"™ be a new membrane, 
whose boundary is the n-sphere’® E” — Ej. Then F(E"*’) is simple in A", 
whence K;, expands first into K, + Ej — A”, and then into K, + E”™”. But 
F(E"*’) is also simple in E”, whence K, + E”™ contracts into K*, and the 
theorem is established. 

We now proceed to the algebraic description of a (membrane) complex K". 
Let K" be a universal covering complex of K”, and u(K”) = K”" a locally (1 -- 1) 
map of K"on K". Let E° = Ej, say, be an arbitrary vertex of K” and let E’ « K" 
be an arbitrary vertex in uw '(E’). We take E° as the base point for m(K"), 
and identify each element in the covering group” of K” with the element of 
m(K") to which it corresponds in the isomorphism determined by E° and E°. 
Then an arbitrary vertex in u‘(E°) will be denoted by zE°, where x ¢ ™(K"). 
Let V be a (connected) tree which contains K° and is a sub-complex of K’, and 
let zV be the component of u#(V) C K” which contains zE°. Let Ei, ---, E; 
be the oriented 1-cells of K’, if there are any, which are not in V, and let rE; be 
the 1-cell of K" which covers E; positively and whose initial point is on 2V. 
In calculating the incidence matrices r’, r' for K", we shall treat V as if it were a 
single point, ignoring the 1-cells in V and the vertices other than E’. On this 
understanding, we shall take” V = 1V and E} = 1E} as basis elements for the 
0-chains and 1-chains in K”. Similarly we shall treat V as if it were a single 
point in setting up a system of generators and relations for 7(K”). Thus any 
segment s C K’, which begins and ends on V, is to be automatically transformed 
into the circuit s) + s — s,;, where s) and s; are segments on V which join E’ 
to the first and last points of s, and s;(i = 0, 1) is non-singular unless it degen- 
erates into E’. Such a circuit is determined, up to homotopic deformation 
over K’, by an expression of the form 


(3.1) s=aEi,+---+e¢Ei, (a = +1), 


in which the summation is non-commutative and the last vertex of Ej, is joined 
to the first vertex of @4:Ei,,, by a segment on V. The corresponding segment 





19 Cf. S.8., p. 264. 


20 T.e. the group of homeomorphisms (covering transformations) {(K") = K”, such that 
ut = u. 


1 We now denote the unit element in any group, and in its group ring, by 1. 
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in K", which starts at V, is given by an expression of the form rer: 
(3.2) S= 6mEj;,+--- + €qX,E;,, ‘ 


where 2, € 7:(K"). The circuit (3.1) and the segment (3.2) are also represented 
by the product 







(3.3) t= a;} ae % a;s , 





where a; is the (free) generator of the free group §, = 7:(K'), which corresponds 
to the ‘circuit’ Ej. Let # be the group ring of K”, and let 


(3.4) C=nEi+.-.-+ rit (roe ®) 























be the chain which is obtained by simplifying (3.2), with commutative addition . 
Since $ is an unbroken segment we have 







(3.5) = (x — 1)V, 





where dC denotes the boundary of a given chain C. In particular dE} = te 
(a; — 1)V, whence r’ is the matrix with a single column and a; = 1 in the it > ie 
row, ifk > 0. If k = 0, then r' has one column and no rows. 
We now calculate the coefficients x, in (3.2) in terms of the product (3.3). 
Let & be the part of 8 which is given by y, = af! --- af, with & = E°, yo = 1. | 
Then the last vertex of 3,;, and hence the first vertex of 42,E; , are on y_1V. 
Therefore, if « = +1, the first vertex of 2B}, is on y,.V, whence 2, = Yr - 
If « = —1 the first vertex of 2,E;, is on y,-14;, V, in which case 2, = yx1@;, . 
Therefore” 
















2 = ajl--- apr} if gq = +1 
(3.6) . 
= aji.-- aj if g = —1. 













Notice that, in either case, 


tal 
©2)0E;, = Yn—1 (a5? mo 






= (y. — w)V. 





Therefore, if 0 is an abstract operator such that dE; = (a; — 1)V and 
A(r:Ci + reC3) = r9Ci + dC}, for any pair of chains C{ , C2, and elements 
m1, re C R, then (3.5) follows by a purely formal calculation from (3.2) and 














22 In formal calculations which involve (3.6) one must remember the ambiguity in the 
notation, which is referred to in note III;. Thus (3.3), as an alternative expression for 
(3.1) or (3.2), is simply a product of the generators. On the other hand the coefficients 
in (3.2) are elements of ,(K”), and x, may be replaced by any product of the generators 
which represents the same element. For example, it may be verified formally that C' = 0 
ifz = 1 in § , where z and C" are given by (3.3) and (3.4), and hence that, if a = yxy", 
where z; = 1 in m(K*), and if C} is the chain which corresponds to xz; (¢ = 1, 2), then 
C) = yC} (ef. (4.2), below). . | 
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(3.3). Notice also that 
(3.7) — m(aq, -— 1) +--- +r(a, —1) =2-1 


in consequence of (3.4) and (3.5). 

Let Ej, --- , Ez, be the 2-cells of K", if there are any, and let f,(Sx) C K' 
be a map which is equivalent to the spherical boundary F(Ex). If fi(Si) ¢ 
K' — K’ for some value of \, then f,(\S;) is internal to some 1-cell in K', since 
it is connected, and is therefore homotopic, in K’, to a point. If not, we choose 
a base point p, ¢ S,;, such that fi(pr) = E} eV, where E} is any vertex of K’., 
In either case F(E3), with the base point fx(p) if F(EX) € K’ — K°, determines 
an element Ry ¢ §,, where R, is the element 1 ¢ F, if F(EX) CK’ — K°. Then 
m(K”") is generated by a; , --- , ax , subject to the relations Rj = --- = R,, = 1. 
We shall denote this system of generators and relations by R, and shall call it 
a natural system,” of generators and relations for m(K"). It is uniquely de- 
termined by the choice of V, the choice of orientations for E; and E; and of the 
base points py € =. oF (Ej) ¢ K' — K° let A} be a closed simplex in Ej , 
which meets F(E;) in the base point f,(p,) and nowhere else. Let A} C R’ 
be the simplex in u~'(A3) which meets V, and let Ex C R’ be the cell in uw '(EX) 
which contains AX , or any cell in u*(E}) if F(EX) C K' — K°. Then the chain 
boundary dE; is given by (3.4) when R, is given by (3.3). Therefore the in- 
cidence matrix r, can be calculated algebraically from the system R. 

Let E? C K® be an arbitrary cell in uw ‘(E%) for each q = 3,---,n and 
i= 1,---,a,. Since the cells EP (A = 1, --- , apa; p > 2) constitute an 
homology basis, with coefficients in R, for the (p — 1)-cycles in K?™, and since 
homology implies equality in the top dimension, it follows that the chain bound- 
aries 0E? are given by equations of the form 


@p—-1 
ay = FRE (rhe B). 
A=1 
We shall describe the matrices r’ = || rj, || (p = 3, --- , n), together with the 
matrices r’, r' which are determined by R, as natural incidence matrices for K". 
Since r’ and r' are determined by R, the system (r, R), which consists of the 
incidence matrices r",.-- , r’, together with R, provides at least as precise, 
and possibly” a more precise description of K" than that given by the natural 
incidence matrices. We shall call (r, R) a natural system for K". 
We now investigate the conditions under which two complexes may be de- 
scribed by the same natural system. The following arguments lead up to the 
statement that a natural system for a given complex Kj , is unaltered by a 





*8 Any system of generators and relations is a natural system for some complex K? 
(cf. O. Veblen, Analysis Situs, New York (1931), chap. V, §24). Thus the system & may 
be arbitrary except that, for the purpeses of this paper, it shall be finite. In particular 
there may be no generators and a = 0 vacuous relations. Or we may have a = 0, k > 0. 

** The question implied is: “to what extent is K? determined by an abstract knowledge 


of m(K?), together with given expressions for r?, r1, in terms of an arbitrary representa- 
tion of 2,(K?)?” 
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‘trivial deformation’ defined below of Kj. Let Kj be a given complex (n > 0) 
and let 


be any formal deformation of K? into another p-dimensional complex K? . It 
follows from induction on q (p < gq S n) and SS., theorem 14, that the deforma- 
tion D, can be extended to a deformation 


Kj > Ki = D,(K) 
= Ky'+Ent+---+Ei.,, 








where 
Kj = Ki" + Ei + - 7+ Eva, 


and Ej, = D,(Ej,). Thus D,(K?) can finally be extended to a deformation 
D, (Ko), which is also an extension of D,(K¢) for each g = p+ 1,---,n — 1. 
By S8.S., theorem 5, there is a complex K> , which contracts both into K? and 
into some subdivision of K? , which, for the purpose of this argument, we may 
take to be K? itself. On comparing the proof of §.S., theorem 11, which is 
given above, with the proof of theorem 14 in §.S., we see that there are com- 
plexes K3,,,--- , Ka, such that 


Ky = Kyii+cf4+...+¢% @=ptl,---,n), | 


a 


ee ee 


where C¥”’ is a ‘deformation cell’ for the formal aermation Ej}, — Ej, = D,(Et). 
The spherical boundary F(C{") consists of Ej, , Ef, and a deformation cylinder 
for the homotopic deformation F(Ej,) — F(Ej)) in . . Then K* contracts 
into 


) aah + K? = x + E! il +: i+ Eta, (¢ - 0, 1), 


anne 


and so, by induction on g, into K{. Therefore there is a projection 
fra(Ki-1) = Kf" and a projection g(K;) = K3_, + Ki, for a given value of | 
q > p, where a projection means a transformation f, such that f° = f. Let ; 
f.1 be extended throughout K>, + Ki by writing fo-(p) = p for each point 
peKi. Then f, = f,-g is a projection of K* on Kj, such that f(Ki1) = 

f.a(K>.) = K¢", and it follows from induction on it that there is a projection 
(Kx) = Ki, such that f(K?) = K? for each Be ,n. After a suitable 
deformation of the map fn we assume that f(E}) is a nine ae E; « K} , where . 
is a given vertex of K?. Let K* be the universal covering complex of K> , 

which a point P e K* is defined as a class of curves joining E; to a given ah 
p = u(p) €K*. Since K> contracts into K? (¢ = 0, 1), whence the latter is 
a retract by dolituiiiien of K> , it follows that K? = u'(K?) is a universal 
covering complex of K?}. Let f(Kx) = Ki be the projection of K* on Rf in 


q = 0, then K* consists of isolated simply connected complexes, each of which 





Ky — K? = D,(K?) O<p<n) * 








which a given point p e K* , represented by a segment s, joining E; to u(p) « K, if or 
is transformed into the point which is represented by the segment f(s). If i a 
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contracts into a vertex of K? (¢ = 0, 1). Similar remarks apply to 
Ky = w (Ko), and it is clear that f(Ko) = Ki. In any case the cells in K* 
but not in K* , are at least (q + 1)-dimensional, and hence at least 2-dimensional 
if qg > 0. Therefore, if g > 0, we may take s C K> , whence f(s)_ C Kj and 
again iE) = Ki, where K* u'(Kr). Therefore, j(K>) = K% for each 
eal hie Xe, and p 2 0. Binee K* contracts into Kf it follows that any 
circuit iad K* , which begins and ends at E; , can be deformed into K{ , with 
E’ held fixed.” Therefore fi = tf, where t is any covering transformation of K> . 

Since f(K7) = Ki (r = q¢-—1,q;3¢> P); and since homology implies equality 
between relative g-cycles in Kf , mod. Ki", the projection f determines a homo- 
morphism y, , of the group of g-cycles in K* , mod. K>, , on the group of q-cycles 
in K¢ 2 mod. K7", and ¥(C’) = C* if C7 CK. A silsitive. g-cycle in KY, 
mod. K{"", is simply a q-chain which is composed of the cells in uw '(E{,). There- 
fore the transformation given by C*% — y,(C*), where C‘% is an arbitrary q-chain 
in Kj , is a homomorphism of the group of g-chains in K3 in the group of q-chains 
in K}. 

Let R and R’ be natural systems of generators and relations for 2;(Ko) and 
m (Kt), with Ej} and E; = f(E») taken as base points. Let m(K/) (i = 0, 1) 
be identified with the covering group of K? , by taking E$ as a base point in 
K° , where E} corresponds to a segment s; , joining E} to E} , such that f(s;) C K} 
is homotopic to a point.” Then the map f(Kj) = Kj determines a natural 
isomorphism yW{7:(Ko)} = m(Ky ), in which corresponding elements, regarded as 
covering transformations of K? and Ki , are the transformations induced by 
the same covering transformation of K*. Let z > & = (2) be the isomorphism 
of the symbolic group” Gz on the symbolic group Gp (x e Gr, Fe Gx), by 
means of which y is expressed algebraically, and let r — 7 = ¢(r) be the cor- 
responding isomorphism of # on R’, where R and §’ are the group rings of Gz 
and Gz. Since ft = ¢f, it follows that yt = ty, , whence 


(3.8) veld nEi} = > Av(ED), (Q=ptl1,---,n), 


where the coefficients r, and 7, = 
of R and MR’. 

Let E%, be the cell in u'(E%,), which is chosen as a basis element in defining 
a set of natural incidence matrices for Kj . If g > p we have 


¢(r,) are expressed algebraically as elements 


E4, — FE’, = acy (mod. ¢..), 





25 See alsu 8.8., theorem 15. This fact has been referred to, by implication, in the 
statement that K{ is a (single) universal covering complex of K* . 

25 We may take s to be of the form —f(s) + s, where s is any segment which joins 
E’ to E}. 

7 Cf. flote IIIs. @ stands for the group defined by a given set of generators and 
relations R. 
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where Cf" and Ej, are certain cells in u(C¥") and w1(E4). Since homology 
implies equality in the top dimensions, and since y,(C*) = C* if C’ C K?, we 
have the equality, 


¥_(E%) = F%, (mod. K$~*), 
between relative g-cycles, which may be interpreted as the absolute equality 


(3.9) (Ed) = Fy, (qqQ=pt+l,---,n), 


between chains. If gq > p+ 1 it follows from the relation df = fd, or d¥, = Wo-10 
and from (3.9) and (3.8), that 


dE, = ¥_1(0EA) 
— ves( 3 TXa Bs." (a = Qq-1) 


= 2, RoBi (q=p+2,---,n). 
We express by saying that, if gq > p + 1, then the deformation D,, transforms 
the incidence matrix r*, for Ko into the incidence matrix ¢(r*) = || 7, ||, for 
K; . 

We now state three conditions under which Gz, is to be identified with Ge. , 
and in such a way that ¢ is the identical automorphism. Under these conditions 
we shall say that G, is unaltered by a deformation D(Kj) = Kj. First 
let D(K¢) be relative to Kj, as the term is defined in S.S., p. 255. Then the 
generators in the system R may be taken as the generators in R’, and the two sets 
of relations will be equivalent (i.e. each set will imply the other). Therefore 
Gr, = Gy. Also both Ki = Kj, and Ej} = Ej}, whence corresponding 
elements in the isomorphism W{2(Ko)} = m(Ky) may be represented by the 
same product of generators of Gz. Therefore ¢ is the identical automorphism. 
Secondly let’ D = o, where g is a stellar sub-division of some simplicial sub- 
division of K". Then, not only shall Gz and Gz, be identified, but also any 
natural system (r, R) for K” shall be identified with a natural system for D(K"). 
Finally let (r, R) be a natural system for K", and let V C K’ be the tree used 
in defining R. After a suitable sub-division of some simplicial sub-division of K” 
(e.g. sy, using the notation explained in S.S., p. 251) let D(K") consist of 
shrinking an edge in V into a point.” Then D may be copied by a similar de- 
formation of K", and (r, R) obviously determines a natural system for D(K"), 
which we identify with (r, R). Thus, by reiterating transformations of this 
form, V may be shrunk into a point without altering (r, 2). 

Let F(E},) — F(ER) (A = 1, --- , ap 3 2 S p S n) be a homotopic deforma- 





28 Cf. S.S., theorem 1. 
2° Cf. S.S., theorem 3. 
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tion over K?™’, where Efi, ---, Epa, are the p-cells of a membrane complex 
K*. Let K? = D,(K?)(rel. K?") be a ‘formal extension’ of the homotopic 
deformation F(Ej,) — F(Ef). That is to say 


K? = D,(Ki) (rel. K?™) 
= KP1+ER +... + Efe, 


and D, is given by the construction used in proving §.8., theorem 11, 
applied to each cell Ej,. We shall call D,(K¢), or any extension D,(Kj) 
(q=pt+1,---,n), of D,(K0), a trivial deformation. If D,is a trivial deforma- 
tion the arguments which lead up to (3.9) remain valid when g = p. Also 
Ge = Ge and g(x) = x. Therefore (3.10), with % = 7rx%,, is valid for 
qgq=pt+1,---,n. Since F(Ef) is homotopic to F(Ej,) it follows that 
dE}, + a dE}, ’ 

where E}, (i = 0, 1) are the cells which appear in (3.9), with g = p. Therefore, 
with the natural choice of basis cells in K? , the matrix r” is unaltered by the 
deformation. Also r‘ is unaltered if g < p, since D, is relative to K?*. The 
system R may obviously be taken as a natural system of generators and rela- 
tions for 7,{D(Ki)}, provided we choose a suitable base point on F(Ej,) if 
p = 2. Therefore any natural system, (r, R), for Ko , determines a natural 
system for D,(Ko), which we identify with (r, R). We express this by saying 
that a natural system, (r, R), for Ko , is unaltered by a trivial deformation. 

We conclude this section with a theorem which, together with theorems 8 
and 9 below, is a measure of the effectiveness of the theory developed here. 
The theorem may be compared with note III; , in §6 below. 

THEOREM 5. If n = 3, or ifn > 3 and z,(K") = 0 for s = 2,---,n — 2, 
then the nucleus of membrane complex K" is completely determined by one of its 
natural systems. 

Let (r, R) be a natural system both for Kj and for Ky , and if n > 3 let 
m(K>) = O for p = 0,1; 8s = 2,---,n —2. After shrinking a tree in K} 
into a point, we assume that K? is a single vertex E; , and K; a set of circuits 
which begin and end at E?. Since the system R is the same for both complexes 
it determines a (1 — 1) correspondence between the circuits in K} and in Kj. 
We identify each circuit in Kj with its image in this correspondence. Since the 
relations R, = 1 are the same for both complexes we have K} = D2(K3), where 
D, is a trivial deformation, which we extend throughout Kj. Therefore we 
assume that Kj = Ki. Let K? = K? = K”, say, where 2 < p < n. Since 
the matrix r’™ is the same for K?*' and for K?*" it follows that 


dB ~ oR = =oin SR? 
where E?;"’ (i = 1, --+ , apy1) are the (p + 1)-cells of K?*' and E77 Cc _ 
(eo = 0, 1) is the chosen basis element which covers E?;’. Since 2,(K’) = 
7.(K,) = Ofors = 2,--- ,p — 1, and since x,(K”) ~ ,(K”) if s > 1, where 


denotes isomorphism, we have 7,(K” ) = Ofors = 1,---,p— 1. Therefore 
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two maps fo(S”), fi(S”) C K? are homotopic to each other if” fo(S”) ~ fil 8”). 
Therefore F(E3;"") is homotopic in RK? to F(8?;*") for each i = 1,.-- » per 
Therefore F(Ej;"') is homotopic in K” to F(E?;*"), whence K?*! = D,,:(K?"), 
where D,,1 is a trivial deformation. The deformation D,,; may be extended 
throughout Ko , and the theorem follows from induction on p. 

Notice that, if K' = K° or if K’ is a single circuit, then theorem 5 remains 
valid if (r, R) is replaced by a set of natural incidence matrices. For in this 
case R is determined by r’ and r’, and even by the first and second integral 
incidence matrices. 


4. We now consider a system (r, R) from a purely algebraic point of view. 
We take R to be a particular (finite) system of generators and relations for a 
symbolic group Gz , and r = (r", --- , r°) to be aset of matrices whose elements 
are in the group ring ®, of Gg. The matrix r’™ is to have apy, rows and a, 
columns (p = 2,---,” — 1; ap 2 O), where a is the number of relations in 
the system R, which may be empty in the sense that it has az relations and no 
generators. Let r° and r’ be the matrices which are calculated from R by the 
methods explained in §3. Then it follows from (3.7) that r’r' = 0, and we 
require that r’r”"’ = O for p = 3, --- ,n. Weshallcallr”, --- , r' the incidence 
matrices associated with the system (r, R). We classify such systems by defini- 
tions of L- and L*-equivalence. These are stated in terms of certain elementary 
transformations of R, together with transformations of the kind considered in 
§2, which are applicable to the matrices r. These two sets of transformations 
are not independent, since the transformations of r° from the right are governed 
by the transformations of R, and conversely. This interlocking between the 
two sets of transformations enables us to avoid a familiar difficulty, which 
arises in dealing with deformations in a 2-dimensional complex and is absent 
in the higher dimensionalities.” 

The elementary transformations of FR shall consist of the following trans- 
formations: 

T, . adding a new generator a , anc a new relation of the form xagy = 1 (€ = +1), 

where x and y are products of the original generators;" 

T,. the inverse of T; ; 

. adding a new relation which is a consequence of the original relations; 

. the inverse of T3. 
It is to be understood any generator a;, together with a relation of the form 
za;y = 1, may be discarded by a transformation 72 , provided az' does not occur 
in z, y or in any of the other relations. If R’ = 7,(R) the symbolic group Gz. 
is to be regarded as distinct from Gz , and we associate with 7 the isomorphism 
o(Gz) = Ge , such that ¢(a;) = a;, where a, --- , a, are the generators of R. 





°° W. Hurewiez, Proc. Kon. Akad. Amsterdam, 38 (1935), 521-8, theorem 1, p. 522. 

‘t See, for example, theorem VII in H. Hopf and E. Pannwitz, Math. Annalen, 108 
(1933), 433-65. 

*? By a product of the generators we mean a product of the generators and their inverses. 
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With the transformation R’ = T2(R) we associate the isomorphism ¢(Gz) = Gz, , 
such that ¢(a;) = a; , ¢(a0) = (yx) *, where ap is the generator and zajy = 1 is 
the relation to be discarded. If R’ = 7,(R), where = 3 or 4, then Gz = Gz, 
and ¢ shall be the identical automorphism of G;. Thus there is, in each case, 
a definite isomorphism ¢(Gz) = Gz associated with the transformation 7; . 
Therefore a given transformation T(R) = R’, where T is the resultant of trans- 
formations of the form 7 ,,---,7s, determines a unique isomorphism 
¢(Gz) = Ge. It follows from the standard proof of a familiar theorem” that 
any isomorphism of @, on an isomorphic group, which is given by a finite system 
of generators and relations, can be expressed as a product of the transformations 
T:,---, %4. But, as we shall see, a system R, as part of a system (r, R), 
cannot necessarily be transformed into an equivalent system R’ C (r’, R’), 
since 7’, is to be forbidden except when it is consistent with a corresponding 
transformation of the matrix r’°. 

We now consider the transformations 7’; in relation to the matrices r", --- , r’. 
Let R’ = 7;(R) and let ¢(R) = MR’ be the isomorphism between the group 
rings of Gp and WG», which is determined by the corresponding isomorphism 
¢(Gz) = Ge. We first of all replace r” by the matrix” ¢(r”) (p = 3, --- , n). 
Then 7; shall be accompanied by the addition of a 0 column of zeros to ¢(r’). 
If T: is applicable to R, then the i column of r’ has +2 in the A“ row, for 
some x e Gz, and zeros everywhere else, where a; is the generator and R, = 1 
the relation to be discarded. It follows from the relation r’r’ = 0 that the 
\tt column of ¢(r’) consists entirely of zeros, and T2 is to be accompanied by the 
removal of this column from ¢(r°). Let Ro = 1 be the relation added by 73, 
where 


(4.1) Ro = mRyiay --- rgRxxq (x; € Ga). 
Then 

(4.2) dE} = andy, + --- + «2B, , 

or, after simplification, 

(4.3) aE; = ¢ 0B} +... + c.,08%,, 

for certain values of c; « R, where dE; (¢ = 0, --- , ae) is the linear form (3.4) 


when R, is the x in (3.3), and E} are now to be regarded as undefined basis 
elements for a modulus with coefficients in #. The addition of Ry = 1 to the 





%8 K. Reidemeister, Einfiihrung in die kombinatorische Topologie, Brunswick (1932), 48. 

*¢ If T = T, the same formal expressions may be used to represent r?, as ¢(7r%,), only 
rX, and ¢(r2,) must be interpreted as elements of different rings. If T = T2 we first of 
all substitute yx for ag‘, whenever the latter appears in given formal expressions for 7. . 
This does not alter the element r, « #, only its formal expression as a polynomial in the 
generators. The transformation r?, — ¢(r?,) may then be defined as when T = 7). If 
T = T; or T, we have ¢(r?) = r?. 
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relations of R is to be accompanied by an expanion of the form 


ex —exc | 


tel 


(4.4) r— 


where € = +1, x e Gz is arbitrary and — exe stands for the row || — exc, , --- , 
—€lCq, || together with the corresponding secondary expansion of r*. Con- 
versely, let (4.4) be a given expansion, in which z and ¢; , and hence — exc; , are 
arbitrary, and let (4.3) be expressed in the form (4.2). Then we accompany 
the expansion (4.4) by adding the new relation Ry) = 1, where Rp is of the form 
(4.1), with the factors 2;Rx‘z;" arranged in an arbitrary order. A transformation 
of the form 7,, in which R, = 1 is the relation to be discarded, shall only be 
applied if the \** column of r° has +2 (x € @,) in the 7" row, for an arbitrary 
i = 1,---, as, and zeros everywhere else. In this case it is to imply the con- 
traction of r’, in which the 7t* row and the dt" column are discarded, and the 
corresponding contraction of r*. Conversely, such a contraction of r° is only 
to be applied when R, =1 is a consequence of the other relations. In this case 
it is to be accompanied by the transformation 7; , in which the relation R, = 1 
is discarded. It is now to be understood that a transformation 7;(r, R) con- 
sists of the transformation R — 7;(R), together with the transformation 
r? — 7,(r”), where 7;(r‘), T;(r°) are the matrices into which r’, r° are trans- 
formed by the above rules, and 7';(r”) = ¢(r”) if p > 4, or if p = 4.and7z = 1 or 2. 

In addition to the transformations 7; we allow the matrices r" , --- , r* to be 
transformed as in §2. That is to say, we allow arbitrary expansions and con- 
tractions of r” (p = 4, --- , n), which must be accompanied by the appropriate 
secondary expansions and contractions of r° if p = 4, and transformations of 
the form 


p+l pt+1.—1 
’ 


r aie) ap r—a,r” (p = 3, +++, n), 


where a, is any regular, or elementary, matrix of degree a, , according to the 
kind of equivalence considered. Two systems (r, R) and (r’, R’), will be de- 
scribed as X-equivalent (X = L or L*) if, and only if, they are equivalent 
under the combined set of transformations, in which a, may be any 
regular matrix, of the appropriate degree, if X = L*, and is to be an elemen- 
tary matrix if X = L. More precisely, we shall describe (r, R) and (r’, R’) as 
X-equivalent under the isomorphism %, where ¢(Gz) = Gz is the isomorphism 
induced by the transformation 7(R) = R’. It is important to notice that ¢ 
depends on the actual sequence of the transformations 7; which appear in the 
transformation 7’, not only on the final result. For example, ¢ need not be the 
identical automorphism if Gp = Ge, or even if R’ = R. Clearly theorems 1 
and 2 are valid when restated in terms of equivalence between systems (r, 2) 
and (r’, R’). Let us describe as an elementary expansion of (r, R) either a trans- 
formation of the form 7, or 73, or an expansion of the form (2.5), where 
p > 3, and let us describe the inverse of an elementary expansion as an elementary 
contraction. It follows from the proof of lemma 4 that (r, 2) can be transformed 
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into any L-equivalent system by a series of elementary expansions and contrac- 
tions, provided we allow primary expansions of the empty matrix rs, 

Let «, denote the v column of r’, let x be a given element of Gz, and let 
4, » (A # uw) be particular values of v = 1,---,a.. I say that the 


transformation 
(4.5) Ry > Ry = «Rix 'R, (e = +1), 


accompanied by ky. > €e2) Ky > Ky — ex,z, is the resultant of a transforma- 
tion 7; , followed by elementary transformations of r’, r’, whose resultant leaves 
r' unaltered, followed by T;. For we first add the relation Ry = 1(R, = Ro) 


to R and the row rj; (i = 0, --- , a) to r’, where 
90 = 1, ron = —ed, Ton oa «8, Tor = 0 (v # A, B), 
and the columns rp = 6,0, To = 0 (a = 0,---,a3;k = 1, ---, a) to r and 


r’. We then clear away the elements of r’, which stand under rj, , by the trans- 


formations p; > p; + erixa ‘po (t = 1, --+ , a3), Where p, stands for the ¢” row 
ofr’. Asin lemma 4, it follows from the relation r‘r’ = 0 that the corresponding 
transformation of || 0, r* || leaves the latter unchanged. We now discard the 
relation R, = 1, and the appropriate rows and columns of the expanded matrices 
r‘, r’, and rearrange the notation so that Ry = 1 appears as the \** relation. 
The final result is the transformation (4.5). Notice that the transformation 
R, — «Rix is the resultant of transformations of the form (4.5), namely 


R, > «Ry‘x "Rk, > R,(aRx‘xR,) RR, = xRyx. 
Let (r, R) and (r’, R’) be two given systems, and let 1’, r' and r”, r” be the 


second and first two incidence matrices determined by R and R’. 
TuHreorEM 6. If the systems (r, R) and (r’, R’) are X-equivalent (X = L or L*) 


. ° e e ° . 1 
under a given isomorphism , then the sets of incidence matrices r",--- , r and 
1 r ° 
r’",.-., 2” are X-equivalent under ¢. 
. . 1 . . *,¢ 
This relation between r",--- , r' and r’”, --- , r” is obviously transitive, and 


if R’ = R and R is left unaltered throughout the passage from (r, R) to (r’, R’) 
there is nothing to prove. Therefore the theorem wil! follow from an inductive 
argument when we have proved it in case T is a singic transformation 7;. If 
? = 3 or 4 the theorem is implicit in the definition of 7;(r, R). On replacing 
¢ by ¢ the equivalence relation between r",---, rand r’”,---, r” is seen 
to be symmetric. Therefore it is sufficient to consider the case where i = 1. 
If a relation Ro = xajy = 1 is replaced by zRj'z' = 1 (z ¢ Gz), the 0" row of 
¢(r°) is multiplied by +z. Therefore we may assume that Ry = Oor, for some 
x which is a product of the existing generators. Then the Ot row of r” 
is || 1, aor, --- , aor: ||, where r; means the same as it does in (3.4) when z is 
given by (3.3). The i row of r” is a; — 1 (i = 0,--- , k), and since z = Qo; 
in consequence of Ry = 1, it follows from (3.7) that 


% — 1 = a(i — 2) 


-> aor;(a; — 1), 


a dt af sas Ge 06 


“a 


i= fF BF Th 


INCIDENCE MATRICES, NUCLEI AND HOMOTOPY TYPES 1225 


whence r”, r” are obtained from ¢(r°), (r') by an expansion of the form (2.5). 
The appropriate column of zeros is added to ¢(r°), and the theorem is established. 

We now prove a theorem which shows how the generators of R can be manipu- 
lated by what may be called the ‘free group calculus.’ Let the transformation 


ai fila, ee ax) a Ji(a’) (a = i. sai , k) 


determine an isomorphism of §;, on the free group §; , which is freely generated 
, . . ° 

by a1, +--+, @. Some or all of the generators aj, --- , a may coincide with 

some of ai, --- , ag, so that the possibility i. = % is not excluded. Let 


Ry 2 Ry{fi(a’), are » Sx(a’)} (A _ a ss , Qe), 


where Ry,(a,, --+ , ae) = 1 are the relations of the system R, and let R’ be the 
system which consists of the generators aj, --- , a, , subject to the relations 
Rx = 1. Since the transformation given by a; — f,(a’) is an isomorphism of 
%, on $;, the group Gz: is also generated by fila’), --- , f(a’), and a; — f(a’) 
determines an isomorphism ¢(Gz) = Gz, in which ¢(a;) = fi(a’). Let r“ = 
o(r’) (s = 3, --- , nm), where r”, --- , r’ are the matrices of a given system (r, 2). 
Then we have the theorem: 

THEOREM 7. The system (r, R) is L-equivalent under the isomorphism ¢ to 
the system (r’, R’). 

First assume that a; ¥ a}' for any values of i, j and that either 

‘1. f(a’) = ay, — fia’) = aye = +1, i ¥ p), or 

2. fy(a") = ayay, fila’) = a; (g, i ¥ p). 
Let a; — g:(a) be the inverse of the isomorphism a; — f;(a’), so that g,(a) = a‘, , 
g(a) = a;, in the first case, and g,(a) = a,az', g:(a) = a; in the second. Let 
T(R) = R be the expansion of R in which a; , --- , a; are added as new genera- 
tors, together with the relations a; ‘gi(a) = 1, let ¢:(Gx) = Gz, given by 
¢:(a;) = a;, be the corresponding isomorphism of G, , and let # = T{¢,(r°)}. 
Then f° = || ¢,(r*), 0 ||, where 0 indicates the columns which correspond to the 
new relations. The latter can obviously be transformed into the relations 
a; f(a’) = 1 by transformations of the form (4.5), and these transformations 
leave f° unaltered, since the new columns consist entirely of zeros. We now 
transform Ry(a,, +--+ ,a%) = 1 into Ry (ai , eee , ay) = 1,foreachdA = 1, --- , ae, 
by substituting f,(a’) for a; throughout the products R,. This operation is 
the resultant of transformations of the form 


= | —] » 1 —j -—l7 
ray’ > xay'y’ a; fx’ or ra; y’ > xf, ax xa; y’, 


where f; = fi(a’), xafy = Ry, for some \ = 1, --- , a, and y’ is the result of 
substituting f;(a’) for a; throughout the product y. Therefore it follows without 
difficulty that the transformation R, — R, is the resultant of transformations 
of the form (4.5). Moreover the columns of r’, which correspond to the original 
relations R, = 1, are unaltered by these transformations.” Finally we discard 





35 As explained above, in the definition of T2(r*), it follows from the condition r*r? = 0, 
and the form of the relations a;'f;(a’) = 1, that the remaining (zero) columns also are 
ultimately left unaltered. 
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into any L-equivalent system by a series of elementary expansions and contrac- 
tions, provided we allow primary expansions of the empty matrix * ee 

Let x, denote the »** column of r’, let z be a given element of Gz, and let 
4, w (A * yw) be particular values of » = 1,---,a:. I say that the 


transformation 
(4.5) Ry > Rx = cic", (e = +1), 


accompanied by xy. — ety Ky > Ky — ext, is the resultant of a transforma- 
tion 7’; , followed by elementary transformations of r’, r’, whose resultant leaves 
r’ unaltered, followed by 7;. For we first add the relation Rx = 1(Rx = Ry) 
to R and the row 7; (i = 0, --+ , a2) to r’, where 


3 3 3 “ 
To = 1, Tor = —€2, To. = =i, To = 0 (v ye A, “), 


and the columns r°y) = 6.9, Ti = 0 (a = 0,---,0a3;k = 1, --- , a) to r’ and 
r’. We then clear away the elements of r’, which stand under r), , by the trans- 
formations p; — p; + erirt po (t = 1, +--+, a3), where p, stands for the ¢* row 
of r’. Asin lemma 4, it follows from the relation r‘r’ = 0 that the corresponding 
transformation of || 0, r* || leaves the latter unchanged. We now discard the 
relation R, = 1, and the appropriate rows and columns of the expanded matrices 
r', r’, and rearrange the notation so that Ry = 1 appears as the d** relation. 
The final result is the transformation (4.5). Notice that the transformation 
R, — «Rix is the resultant of transformations of the form (4.5), namely 


R, > xRx‘x"R, — R,(aRy‘x 'R,) RR, = xcRyx™. 
Let (r, R) and (r’, R’) be two given systems, and let r’, r' and r”, r” be the 


second and first two incidence matrices determined by R and R’. 
THEOREM 6. [f the systems (r, R) and (r’, R’) are X-equivalent (X = L or L*) 


. . e ° ° . 1 
under a given isomorphism ¢, then the sets of incidence matrices r" , --- , r and 
1 - 
r’/",.-., 2" are X-equivalent under ¢. 
This relation between r”, --- , r' and r’", --- , r” is obviously transitive, and 


if R’ = R and R is left unaltered throughout the passage from (r, R) to (r’, R’) 
there is nothing to prove. Therefore the theorem will follow from an inductive 
argument when we have proved it in case 7’ is a single transformation 7';. If 
7 = 3 or 4 the theorem is implicit in the definition of 7;(r, R). On replacing 
¢ by ¢" the equivalence relation between r",---, rand r’”",---, r” is seen 
to be symmetric. Therefore it is sufficient to consider the case where 7 = 1. 
If a relation Ry = xajy = 1 is replaced by zRe'z' = 1 (z € Gz), the 0% row of 
¢(r’) is multiplied by +2. Therefore we may assume that Ry = Oox, for some 
« which is a product of the existing generators. Then the Ot row of r” 
is || 1, aor:, «++ , dorx ||, where 7; means the same as it does in (3.4) when z is 
given by (3.3). The 7” row of r” is a; — 1 (¢ = 0, --- , k), and since z = a , 
in consequence of Ry) = 1, it follows from (3.7) that 


a — 1 = a(1 — 2) 


-> aor;(a; — 1), 


A> © _ zane ee, 


eS ee se ot ecco GE tet 
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whence r”, r” are obtained from ¢(r’), 6(r') by an expansion of the form (2.5). 
The appropriate column of zeros is added to ¢(r°), and the theorem is established. 

We now prove a theorem which shows how the generators of R can be manipu- 
lated by what may be called the ‘free group calculus.’ Let the transformation 


ai fila; , hy , a) = fi(a’) (2 _ l, sds , k) 


. . . , . . 
determine an isomorphism of §; on the free group §; , which is freely generated 
/ / ? Ul . . . 
by a1,---,@%. Some or all of the generators a; , --- , a, may coincide with 
41 +1 op ane , 
some of aj, --- , a , so that the possibility %, = %, is not excluded. Let 


Rx a Ryifi(a’), a  Si(a’)} (A -_ l, co * , G2), 


where Ry(a;, --- , @x) = 1 are the relations of the system R, and let R’ be the 
system which consists of the generators a; , --- , a, , subject to the relations 
R, = 1. Since the transformation given by a; — f;(a’) is an isomorphism of 
¥;, on §;, the group Gz, is also generated by f,(a’), -- - , Ix(a’), and a; — f,(a’) 
determines an isomorphism ¢(Gz) = Gz, in which ¢(a;) = f(a’). Let r” = 
o(r’) (s = 3, --- , n), where r”, --- , r’ are the matrices of a given system (r, R). 
Then we have the theorem: 

THEOREM 7. The system (r, R) is L-equivalent under the isomorphism @ to 
the system (r’, R’). 

First assume that a; ¥ a’ for any values of 7, j and that either 

1. f(a’) = ay, fia’) = aj(e = £1, 7 ¥ p), or 

2. fp(a’) = apg, f(a’) = a; (g, i ¥ 7). 
Let a; — gi(a) be the inverse of the isomorphism a; — f;(a’), so that g,(a) = a‘, , 
gi(a) = a;, in the first case, and g,(a) = a,az', gi(a) = a; in the second. Let 
T(R) = R be the expansion of R in which a;, --- , a; are added as new genera- 
tors, together with the relations a; ‘gi(a) = 1, let o:(Ge) = Gg, given by 
¢:(a;) = a;, be the corresponding isomorphism of Gz , and let f° = T{¢:(r°)}. 
Then f° = || ¢,(r°), 0 ||, where 0 indicates the columns which correspond to the 
new relations. The latter can obviously be transformed into the relations 
a; f(a’) = 1 by transformations of the form (4.5), and these transformations 
leave F* unaltered, since the new columns consist entirely of zeros. We now 
transform R,(a;, --+ , ax) = l into Ry (a; yee , ay) = 1,foreachA = 1, +--+ ,a@, 
by substituting fi(a’) for a; throughout the products R,. This operation is 
the resultant of transformations of the form 


= =] 1 -1. —-l 
ray’ > ray'y’ a; fy’ or ra; y’ > af, aw ra; y’, 


where f; = f,(a’), zafy = Ry, for some \ = 1, --- , a2, and y’ is the result of 
substituting f;(a’) for a; throughout the product y. Therefore it follows without 
difficulty that the transformation R, — R, is the resultant of transformations 
of the form (4.5). Moreover the columns of r’, which correspond to the original 
relations R, = 1, are unaltered by these transformations.” Finally we discard 





35 As explained above, in the definition of T2(r°), it follows from the condition r*r? = 0, 
and the form of the relations aj'f;(a’) = 1, that the remaining (zero) columns also are 
ultimately left unaltered. 
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the generators a;,-+-- , a, and the relations a;'f(a’) = 1 by transformations 
of the form T2. Then ¢;(r’) (p = 4,---, ») is transformed into ¢(f’) = 
dodi(r”), where ¢o(a;) = a; , d2(ai) = fi(a’), and dod: = ¢, since dog (ai) = g2(a;) = 
f(a’). Similarly r° contracts into ¢(r’) = r” on discarding the (zero) columns, 
which correspond to the relations a; f(a’) = 1. Therefore (r, R) is L-equivalent 
to (r’, R’) under the isomorphism ¢. 

What we have already proved, with fi(a’) = a; , allows us to ‘re-write’ a; as 
a; if a; ¥ a;’, for any i,j and even if the sets a; and a; overlap. For we can 
first rewrite a; as b; and then re-write b; as a; , where b;' # a; ora;. Therefore, 
in completing the proof, we may assume that a; = a;, in which case a; — f(a) 
is an automorphism of §,. Moreover we may re-write a; as a; in what we have 
already proved. Therefore the theorem follows from the fact that the auto- 
morphisms of §; are generated by automorphisms of the form a; — f;(a), where” 
fr(a) = ay’ Or AQ, , fi(a) = ai (q, 7 ¥ P). 

TureoreM 8. If Kj and Kz have the same nucleus, then any natural systems 
for Ki and Kg are L-equivalent. If Ki and Kz are of the same homotopy type, 
then their natural systems are L*-equivalent. 

This will obviously follow from the theorems 1 and 2, the arguments in Q.J., 
and §.S., theorem 13, when we have shown that two natural systems for the 
same complex K”", are L-equivalent. Let R and R’ be two natural systems of 
generators and relations for 7:(K”"), and let ¢(Gz) = Gz be the isomorphism 
such that a given element in 7;(K”") is represented by x e Gz and ¢(x) € Gz: 
After a change of basis, if necessary, we may obviously assume that r’” = 
o(r”) (p = 3,---,n), where r”,---,r° and r’”,---,r” are the matrices in 
natural systems, (r, R) and (r’, R’), for K". Let V, V’ C K’ be the trees in 
terms of which R and R’ are defined. Then we may also assume that V’ = 
V — E; + E:, where Ej; C V, E; C K' — V, and E; separates the extremities 
of E;. For one can interchange any two trees, which are sub-complexes of K’ 
and contain K°, by reiterating transformations of the form V — V’, where V and 
V’ are thus related.” 

On these assumptions let us, without altering the notation, shrink into a point 
each of the two trees into which V is separated by Ei. Then K’ will consist of 
two vertices E} , E: , which are joined by certain 1-cells Ej , E}, --- , E,, and 
of circuits Ej, ---, Ekim, (h = 1, 2) beginning and ending at E;. By theorem7 
we may orient E; as we please, and we take E! to be its first point. Let us 
denote E; by s; (i = 1, ---, p) and Ej, by o,,. Then, as in (3.3), any segment 
on K’ may be represented by a word 


(4.6) G’ ... Ht 


where 4. = 8, Or on,,,. Let us now write o, = o,. I say that, if (4.6) 
represents a circuit which begins and ends at E; , then, regarded as an element 





% J. Nielsen, Math. Annalen, 79 (1919), 269-72. 
7 Cf. p. 105 of K. Reidemeister, Abh. Hamb. Sem., 11 (1935), 102-9. 
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in the free group, which is freely generated by s; , ¢, , oi, it is unaltered when 
we replace s; by 8;8; and o, by sio,s;', for each j=1,---,p,p=1,-+++,m, 
and any specified value of 7. For each letter of the form s; or o;' represents a 
segment which terminates at E:. Since the segment (4.6) terminates at E! 
such a letter is followed by s;’ or by o;' for some value of 1 or p. Similarly 
sj or o*' is preceded by s or az", since (4.6) begins at E}. Therefore, taking E! 
as base point, we have F (Ex) = Ry(8; , o>, Cia), Where 


Ry(s; , Tp; O12) — Ry(s;87", 8:0 Si Tia), 


in which the equality refers to the free group generated by s;, ¢,, 1. Taking 
i = 1 we have 


(4.7) F(Ey) = Ry(1, a;, bp , ora) (j = 2,---,p), 
where a; = 8,8; , b, = s,0,8;', and the system R, associated with V, consists 
of the generators a2, --- , a), b,, o1a, subject to the relations R, = 1. Simi- 
larly the system R’, associated with V’, is generated by a; , a3, --- ,@»,0,, o10, 
subject to the relations Ry = 1, where a; = s,s)' (t = 1,3, --+ , p), b, = 80,82 
and 

(4.8) Ry = Ry(ai, 1, a3 , b, , 1) (6 = 3,---,p). 
On writing s. = 1 in the equation 


as ~<A er 
Ry(1, Se81 , 8881 , 810,81 , O1a2) = Ry(S1, 82, 88, Op, Oia), 


we have 


/ —1 —I anf 
(4.9) RC, S81 , Sg81 , S10)81 , S10) = Ry(s1 ; 1, 88,97), O1a)- 


On comparing (4.7) with (4.8), it follows from (4.9) that R’ is the image of R 
in the transformation given by 

(4.10) &— a), as — dg; , b, — ayb,a;, Sia — 1a - 

The product (4.6) is transformed into an element x e G, if we write s; = ajs, , 
¢, = 8, b,s; and cancel all the factors sj’, and into ¢:(x) eG,» if we write 
8; = @;8, o, = S2'b,S2 and cancel s;', where ¢:1(Gz) = Ge is the isomorphism 
given by (4.10). Therefore ¢; is the isomorphism ¢, and since r’” = ¢(r”) the 
theorem follows from theorem 7. 

As in theorem 3 it is clear that the isomorphism y{7:(Ki')} = m (Kz), which 
is expressed algebraically by the isomorphism ¢(Gz) = Gz , may be taken from 
the class which is determined by some homotopy isomorphism f(K;) C Kz . 
The distinction between ¢ and y is analogous to one which is familiar in coordi- 
nate geometry, where an algebraic transformation may represent either a trans- 
formation of coordinates or a point transformation, according to the context. 

We now prove an analogous theorem to theorem 8, in which the parts played 
by the algebraic and the geometric equivalence are interchanged. In general 
the analogy is not complete. For two complexes with the same natural system 
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need not even be of the same homotopy type.” Moreover, there is no reason 
to suppose that every system (r, R) can be realized geometrically as a natural 
system of a complex. The theorem is 

TurorEM 9. Any system (r’, R’), which is X-equivalent (X = L or L*) toa 
natural system, (r, R), for a given complex K", is a natural system for some com- 
plex of the same homotopy type as K", and for some complex with the same nucleus 
of X = L. 

First let X = L. Then (r, R) can be transformed into (r’, R’) by a sequence 
of elementary expansions and contractions, according to lemma 4. Therefore 
the theorem will follow inductively, for X = L, when we have proved it in case 
(r’, R’) is obtained from (r, R) by a single elementary expansion or contraction. 

Let (r’, R’) be obtained from (r, R) by an elementary expansion. First let 
(r’, R’) = T,(r, R), and let ao be the new generator and zajy = 1 the new rela- 
tion. Let s, t C K’ be oriented circuits, beginning and ending at the base 
point E’ eK’, which are represented by z and y respectively. Let Ej be a new 
1-cell, beginning and ending at E’ which shall correspond to the new generator a) . 
Let E? be a new 2-cell such that F(E;) C K' + E} is given by zasy, with a suitable 
base point. Then (r’, R’) is a natural system for Ki = K" + Ej, and assuming 
that F(E;) is simple in Ep , as we obviously may, K" expands into Kj . Secondly 
let (r’, R’) = 7T3(r, R) and let Ro = 1 be the new relation, where Rp is given 
by (4. 1). With the same notation as in §3, there is obviously a singular 2-cell 
Gc K’, whose boundary, F(@) CK’ is represented "sp the product Ry , such 
that the relative 2-cycle, mel. i detiraiinnd by G’ i 


iE, + coe > €qt Ep, = ci Ei 5 a ties Cases (ci eR). 


Let Ej be a new membrane whose boundary is given by F(Es) = u{F(G’)} CK’, 
let G’ = u(G’) C K’ and let E} be a new membrane bounded by the spherical 
map «(Ej — G’) (e = +1). Then F(E) is simple in E> , whence K" expands 
into Ky = K" + E, . Assuming that K" is imbedded in K? , let BE? ew (Ej) C 
Ki, and Ej ew '(E}) C Rj be chosen so that F(E;) = F(G’) and F(Ep) = 
ex(E} — G’), where 


as in (4.4). Then 
dk; = er; — ex (cE; See Ca, Hes); 


whence (r’, R’) is a natural system for Kf. An elementary expansion of the 
form (2.5) with p > 3, can be copied in the same way. 

Let (r’, R’) = T2(r, R), and let ap be the generator and xajy = 1 the relation 
to be removed. Since aj" does not appear in any other relation we may assume, 





38 Cf. note III; . 





ar 
for 
is : 
as 
an 





INCIDENCE MATRICES, NUCLEI AND HOMOTOPY TYPES 


afier a trivial deformation of K’ if necessary, that F(E? )CKiG= 
where Ej, «++ , Ez, are the 1-cells of K", and 


Ki=K°+E;+.--+Eh,. 


We also assume that F'(E}) is simple in E} , where Ej and E;} are the cells corre- 
sponding to a and zajyy = 1. Then K’ contracts into Ki , where 


Ki=Ki+Ei+.---+Ei,. 


It follows from an obvious induction that K" may be transformed by a series of 
trivial deformations into a complex of the form K{ + Ej, where neither E? 
nor E) has an inner point in common with K?. In other words we push the 
remaining cells in K” off the interiors of E} and E}. Then Kf + E° contracts 
into Kj , and (r’, R’) is a natural system for Ky . 

Let (r, R) — (r’, R’) be due to a contraction of r’, for some p > 3, in which 
the 0 row and column are removed. Then KE? appears in dE? with the 
coefficient +2, for some xre@,, and with the coefficient zero in dE? 
(i = 1,-++,@p). Let A?’ ¢ E?™ be an open simplex, whose closure is internal 
to E?-', and let yA” be its image in yB?', for each y e@,z. Then it follows 
from a standard theorem ™ that F(E?) (i = 1, --- , a) is homotopic in K?™ 
to a map in which yA” is uncovered for each yée@p. Also F(E}) is homotopic 
to a map which is simple in eA” and in which yA”™ is uncovere:! if y ¥ 2. 
It follows that F(E?’) is homotopic in K’™ to a map which is simple in E?™", 
and that F(E?) (i = 1, ---,a,) is homotopic to a map in which A” ™ is un- 
covered, and hence to a map in 


Kp’ = K’*+EP'+.--+E2-,. 


The same is true if p = 3 and (r’, R’) = 7,(r, R). For since the relation Ry = 1, 
which is to be discarded, is redundant, it follows that K> — u~‘(A’) is simply 
connected, where A’ «Ej. Therefore the above argument, which fails, in 
general, unless p — 1 > 2, is valid here if p — 1 = 2. in either case it now 
follows from the argument used where (r’, R’) = 72(r, R), that (r’, R’) is a 
natural system for a complex Kj , which is obtained from K" by a series of 
trivial deformations, followed by a contraction. Therefore the theorem is es- 
tablished in case X = L. 

In proving theorem 17 in 8.8. it was shown that two n-dimensional complexes 
are of the same homotopy type if they have the same (n + 1)-group. There- 
fore the theorem will follow, in case X = L*, when we have shown that (z’, R’) 
is a natural system for an (n-dimensional) complex with the same (n + 1)-group 
as K". Let empty matrices r’, r” ©? =n-+ 1, n + 2), with oP» ay , TOWS 
and a1 , @»-1 columns (an42 = —s > 0, ony: = Ong: = 0, an , a, = number of 


°° Cf. P. Alexandroff and H. Hopf, (loc. cit.), p. 503, or pp. 99-100 or S. Lefschetz, Fund. 
Math., 27 (1936), 94-115. 
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rows in r”, r’"), be included in the systems (r, R) and (r’, R’). The augmented 
system (r, R) is a natural system for any complex of the form 


K"? = K"=ER?4+...+ Est, 


where F(Ex**) C K”. Since the original systems (r, R) and (r’, R’) are 
L*-equivalent, it follows from the addendum to theorem 2 that the augmented 
systems are L-equivalent, provided a,+42 is suitably chosen, which we assume 
to be the case. Therefore, by what we have already proved, the augmented 
system (r’, R’) is a natural system for a complex Ky * which has the same 
nucleus, and hence the same (n + 1)-group as K"*’. It follows from the 
definition in §3 above that K”*’, and hence Kj has the same (n + 1)-group 
as K”. In general, if (r, ®) is a natural system for a complex K", then 
(r’,--. , 2°, R) (3 S p S n) is a natural system for K’. Therefore the original 
system (r’, R’) is a natural system for K?. Since ans: = 0 the complex K} 
is obtained from K}*” by removing the interiors of the (n + 2)-cells, and hence 
has the same (n + 1)-group as K?*”. Therefore Kj has the same (n + 1)-group 
as K", and the proof is complete. 

If X = L the order” of the deformation D(K") = Ky, in theorem 9, need 
not exceed n + 1. Also the formal deformations involved in theorem 5 are of 
order n + 1 at most. Therefore we have the corollary to theorems 5, 8 and 9: 

Corotuary. If two complexes Ko and K” have the same nucleus and either 
n = 3, orn > 3 and z,(K") = 0 for r = 2,---,n — 2, then K" = D(K>), 
where the order of D does not exceed n + 1. 

For let (r, R) and (r’, R’) be natural systems for Kg and K” respectively. 
By theorem 8, (r’, R’) and (rz, R) are L-equivalent. It follows from theorem 9 
that (r’, R’) is a natural system for a complex Kj = D,(Ko), and from theorem 5, 
that K" = D.(Ki), where D, and Dy are of order n + 1 at most. 

In 7;(K") satisfies the condition explained in S.S., §11, it follows from S.S., 
theorem 21, that the corollary remains valid with ‘have the same nucleus” 
replaced by “are of the same homotopy type.”’ For example, an n-dimensional 
simplicial complex, which is an absolute retract, expands into a collapsible 
complex of at most n + 1 dimensions. — 


5. In this section we prove the theorem on lens spaces, which was announced 
in §1. We first prove a lemma concerning the ring of a cyclic group. Let & 
be a cyclic group of order m, let ® be its group ring, and let o = 1+ --- + . 
where x generates G. We shall describe an element a ¢R as regular mod. o 
if, and only if, there is an element 6 eR, such that 


(5.1) a8 = 1+ ko, 


for some value of k. Since x’o = a it follows that Av = S(A)o, for any \€X, 





‘© By the order of a formal deformation is meant the maximum dimensionality of the 
cells introduced or removed. 
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where S(A) denotes the algebraic sum of the coefficients in X. Therefore we 
assume that k, in (5.1), is an integer. The lemma is: 

Lemma 6. If @ is regular mod. o, and if S(a) = +1, then a is regular. 

Writing S(a) = e we have a(8 — eks) = 1 + ko — ko = 1. 

We also recall that, if A(a* — 1) = 0, where gq is prime to m, then \ = 0 
(mod. ¢), meaning that A = ko, for some value of k. If \(a* — 1)" =: 0, where 
n > 1, we have A(x" — 1)"" = ko, whence kmo = ko’ = X(x* — 1)""o = 0. 
It follows from induction on n that, if \(z* — 1)" = 0, for any n > 0, then 
\ = 0 (mod. o). 

THEOREM 10. Two lens spaces of types (m, q) and (m, r) are of the same 
homotopy type if, and only if," r = +20 (mod. m), for some value of l. 

Let Mj be a lens space of type (m, q), which we assume to be represented by a 
lens model of this type. Then (r, R) is a natural system for Mj, where r con- 
sists of the matrix r° = || 2* — 1 ||, and R consists of a single generator x, and 
the relation x” = 1. The corresponding incidence matrices are 


llz7—- 1] |lell, lle—- 1 


If Mj is of the same homotopy type as a lens space of type (m, r) it follows 
from theorem 8 and 6, and lemma 5, that 


(5.2) (x — 1)(x’ — 1) = a(az” — 1)(x — 1), 


for some 1 which is prime to m, and some regular element ae. Let o, = 
1+..-+2"" (1 Sn Sm). Then x” — 1 = (x — 1)on, and it follows 
from (5.2) and a previous observation that 

Cqoi = ao, (mod. ¢). 
On writing z = 1 we have gl’ = +r (mod. m), since S(a) = +1, the element a 
being regular. 

Conversely, let 

(5.3) r= +lq (mod. m), 


If a and b are given integers and if | a, m | = 1, where | c, d | denotes the positive 
H.C.F. of c and d, there is an element é e # such that” ¢(2* — 1) = 2’? — 1. If 
also |b, m| = 1 there is an 7 such that (xz? — 1) = 2* — 1. Then 
x2’ —1 = ¢(x* — 1) 
- En(2” a 1), 
whence £n = 1 (mod. ). Therefore | b,m | = 1 implies that é is regular mod. o. 
Since |r, m| = 1 there is a — e R, such that 


(5.4) ta’ — 1) =a" - 1. 





‘1 Of course the necessity of this condition follows from the standard theorems on the 
Kronecker index and the fact that, if two manifolds are of the same homotopy type, then 
each is the image of the other in a map of degree 1. 

*2 See p. 107 of Reidemeister, Abh. Hamb. Sem., 11 (1935), 102-9. 
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Also it follows from (5.3) that | ql, m| = |l,m|=1. Therefore é is regular 
mod. a, and so is o(z — 1) = «' — 1. Therefore 8 = £o: is regular mod. o. It 
follows from (5.4) that . 

to, = Gai (mod. o), 


whence rS(€) = ql (mod. m). Since | ql, m| = 1 it follows from (5.3) that 
IS(é) = +1 (mod. m), whence S(8) = iS(é) = +1 + tm, for some integral 
value of t. Therefore S(a) = +1, where a = 6 — to. Since Gis regular mod. o, 
so is a, and it follows from lemma 6 that a is regular. Since (@ — a)(2” — 1) = 
to(x” — 1) = O, it follows from (5.4) that 


a(x” — 1) = B(z’ — 1) 
(5.5) = &(x" — lj 
= (x™ = 1)o; ° 


Since a is regular the natural system (|| x” — 1 ||, 2), for a lens space M3 of 
type (m, r), is L*-equivalent to the system {|| a(2” — 1) ||, R}. By theorem 9 
there is therefore a membrane complex K3 , of the same homotopy type as M3, 
for which {|| a(2’ — 1) ||, R} is a natural system. Therefore the theorem will 
follow from (5.5) and theorem 5 when we have shown that there is a membrane 
complex K} , of the same homotopy type as Mj, for which {|| (x*’ — 1)o||, R} 
is a natural system. It will therefore follow from theorem 9 when we have 
shown that the system (|| 27 — 1 ||, R) is L*-equivalent to {|| (x — 1)s||, R} 
under some automorphism of G,. Actually we shall show that the two systems 
are L-equivalent under the automorphism in which x corresponds to 2’. 

Starting with (|| <7 — 1 ||, R) we extend R to a system R’ by the addition of a 
new generator y and the new relation yx ' = 1, where Il’ = 1 Gund. m). Such 
an l’ exists since |l,m|= 1. At the same time we transform || x2“ — 1 || into 
the matrix ||z’ — 1,0||. Let 2 = yz’, y, = 2. Sincexr = m1, y = my 
it follows that x: , y; also generate the free group §, which is freely generated 
x, y, whence the transformation x — yx’, y — 2 pre oe an automorphism 
of 2. By theorem 7, the system (||z* — 1, 0||, R’) is L-equivalent to 
{|| (yx)? — 1, 0||, R’} under the cola Eat by « > yz’, yz, where 
R” is gemini’ by x, y, subject to the relations 


(5.6) (yx')” = 1, a(yx') = 


I say that the relations (5.6) can be reduced to 2” = 1 by transformations of 
the form (4.5), followed by one of the form 7,. For, since a relation of the 
form xz} may be replaced by xix", we may, for the purposes of the reduction, 
allow x* to commute with z} . Let us write 


A=mnx, B=2z2-Ilm, 
where z; = yz’ and the addition is commutative. Then 
VA + mB = mz, kA + 1B = Ix — 1, 





ana 
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where km = Il’ — 1. Since ll’ — km = | the transformation given by 
A’ =l//A + mB, B’ =kA+1B 


is the resultant of a sequence of elementary transformations of the form 
(A, B) — (A + B, B) or (A, B + A). Therefore a similar sequence of the 
transformations (4.5), punctuated with suitable transformations of the form 
xx? — 22", will transform the relations (5.6) into the relations x” = 1, 
z't;' = y = 1. On discarding the generator y and the relation y' = 1, it 
follows that the system (||2* — 1 ||, R) is L-equivalent to {|| 2 — 1)d||, R}, 
under the automorphism given by x — 2’, where X is the factor due to the 
transformation of the relations (5.6) into x” = 1, y’ = 1. It follows from 
theorem 6 that the sets of matrices 


Iz" —-1]), lle, tle’ —1] 
and 
[k@"— all, — fle ll, 
are L-equivalent, and from lemma 5 that 
(x” — 1)(@ — IA = +a?(x" — 1)(x' — 1) 
3 ~ satel =~ Vie~ De, 


lz — 1] 


for some value of p. Therefore 
(ce? — 1) = t27(2" — Lor. 


On multiplying (x — 1)A by +2°” it follows that (|| 2* — 1 ||, R) is L-equiva- 
lent under the automorphism x — 2’ to || (x*’ — 1)o,, R ||, and the proof is 
complete. 


6. We conclude with some notes. The sections to which they primarily 
refer are indicated by Roman numerals. 
II, . Let Gp be the free product of an infinite cyclic group, generated by 2, 
and a cyclic group of order two, generated by y. Let ®t be the group ring of G , 
and let the group G, in terms of which elementary matrices are defined, consist 
of the elements +z, where re@. Finally let» = z(1+y)4=1-y, 
5 where 1 stands for the unit element in R. Then Au = 0, wd ¥ 0, and it may 
be verified that 


/1—pr 01] 
( | = aba 'b, 
1| 








7 | 0 
where 
| 1 | lq 
a‘ = | | b= i (e = +1). 
JA 1] }0 1|| 
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Therefore an expansion of a matrix may be elementary, although the original 
matrix is not. 

Il, . Concerning the condition (2.3). First notice that this is a consequence 
of the, apparently, less restrictive condition by which a 2 b are to be ele- 


nd 
0 a ane 100 
q columns, we can border them with p final rows, and q initial columns of zeros, 


at the same time replacing given regu'ar matrices, a and b, by the elementary 
re 0 sl 











mentary matrices. For if the matrices | | have p rows and 


and 








A 1 a 0| 
matrices } 0 be 
This inition 3 is also jotta if R is a ring in which ab = e, implies that a 
is regular, where a is a square matrix of degree r. The following example shows 
that it is not always satisfied. Let 9) be the free ring, freely generated by 
a, b, p, g, whose elements are finite sums of words in a, b, p, qg. Let # be the 

ring which is obtained from 9) by adding a unit element e, and the relations 


ex =xze=2 (x = a, v, p, g or e) 
ap + bq = pa = qb =e, pb = qa = 0. 


The ring ® does not reduce to the zero element alone. For any formal poly- 
nomial in e, a, b, p, g can be reduced by means of these relations, together with 
the simplifications mz + nz = (m + n)x (m,n = 0, +1, +2,---), x +0y=2 
and xzy + xz'y = x(z + 2’)y, to a unique normal form, in which the letters 
e, a, b, p, g occur a minimum number of times.” This can be proved by enu- 
merating a set of “elementary reductions,”’ which, with their inverses, generate 
the transformations by which any two expressions for a given element of t can 
be interchanged. One can then show that the condition for “random reduction” 
is satisfied. That is to say, if two reductions r; and re are applicable to a poly- 
nomial P, then t71(P) = tere(P), where t; either reduces r;(P) or leaves it un- 
altered. The expression e cannot be reduced, whence e ¥ 0 in &. 
Let 





aa a b 0 
c= |\q 0 of, c’=|0 O pi. 
10 a bi 10 0 @q 


Then it follows by direct calculation that cc’ = c’c = e; and that 


/® @ |0 0 p pedis 
cj0 0 O| =]0 0 qgi=|0 0 elie’. 
10 0 0] 0 0 0 00 0 











‘8 K.g. a is to be counted once, not six times, in 6a. 
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Notice that ¢ is even an elementary @-matrix, where @ consists of the single 
element e. For it is transformed into the elementary matrix 


° 


ig 





as follows 
Ps —> ps + Api + bp2; ~— ka, Kg —> Ka — Ki, Kg — KD; 


Pl, P2 — Pi — Pps, p2 — ps, 





where p; and «; denote the 7** row and the 7** column of a given matrix. 

III, . Two spaces X and Y are of the same homotopy type if, and only if, 
there are maps f(X) C Y and g(Y) C X such that gf(X) C X and fg(Y) C Y 
are each homotopic to the identity. We shall describe f as a homotopy iso- 
morphism. Assuming that X and Y are arewise connected, a homotopy iso- 
morphism f(X) C Y determines a unique class of isomorphisms ¥{m(X)} = 
m(Y), any one of which is given by y = Yeh, where Y is a particular isomorphism 
in the class, and h is an inner automorphism of 7;(X). 

III,. The theory of nuclei and m-groups can also be developed as follows. 
Let E” now stand for a non-singular cell, bounded by a given map f(S” ') CX, 
where X is any topological space. We recall the definition of X + E”, given 
in a paper entitled “On adding relations to homotopy groups”? which has been 
submitted to the Annals of Mathematics, and which will be referred to as R.H. 
Let S"* = E", where E” is an n-element which does not meet X, and let E” 
be the interior of EZ”. Then X + E” consists of X and E", each with their own 
topology, fastened together by the condition that an infinite sequence of points 
Di, Po, -+- CE” C X + E" shall converge to q ef(E") if, and only if, the 
limit points of p:, pe, --- © E” are all contained in f ‘(g) C FE”. In other 
words we identify each point p « E” with f(p) « X, without identifying any two 
points in E”. A map f(S") C X + E” may be described as simple in E” if, 
and only if, it is a homeomorphism throughout f “(U), where U is some relatively 
open set in E”. Then a membrane complex K”, and the nucleus and m-group 
of K", may be defined as in §3 above. Many of the theorems in §.S., notably 
theorems 11, 14 and 17, remain valid when reinterpreted in terms of these 
definitions. Theorem 11, for example, may be proved as in §3 above. In 
theorem 17 one may take the analogue of a eee map to be a map 
f(Ko) C K, , such that f(K?) C K?, for each p = 0, 1, 

Let E” be a non-singular cell, which is bounded by a simplicial map f(S"”’) 
in a simplicial complex K. Then it is to be expected that E", the closure of E” 
in K + E", can be triangulated.“ Let us assume that E” can be triangulated 
to form a simplicial complex C”, such that C” — A” contracts into the sub- 








“ Tt seems probable that E* is homeomorphic to a simple membrane, as defined in 8.8. 
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complex covering F(E”) = f(S"'), where A” is some open simplex of C", whose 
closure is in the (open) cell E”. Then it is easily shown that any membrane 
complex can be transformed into a polyhedron by a series of trivial deforma- 
tions, as defined in §3 above; also that two simplicial complexes have the same 
nucleus, or m-group, in the sense of §.S., if they have the same nucleus, or 
m-group, when treated as membrane complexes. If the above assumption is 
correct it follows that the introduction of membrane complexes does not involve 
anything essentially new. But, in some problems, the freedom from the com- 
binatorial limitations of 8.S. is likely to be an advantage. 

III,. In this note we indicate how the incidence matrices for a membrane 
complex can be defined in terms of R.H. Let Ef (q = 0, --- ,n;i = 1, +--+, mg) 
be the cells of a membrane complex K", which may be defined either as in §3 
or as in III, above. Let F(E?) be joined to E; by a segment in K’™ (p > 2), 
so as to determine an element a?’ €2,-:(K”’). Then r” is the matrix of the 
coefficients in 

Mp—-1 
(6.1) War) =F rhe? 
where ¢?’ is the basis element of the modulus M, in R.H., which corresponds 
to E?"’. Theorem 5 above, and lemma 3 in R.H., enable us to describe the 
indeterminacy in the description of K” by means of a natural system (r, R). 
The nucleus of K’ is uniquely determined by R and r°. When K”” is given, 


for p > 3, the elements aj’, --- , am, determine K” up to a trivial deformation 
rel. K’", and r” is given by (6.1). In passing from the description of 
E/ , --- , Ex, by means of af ', --- , am, , to their description by means of r”’, 


we throw away the sub-group 7-1 C 2,1(K”'), whose elements have repre- 
sentative maps f(S’") C K?”. 

For example, let K} = E? + E} (¢ = 0, 1), where F(E;) = E} = K?, and E; 
is bounded by a map F(E;) C Ej, whose Hopf invariant” is y;. Then Kj 
and Kj have the same natural system, namely the empty system in which R 
has no generators and a single vacuous relation, and m3; = 0,m, = 1. It follows 
from what is known concerning” 7;(S’), and 8.S., theorem 18, that 23(K?) is 
cyclic of order |y;|. Therefore Kj and Kj are not of the same homotopy type 
ify = ty. Ifyo = 1,71 = 0 we may take Kj to be the complex projective 
plane and Kj to consist of a 4-sphere, Ej, and a 2-sphere, Ej, with a single 
common point E;. In this case their homotopy types are also distinguished by 
the fact that the product” of a basic 2-dimensional co-cycle, or surface integral, 
with itself is co-homologous to zero in the case of Kj, and notin the case of 
K;. Can Kj and Ki be distinguished from each other in this way for arbitrary 
values of yo and y,  +y0? 





“6 See H. Hopf, Math. Annalen, 104 (1931), 637-65. 

“6 See H. Freudenthal, Compositio Math., 5 (1938), 299-314. 

See Hassler Whitney, Proc. Nat. Academy of Sciences, 23 (1937), 285-91, and papers 
by E. Czech and J. W. Alexander, which are referred to there. 
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III,. Note on the calculation of x,(K) (r > 1). We shall say that a group 
@, with a countable set of elements, has been calculated when it is given in 
terms of generators and relations, which may be infinite in number, but which 
must be enumerated. That is to say, a process must be described by which all 
the generators and relations, may be successively constructed. We shall say 
that @ has been calculated effectively when it has been calculated, and when a 
finite algorithm has been provided by which one can tell whether or no two 
products of the generators represent the same element of G. 

We now show how 7,(K) may be calculated for any r = 1, where K is a 
simplicial complex, which may be infinite but locally finite. The group 7(K) 
can be calculated in various ways, as in §3 for example, and we therefore take 
r>1. Leta, a,--- bea given, enumerable sequence of vertices and let us 
define the weight of a given symbolic r-simplex A’ = a,, --- a;, (¢ = 1, 2, --- ) 
as w(A") = i) + +--+ %,. We order all the r-simplexes by placing Aj before 
A} if w(Ai) < w(A3) and ordering the r-simplexes with a given weight lexico- 
graphically. Similarly, we order the purely r-dimensivnal complexes, P” = 
Aj, + «++ + Aj, , in terms of the r-simplexes. By a special r-element we sball 
mean one which is derived from an r-simplex by reiterating the two operations 
of stellar sub-division, and addition Ej; + E:, where Ej and E} are special 
r-elements which meet in an (r — 1)-simplex on the boundary of both. One 
can find out, by a finite process of trial and error, whether or no a given complex 
P’ is a special r-element. Therefore the special r-elements are enumerated in 
the form of a sub-sequence of the purely r-dimensional complexes. Assuming, 
as we shall do, that the vertices of K are in a given order, one can enumerate 
the simplicial maps f(Z’) C K, where E’ is a given r-element, and hence the 
aggregate of simplicial maps fy; = fi:(#j) C K (A = 1, --- ,ni3;74 = 1,2,--- ), 
such that fi:(E7) is a given vertex py) «K, where Ej, E>, --- are the special 
r-elements. Any element of 7,(K) is represented by such a map, and indeed 
by one in which &; is a stellar sub-division of an r-simplex. Therefore the set 
of maps f,; may be taken as the generators of a symbolic group,” which, with 
suitable relations, represents 7,(K). For relations we take, first all relations of 


the form fyif,; = fox = ++: = foi, which are defined by adding the special 
r-elements E; and £7, in all possible ways, to form the special r-elements 
E.,--- , Ej. By means of these relations, which we shall call the relations R, 


any product of the generators can be transformed into a single generator. 
Therefore, in addition to the relations R, we only need a set by means of which 
any representative map, f,;, of the element 1 ¢ 7,(K), can be transformed for- 
mally into the constant map fi; , say, together with the relations fi; = 1 (¢ = 1, 
2,---). Let A be any internal simplex in E; , let B = f,(A), for a given value 
of A, and let bB be a simplex in K such that, if a;A C Ej, then f\(a;A) C bB 
(the vertex b may belong to B, in which case bB = B). Let o be the elementary 





‘8 E.g. a process for calculating the n** prime number. 
‘9° Cf, III; below. Here we write z,(K) with multiplication, even though r > 1. 












































7 ee Se 
e 

























_ ~ eSeeo™ 
SRT te om = Pa 


cnmoet 


ot ep BE ae F Be aimee teens = 
















1238 J. H. C. WHITEHEAD 


subdivision (A, ax), where a, is the first of the vertices a; , a2, --- which is not 
in E;, , let E; = oF; , and let f,(#;) CK be the (simplicial) map which is given 
by f(a.) = fx(ar), f,(ax) = 6, where a is any vertex in E;. Then E; is a special 
r-element, and f,; is one of the maps defined above. Let R’ be the set of all 
relations fi; = 1, fa: = Suz, Where fyi and f,; are related in this way. Then, 
using 8.S., Lemma 2 and Theorem 6, it is not difficult to prove that the sym- 
bolic group defined by the generators f\; (A, 7 = 1, 2, ---) and the relations R, 
R’ represents 7,(K). The relations R, R’ can obviously be enumerated, whence 
a,(K) can be calculated for any value of r = 1, 2,---. In general it cannot 
be calculated effectively, even when r = 1 and K is finite. Thus if K is infinite 
a,(K) is on the same logical footing whetherr = lorr > 1. If K is finite there 
is the distinction that 7,(K), unlike 2,(K) (r > 1), can always be represented by 
a finite system of generators and relations. 

III;. By a symbolic group we mean a group which is originally defined in 
terms of given generators and relations. An element in such a group is a class” 
of products of the generators and their inverses, and is to be distinguished from 
an individual product. However we shall use the same symbol to denote a 
product of generators and the element which it represents. If W: and W2 are 
two products, then W; = Ws; is to be interpreted as an equation between ele- 
ments of a group, unless the contrary is obviously implied by the context, as it 
is in (4.1), for example. 

V. This note contains a simpler example than the one in §5 above, showing 
that two complexes of the same homotopy type need not have the same nucleus. 
Let K” (p = 0, 1, 2) consist of a p-cell E’, such that F(E’) = 5E’. Thus the 
single generator 2, and the relation x” = 1, form a natural system R, for 7(K’), 
and K’ consists of five 2-cells z"E’ (m = 0, --- ,4), each bounded by cf’ 
(o=1+2+.-.+ 2°), where E’ C K' covers E’ C K’. A chain \E’ (\ e ®) 
is a cycle if, and only if \* = 0, and by Hurewicz’s theorem any 2-cycle in KR’ 
is realized by some simplicial map f(S’) C K*. Therefore {|| (x — 1)’ ||, R} 
is a natural system for a complex K* = K’? + E*, such that dE* = (x — 17". 
It may be verified that 2° = 1 implies (2° + 2” — 1)(2° + x — 1) = 1, 
whence a = x + 2 — 1 is a regular element of ®. Therefore the system 
{|| a(z — 1)* ||, R} is L*-equivalent to {|| (2 — 1) ||, R}, and by theorem 9 there 
is a complex Kj , of the same homotopy type as K’, for which {|| a(x — 1)’ ||, R} 
is a natural system. Let us assume that K*® and Kj have the same nucleus. 
Then it follows from theorems 8 and 6 that the sets of incidence matrices 


h@*- 1) |, |lell, = ||? - 1] 
lla(e@—1) ||, lel, = I]z-—1]| 





*° Cf. K. Reidemeister, Einfiihrung in die kombinatorische Topologie, Brunswick (1932), 
chap. 2. 
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are L-equivalent for some I = 1, --- , 4, and from lemma 5 that 
3 
a(z — 1)° = +2°7(2' — 1)*, 


for some value of p. Since 


x(x’ te 1)° ie <P (g-! cee 1)°, 


we may assume that 1 = 1 or 2. As explained in §5 above, A(x — 1)° = 0 
implies \ = 0 (mod. ¢). Clearly a # +2” (mod. a), whence! = 2. Therefore 
a = +2”(x + 1)° (mod. o), whence, writing z = 1, we have 1 = +8 (mod. 5) 
which is absurd. Therefore K* and K? do not have the same nucleus. 
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